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J =

[

0 1
−1 0

]

, M =

[

α 0
0 β

]

, dB(s) =

[

dB1(s)
dB2(s)

]

and

exp(tJ) = I + tJ +
t2

2
J2 + · · · + tn

n!
Jn + · · · ∈ R

2×2 .

Using that J2 = −I this can be rewritten as

X1(t) = X1(0) cos(t) + X2(0) sin(t) +
t
∫

0

α cos(t − s)dB1(s)

+
t
∫

0

β sin(t − s)dB2(s) ,

X2(t) = −X1(0) sin(t) + X2(0) cos(t) −
t
∫

0

α sin(t − s)dB1(s)

+β
t
∫

0

cos(t − s)dB2(s) .

5.11. Hint: To prove that lim
t→1

(1 − t)
t
∫

0

dBs

1−s = 0 a.s., put Mt =
t
∫

0

dBs

1−s for

0 ≤ t < 1 and apply the martingale inequality to prove that

P [sup{(1 − t)|Mt|; t ∈ [1 − 2−n, 1 − 2−n−1]} > ǫ] ≤ 2ǫ−2 · 2−n .

Hence by the Borel-Cantelli lemma we obtain that for a.a. ω there
exists n(ω) < ∞ such that

n ≥ n(ω) ⇒ ω /∈ An ,

where

An = {ω; sup{(1 − t)|Mt|; t ∈ [1 − 2−n, 1 − 2−n−1]} > 2
−

n
4 } .

5.16. c) Xt = exp(αBt − 1
2α2t)

[

x2 + 2
t
∫

0

exp(−2αBs + α2s)ds
]1/2

.

7.1. a) Af(x) = µxf ′(x) + 1
2σ2f ′′(x); f ∈ C2

0 (R).

b) Af(x) = rxf ′(x) + 1
2α2x2f ′′(x); f ∈ C2

0 (R).

c) Af(y) = rf ′(y) + 1
2α2y2f ′′(y); f ∈ C2

0 (R).

d) Af(t, x) = ∂f
∂t + µx∂f

∂x + 1
2σ2 ∂2f

∂x2 ; f ∈ C2
0 (R2).

e) Af(x1, x2) = ∂f
∂x1

+ x2
∂f
∂x2

+ 1
2e2x1

∂2f
∂x2

2

; f ∈ C2
0 (R2).

f) Af(x1, x2) = ∂f
∂x1

+ 1
2

∂2f
∂x2

1

+ 1
2x2

1
∂2f
∂x2

2

; f ∈ C2
0 (R2).

g) Af(x1, . . . , xn) =
n
∑

k=1

rkxk
∂f
∂xk

+ 1
2

n
∑

i,j=1

xixj(
n
∑

k=1

αikαjk) ∂2f
∂xi∂xj

;

f ∈ C2
0 (Rn).

7.2. a) dXt = dt +
√

2 dBt .
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b) dX(t) =

[

dX1(t)
dX2(t)

]

=

[

1
cX2(t)

]

dt +

[

0
αX2(t)

]

dBt .

c) dX(t) =

[

dX1(t)
dX2(t)

]

=

[

2X2(t)
ln(1+X2

1 (t)+X2
2 (t))

]

dt+

[

X1(t) 1
1 0

][

dB1(t)
dB2(t)

]

.

(Several other diffusion coefficients are possible.)

7.4. a), b). Let τk = inf{t > 0;Bx
t = 0 or Bx

t = k}; k > x > 0 and put

ρk = P x[Bτk
= k] .

Then by Dynkin’s formula applied to f(y) = y2 for 0 ≤ y ≤ k we get

Ex[τk] = k2pk − x2 . (S1)

On the other hand, Dynkin’s formula applied to f(y) = y for 0 ≤ y ≤ k
gives

kpk = x . (S2)

Combining these two identities we get that

Ex[τ ] = lim
k→∞

Ex[τk] = lim
k→∞

x(k − x)) = ∞ . (S3)

Moreover, from (S2) we get

P x[∃t < ∞ with Bt = 0] = lim
k→∞

P x[Bτk
= 0] = lim

k→∞

(1 − pk) = 1 ,

(S4)
so τ < ∞ a.s. P x.

7.18. c) p =
exp(− 2bx

σ2
)−exp(− 2ab

σ2
)

exp(− 2b2

σ2
)−exp(− 2ab

σ2
)

.

8.1. a) g(t, x) = Ex[φ(Bt)] .

b) u(x) = Ex[
∞
∫

0

e−αtψ(Bt)dt] .

8.12. dQ(ω) = exp(3B1(T ) − B2(T ) − 5T )dP (ω) .

9.1. a) dXt =

[

α
0

]

dt +

[

0
β

]

dBt .

b) dXt =

[

a
b

]

dt +

[

1 0
0 1

]

dBt .

c) dXt = αXtdt + βdBt .
d) dXt = αdt + βXtdBt .

e) dXt =

[

dX1(t)
dX2(t)

]

=

[

ln(1+X2
1 (t))

X2(t)

]

dt +
√

2

[

X2(t) 0
X1(t) X1(t)

][

dB1(t)
dB2(t)

]

.

9.3. a) u(t, x) = Ex[φ(BT−t)] .
b) u(t, x) = Ex[ψ(Bt)] .


