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The Wilson orthonormal basis was constructed in 1991 by Daubechies, Jaffard and
Journé using combinations of elements of Gabor tight frame with redundancy 2. In
1994, Auscher gave a characterization of the atoms for which the Wilson system is
an orthonormal basis. Recently, Kutyniok and Strohmer generalized the notion of the
Wilson system to the lattices whose generator matrix is in Hermite normal form.

We extend their result to the full characterization of Wilson orthonormal bases on
the general lattice of volume 1/2. Moreover, we generalize this result to other forms of
Wilson systems differing from the classical one by the appropriate sign modification.
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1. Introduction

Wilson systems were introduced in 1991 by Daubechies, Jaffard and Journé as the
way to obtain an orthonormal basis from the elements of Gabor tight frame whose
generating atom would have both good time — and frequency — localization.”
From Balian-Low Theorem?'1¢:3 it is known that the generating atom of any Gabor
system at the critical density, i.e. in the only case when the Gabor system itself
can be an orthonormal basis, cannot have both good time — and frequency —
localization. Thus, the process of choosing the system of double redundancy and
replacing the pairs of its elements by their linear combinations yielded effective
reduction of the underlying tight frame into the orthonormal basis. In Ref. 7 also the
example was given of the smooth and fast decaying function for which the obtained
Wilson system was an orthonormal basis. All such atoms were characterized in 1994
by Auscher.! The effect of reducing the frame bound of the underlying Gabor tight
frame when passing to the Wilson system by factor 2 was observed also for higher

even redundancies.?®
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Motivated by applications for OFDM-QAM coding, Strohmer and Kutyniok
generalized the notion of Wilson system to the lattices whose generator matrix is
in Hermite normal form.'® They proved that if Fourier transform of the image of
an atom under metaplectic representation operator related to the lattice genera-
tor is real-valued, then the appropriately defined Wilson system is an orthonor-
mal basis for L?(R). From their proof one can infer this result for all lattices of
volume 1/2.

In the present paper we extend Kutyniok—Strohmer result to the full characteri-
zation of the atoms for which Wilson system on such lattice is an orthonormal basis
for L?(R). Moreover, this result covers for instance the case when the sign sequence
(—1)™*" in the classical Wilson system definition is replaced with (—1)™.

The paper is organized as follows: in Sec. 2 we introduce the necessary notation
and the properties of symplectic matrices and metaplectic representation; in Sec. 3
the definition of Wilson system is introduced and the results for rectangular lattices
are summarized, while in Sec. 4 we demonstrate how to extend the characterization
from Ref. 17 to the case of the general lattices. We provide also the examples of
a function for which the modified Wilson system is an orthonormal basis in the
cases of rectangular and hexagonal lattices as well as new pairings resulting from
our approach in the rectangular case.

2. Preliminaries

N,Z,R,C are, respectively, the set of all natural, integer, real, and complex num-
bers. The set of all matrices k x k with real entries is My (R). The general linear
group is the subset of invertible matrices in M (R) being denoted by GL(k,R)
and the special linear group being its subset with determinant 1 by SL(k,R). We
refer to the entries of the matrix X € M(R) in ith row and jth column by X;;.
In the forthcoming presentation we limit ourselves to the case of one-dimensional
Heisenberg group and Schrodinger representations. For the validity of the results in
higher dimension cf. Remark 4.1. Let us also distinguish three families of matrices
in SL(2,R):

0 1 1 0
j:|:_1 O:|a Na:|:a 1:|7 Db:

S = O

and introduce notation A’ := 7 'AJ.
Heisenberg group H (cf. Ref. 9, p. 19 and Ref. 10, Definition 9.1.2) is the set R3
equipped with the multiplication o:

1
(p,q,t) o (p',q', 1) = (p +pq+4q t+t' + i(pq’ - qp’)> :

For p = (p,q) € R? we shall denote an element (p,q,t) of H by (p,t). It is known
that for an arbitrary matrix A € SL(2,R) a map as(p,t) = (Ap,t) is an auto-
morphism of H (cf. Ref. 9, Theorem 1.22, p. 21). Let us denote also by €(p) = pq,
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04(p) = £(Ap)—&(p), Ka(P) = e 4P for m,n € Zlet Aa(m,n) = LAIZ1)

Denote by I(p,q) = (p, —q). Then As(m,n) = e (all(m/2n))=04(m/2:1)) and also

e(Ip) = —&(p)-
The symmetric quadratic form e can be identified with matrix

o 12
Q[1/2 0]’

while the form d4(Ip) — d4(p) with the matrix ITATQAI — ATQA + 20Q.

Proposition 2.1. For all m,n € Z and for any A € SL(2,R) it holds that
Aa(m,n) = e 2miAvAnmn Iy particular, Aa(m,n) = 1 for all m,n € Z if and
only if Aj9Asy € Z.

Note that for a matrix A being in Hermite normal form it holds that As; = 0, so
Aa(m,n) =1 for all m,n € Z.

Proof. The symmetric quadratic form € o A can be identified with matrix C =
AT QA whose anti-diagonal entries C1o = Co; = (A13 A9 + A12A451)/2. One verifies
that for an arbitrary B € M(R) in the matrix I7 BI— B only anti-diagonal terms do
not vanish and are equal to —2Bs; and —2B14, respectively. Plugging in B = ATQA
together with the fact that A has determinant 1 yields that the matrix defining the
quadratic form d4(Ip) — d4(p) is equal to —4A12A21Q. The assertion follows. 0O

Fourier transform F : L?(R) — L?(R) is a unitary operator defined as

/ f 727r7,:v§ dr.

Unitary operators T}, and M, in L*(R), called modulation and translation, respec-
tively, are defined for p,q € R as

T,h(z) = h(z —p), Mh(z)=e*"h(x), forany h € L*(R).
Let unitary operator .J in L?(R) be defined as
Jh(z) = h(x —2[z] +1) forall h € L*(R),

where [z] is the largest integer smaller than z.
Schrédinger representation ps — a unitary representation of H in L?(R) — is
defined as (cf. Ref. 10, Example 9.2.1, p. 182, see also Ref. 9, Sec. 1.3, p. 19)

Ps(p, q, t)f = e TP M, T, I

To shorten the notation we shall write 7(p) for M,Tj,.

For B € SL(2,Z), we shall call B(Z/2 x Z) a lattice and Gabor system GZ(f)
of redundancy 2 shall be defined as (7(B(m/2,n)f)),, ,cz- Let S be the set of
all such normalized f € L?(R) that GB(f) is a tight frame. When B is omitted, we
shall understand that B = Id, i.e. we deal with the standard rectangular lattice.
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The representations pg and pg o a4 are equivalent and the equivalence is estab-
lished by the image of A under metaplectic representation (cf. Ref. 9, Sec. 4.2,
pp. 177-179) denoted by u(A). The equivalence between the representations pg
and pg o a4 translates into

MyT-y = Ka(p,q) p(A) My T p(A) ™
where p’ = (p/, ¢') = Ap. Expressed in terms of 7 this relation reads as follows:

m(Ap) = ra(p) p(A") m(p) p(A) . (2.1)

Note that the seeming discrepancy between the last two formulas is due to the
different order and signs of coordinates in the Heisenberg group.

The metaplectic representation u is a mapping from SL(2, R) into unitary oper-
ators of L2(R) becoming a representation when we allow ambiguity of sign up to +1,
or when we consider a double-valued covering of SL(2,R) known as the metaplectic

group.

As each element of SL(2,R) can be decomposed into the product of the matrices
J, Na, Dy, the operators p(A) are the products of the respective operators (cf.
Ref. 9, pp. 177-179):

W f@) = F (@), nNa)f(@) =™ f(z), (D) f(x) = b/ (ba).

Let Z : L*(R) — L?([0,1)?) be the Zak transform with the parameter 2 (for the
detailed discussion of properties and applications of Zak transform see, for instance,
Refs. 12-14 and 18) defined as:

Zf(t,u_)) = 21/2 Z f(Q(t _ n))eQTrinw

nez

with the following quasi-periodicity properties:
Zft+1,w)=eZf(tw), Zf(t,w+1)=Zf(tw).
Zak transform has the following properties for operators M; and T5:
ZIMif)(t,w) = e Zf(tw),  Z[Taf](tw) = e P Zf (¢, w).
One directly verifies that
Z[Jfl(tw) = Zf(Ct,1 —w),

for t,w € [0,1], where (t = ¢ — [2t] + %, and that ¢ cycles the points ¢ and ¢t + 1 for
any t € [0, %]
Let us define an isomorphism ® between L?(R) and L?([0,1) x [0,1/2),C?) by

Bf(t,w) = (Zf(t,w),Zf (t + ;w>) . (2.2)

Note that ® is a particular case of Piecewise Zak Transform.'®
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3. Rectangular Lattices

The theorem below combines Proposition 5.27 and Theorem 5.5.

Theorem 3.1. Let f € L*(R), ||f|| = 1. If (MyT,)2f)mmez is a tight frame in
L?(R), then the system composed of (Mam, f)mez and

272 (M Ty o f + (1) M_n T o f)lns1,mez (3.1)
is an orthonormal basis in L*(R) if and only if
EBulw) = Y (~1)"F (@ — k= n/2 = 1/2) f(~ —n/2) = 0 (3:2)
neZ
for almost all x € [0,1/2). In particular, if Ff is real-valued, the condition (3.2) is
satisfied. Moreover, the system composed of (May11f)mez and

272 (M T o f — (~1)™ "M T2 )1 mez (3:3)

is an orthonormal basis in L?(R) if and only if the same condition holds.

We shall be using in the sequel the following definition of a Wilson system:

Definition 3.1. Given f € S and for each choice of «, 3,7 € {0,1} the (a, 8,7)-
Wilson system W, g~ (f) = Vo U Vi, where
(Mm+'y/2f)m€Z a=1
Vo= (Mm/Qf)mEZ a=0,7v=0
0 a=0v=1,

Vi = (Umn)mEZ,n>07
Vn = 272 (M T f + (1) BN 0T f).

Note that the classical Wilson system (3.1) is obtained as FW; 10(f) and (3.3)
as FWi 1,1(f). Let us consider the subset V, g~ of S consisting of these f that
Wa..~(f) is an orthonormal basis in L%(R).

We shall summarize Theorems 2.1 and 4.1, and Corollaries 5.1 and 6.1.17

Theorem 3.2. Let f € S. Then f € Vg~ if and only if for all m,n € Z
<M§T1—a<]f; M’mT2nf> = O

Example 3.1. Let us start with a Gabor tight frame atom f = S~'/2¢, ¢(z) =

21/4¢=72" being the Gaussian function and S the frame operator related to G(p).
Then define a function g by means of Zak transform:

Zf(t,w) for (t,w) €10,1/2) x [0,1/2),

B Zf(t,w) for (t,w) € [1/2,1) x [0,1/2),
POD=NTTTT for (1) € [0,1/2) x [1/2,1),
—Zf(t,1—w) for (t,w) e [1/2,1) x [1/2,1).
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Isomorphism ® defined in (2.2) diagonalizes the operators (M, T2 )m nez and
one verifies that the characterization condition in Theorem 3.2 is equivalent to

<(I)[Jg](taw)a (I)g<t7w)>([?2 =0
for almost all (t,w) € [0,1/2) x [0,1) and that the system W g0g by means of
Theorem 3.2 is indeed an orthonormal basis for L?(R).

To ascertain that g as f is a Gabor tight frame atom it is enough to verify
that ||®(f)||?> = ||®(g)|* which holds because |Zg| = |Zf| for almost all (t,w) €
[0,1) x [0,1) by definition. As Zf(t,1 —w) = Zf(t,w), one can alternatively define
g by

Zf(t,w) for (t,w) €[0,1/2) x [0,1/2),

B Zf(t,w) for (t,w) €[1/2,1) x [0,1/2),
Zolhw) = Zf(t,w)  for (t,w) € [0,1/2) x [1/2,1),
—Zf(t,w) for (t,w) € [1/2,1) x [1/2,1).

4. General Lattices

In this section we define a Wilson system for all choices «, 3, v for the general lattice
and characterize the atoms for which such a Wilson system is an orthonormal basis
for L?(RR). In the sequel we shall be using the notation 7(p) rather than M, T, used
previously.

Definition 4.1. A Wilson system Wf)ﬁﬁ(f) for a lattice B(Z/2 x Z) is the union
Vo U Vl, where

(m(B(m +7/2,0))f)mez a=1

Vo = § (m(B(m/2,0)) f)mez a=0,v=0 (4.1)
(Z) a = 07 Y= ]-a
‘/1 - (Umn>m€Z,n>Oa (42)
Umn = 272 (w(B(m/2,n)) f + Ap (m, n)(=1)" T+ 1 (B(m /2, —n)) f),
(4.3)

Note that the above definition coincides with Definition 3.1 when B = Id. The
below proposition is a core of the argument in Theorem 2.5'% which we extend
from Wfl,o(f) to the arbitrary choice of (¢, 3,7).

Proposition 4.1. Let f <€ SB. Then Wf’ﬁ’,y(f) is isometric with
Wa.p((B) 7 f).

Proof. By the definition of metaplectic representation p (see Ref. 9, p. 177,
compare (2.1) above)

7(B(m/2,n)) = K (m/2,m)u(B') My s Tops(B) . (4.4)
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Applying it to (4.3), we obtain by Proposition 2.1 that

Umn = 272 (kpr (m)2,n) (B ) My 2 Tpt(B') ™ f
+hp (M2, =n) A (m,n) (=1)" T (B My s T po(B') 1 f)
=272k (m/2,m)u(B') (M j2 Ty + (=1)" P My o T ) (B 7 f
and analogously for the elements of V4. Since p(B’) is unitary, system Wﬁ 3, ’v( f)is
isometric to Wa, g, (1(B') 1 f). |

The below useful corollary follows immediately from the above proposition.

Corollary 4.1. Let f € SB. Then f € VBﬁﬁ if and only if w(B') "1 f € Vagy-

[e3

Theorem 2.5'% can be restated as:

Theorem 4.1. Let f € SB. If n(B')~'f is real-valued, then f € Vll?l,o'

Proof. By Proposition 4.1 the system W, o(f) is isometric to Wi 1 0(u(B) ' f),
which by Theorem 3.1 is an orthonormal basis for L?(R) from the assumption about
real-valuedness of u(B’)~1f. |

By Proposition 4.1 and using Theorem 3.2 we are able to obtain the characterization

of VI,  together with similar results for V.2, _.

Theorem 4.2. Let f € SB. Then f € VaBﬁﬁ if and only if for all m,n € Z

(W(B")Ju(B") ' f,m(B(m—B/2,2n+a—1)) f) = 0.

Proof. Since W2, _(f) is isometric with W, 5.~ ((B')~" f), by Theorem 3.2 such
a system is an orthonormal basis if for all m,n € Z

(Mg Ty u(B) ™, My Ton(B) ™ ) = 0
or
(Ju(B') " f, M_ 5 Tors My Toquu(B') ™ ) = 0,
which is equivalent to
(Ju(B") M, M, s Tansa—1p(B') " ) =0. (4.5)

Again using (4.4), we get by linearity of B and unitarity of u(B’)

<Ju(B’)1f,u(B’)1w (B (m — g 2n+ o — 1>>f> =0,

<,u(B’)JM(B’)_1f,7r (B <m - §,2n +a— 1)) f> =0. O
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The result in Theorem 4.2 embraces the case of the hexagonal lattice discussed
as an example in Ref. 15 and also yields new facts about Wilson systems on the
rectangular lattice. Indeed, notice that picking symplectic B that preserves the
lattice Z/2 x Z we obtain different pairings of time-frequency shifts that are also
orthonormal bases for L?(R).

Example 4.1. Consider g defined in Example 3.1 and the hexagonal lattice
B(Z/2 x Z) for

L1 h 0 s
B=|h 4h B = he V3,
s 1 1]
0 h TR vz
As B'=N___D, =N__1_D 4, one finds u(B’) to be equal
4h2 V3 5
no_
wB') = #(/\Lﬁg)ﬂw%),

Then by Theorem 4.2 u(B')g € V), and WP ,(g) is an orthonormal basis in
L3(R).

Example 4.2. Let us start again with a Gabor tight frame atom f = S—1/2
Example 3.1. Consider

|1 0 ;|1 =2
B[Z 1] and B{O 1].

@ from

Note that B preserves the lattice Z/2 x Z and that in this case
W(B') = Fu(N2) F~

Let g(x) = p(B’)f(x). Definition 4.1 of the Wilson system in the case of non-
rectangular lattices yields that the system Wfl’o(g) composed of (M, Tomg)mez
and

[271/2 (Mm/2T7n+ng + (_1)m+an/2Tm—ng)]nZl,meZ (46)

is an orthonormal basis in L?(R).

Example 4.3. Using the same function f as in the previous example, consider

1 1 0

2 and B = 1

1 —— 1
2

1
B =
0
Again B preserves the lattice Z/2 x Z and

W(B') = w1 2).
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Let
g(x) = u(B') f(z) = e ™" § 2 ().

Definition 4.1 yields in this case the system Wfl,o(g) composed of (M,,g)mez and

[2_1/2 (Mm/2+n/2Tng + (_1)m+an/27n/2T—ng)]nZl,mEZ (47)

that is an orthonormal basis in L?(R). So one can pick the time-frequency shifts
that are symmetric with respect to the point M, and the obtained Wilson system
can still be an orthonormal basis for L?(R), but the interval that connects them is
no longer perpendicular to the axis referring to the modulations.

Remark 4.1. Theorem 4.2 holds in the higher dimensions d as well with the only
limitation that the lattice generating matrix B has to be symplectic of the order d
i.e. B € Sp(d,R). The definition of the symplectic lattice for which the statements
hold i.e. B(Z/2 x Z) is a bit different from one in the literature, where the lattice
is considered symplectic if it is of the form aAZ?2, where A is symplectic and o # 0
(see Ref. 10, Definition 9.4.2, p. 198). One can however easily see that for lattices
of volume 1/2 these settings can be switched picking A = B diag(1/v/2,v/2) and
a=1/v2.

Acknowledgments

The part of the research presented in the paper was funded by European Com-
mission grant “Harmonic Analysis and Statistics for Signal and Image Processing”
HASSIP HPRN-CT-2002-00285 during the author’s stay at LATP, Centre de Math-
ematique et Informatique, Universite de Provence and during his participation in
other HASSIP events and meetings. Part of the results presented in the paper
was announced during the HASSIP final workshop “Multiscale Methods, Sparse
Decompositions and Parsimonious Statistics” held in Institute of Biometric and
Biomathematic, GSF, Munich.

The author thanks the anonymous referee for the remarks increasing the read-
ability of the paper.

References

1. P. Auscher, Remarks on the local Fourier bases, in Wavelets: Mathematics and Appli-
cations, eds. J. Benedetto and M. Frazier, Studies in Advanced Mathematics (CRC
Press, Boca Raton, 1994), pp. 203-218.

2. R. Balian, Un principe d’incertitude fort en theorie du signal ou en mecanique quan-
tique, C. R. Acad. Sci. Ser. 2 292(20) (1981) 1357-1362.

3. G. Battle, Heisenberg proof of Balian-Low theorem, Lett. Math. Phys. 15 (1988)
175-177.

4. K. Bittner, Linear approximation and reproduction of polynomials by Wilson bases,
J. Fourier Anal. Appl. 8(1) (2002) 85-108.

5. H. Bolcskei, K. Grochenig, F. Hlawatsch and H. G. Feichtinger, Oversampled Wilson
expansions, IEEE Signal Process. Lett. 4(4) (1997) 106-108.



314 P. Wojdytto

6.

10.

11.

12.

13.

14.

15.

16.

17.

18.

H. Béleskei, K. Grochenig, F. Hlawatsch and H. G. Feichtinger, Discrete-time Wilson
expansions, in Proc. IEEE-SP Int. Sympos. Time-Frequency Time-Scale Analysis,
Paris, France (1996), pp. 525-528.

I. Daubechies, S. Jaffard and J.-L. Journé, A simple Wilson orthonormal basis with
exponential decay, SIAM J. Math. Anal. 22 (1991) 554-573.

. H. G. Feichtinger, K. Grochenig and D. Walnut, Wilson bases and modulation spaces,

Math. Nachr. 155 (1992) 7-17.

G. B. Folland, Harmonic Analysis in Phase Space, Ann. of Math. Studies, Vol. 122
(Princeton University Press, Princeton, 1989).

K. Grochenig, Foundations of Time-Frequency Analysis, Applied and Numerical Har-
monic Analysis (Birkhaiiser, Boston, 2001).

K. Grochenig and D. Walnut, A Riesz basis for Bargmann—Fock space related to
sampling and interpolation, Ark. Math. 30 (1992) 283-295.

A. J. E. M. Janssen, Bargmann transform, Zak transform, and coherent states,
J. Math. Phys. 23 (1982) 720-731.

A. J. E. M. Janssen, The Zak transform: A signal transform for sampled time-
continuous signals, Philips J. Res. 43 (1988) 23-69.

A. J. E. M. Janssen, The duality condition for Weyl-Heisenberg frames, in Gabor
Analysis and Algorithms, eds. H. G Feichtinger and Th. Strohmer (Birkhauser, 1998),
pp. 33-84.

G. Kutyniok and T. Strohmer, Wilson bases for general time-frequency lattices, STAM
J. Math. Anal. 37 (2005) 685-711.

F. Low, Complete sets of wave-packets, in A Passion for Physics: Essays in Honor of
Geoffrey Chew, eds. C. De Tar et al. (World Scientific, 1985), pp. 17-22.

P. Wojdyto, Modified orthonormal Wilson bases, Samp. Theory Signal Image Process.
6 (2007) 223-235.

M. Zibulski and Y. Zeevi, Discrete multi-window Gabor type transforms, IEEE Trans.
Signal Proc. 45 (1997) 1428-1442.



