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Abstract. — We give push-forward formulas for all flag bundles of types A, B, C, D. The formulas (and
also the proofs) involve only Segre classes of the original vector bundles and characteristic classes of
universal bundles. As an application, we provide new determinantal formulas.

0. Introduction

A proper morphism F: Y — X of nonsingular algebraic varieties over an algebraically closed
field yields an additive map F.: A*Y — A*X of Chow groups induced by push-forward cycles,
called the Gysin map (see Fulton’s book [7]; note that the theory developed in this book allows
one to generalize the results of the present paper to singular varieties over a field and their Chow
groups; moreover, for complex varieties, one can also use the cohomology rings with integral
coefficients). We will alternatively denote F. by fYX.

Push-forward formulas show how the classes of algebraic cycles on Y go via the Gysin map
to classes of algebraic cycles on X. In the present paper, we are interested in push-forwards in
flag bundles. We shall give formulas for the classical types A, B, C, D. These have a universal
character in three aspects:

— these involve characteristic classes of universal vector bundles;

— these universally hold for any polynomial in such classes;

— these use in a universal way only the Segre classes of the original vector bundles.

The starting point of our argument is a reformulation of the classical formula for push-forward
of powers of the hyperplane class in a projective bundle, that we recall. Let E — X be a vector
bundle of rank n. Let 71: P(E) — X be the projective bundle of lines in E and let & := ¢1(Op)(1))
be the hyperplane class. For any i, the i-th Segre class of E is

si(E) := m(é”"‘l).
This is a definition in [7] and a lemma in preceding intersection theory (see e.g. [13, Lemma 1]).
Then, consider a polynomial f(&) =}, a;& with coefficients in the Chow ring of X (here, we
identify A*X with a subring of A*P(E) and throughout the text, we will often omit pullback
notation for vector bundles and algebraic cycles). Using the projection formula

(1) () = ) aisinn ().

1
This formula can be transformed using the point of view of generating series. Before going
further, let us introduce some notation. For a monomial m and a Laurent polynomial f, we will
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denote by [m](f) the coefficient of m in f and we will call m the extracted monomial. It is clear
that for any shifting monomial 1

[am](af) = [ml(f)-
We will use this property repeatedly.
Coming back to formula (1), if dim(X) = 4, let

s¢(E) =1+ x51(E) + - - - + x%s4(E),
be the Segre polynomial of E. Thus, by definition
si-n+1(E) = [¥7(sx(E)) = [x (7 so(E)).
In order to have non negative powers we will use the change of variables t = 1/x. We get
sizn1(E) = [ (t's14(E)).

Remark that in the later expression, the extracted monomial does not depend on i, whence, by
linearity, for any polynomial f € A®X][t], the push-forward formula (1) becomes

) T(f©) = [N L it s14(E)) = [ 1 (F(B)s14(E)).

Notably, this expression (2) involves only the Segre polynomial, that behave better than individual
Segre classes with respect to relations in the Grothendieck ring of the base variety. This will play
a significant role in our induction strategy to generalize the formula (2) to all partial flag bundles
of types A, B, C,D.

This is done in Theorems 1.1, 1.2, 2.1, 3.1. The looked at push-forwards are presented as
suitable coefficients of some polynomials in the ring A*X[ty, ..., t;], where {t;} are some auxiliary
variables and ¢ is an integer determined by the flag data. The proof relies on the idea to iterate
formula (2) on chains of projective bundles (for types B and D, we assume that there exist isotropic
subbundles of maximal possible dimension, cf. [6, 8] for a discussion on that assumption). This
allows us to give a formula for full flag bundles. The case of a general bundle is then obtained
similarly as in Damon’s paper [4], without using Grassmann bundles.

To give an insight, we give three first examples. All unexplained notation can be found in
Sections 1.1, 1.2, 2.1, 2.2, 3.1, 3.2. Let us however quickly mention that throughout this text, when
we consider a certain flag bundle F — X, the &; are the Chern roots of (the dual of) the tautological
subbundles on F; the letter f denotes a polynomial in the indicated number of variables with
coefficients in A®X (recall that we identify A®*X with subrings of the Chow rings of flag bundles);
and by tacit assumption f(&1, ..., &) € A°F, i.e. the polynomial f has the appropriate symmetries.
These examples are:

— for the Grassman bundle n: F(q)(E) — X of a rank n vector bundle,

f(&,..., &) = [ﬁf,(-n_l)_(q_i)](f(flr-~-/fq)lfllsl/t,-(E) [1 (fj—fi));

1<i<j<q

— for the complete flag bundle 7i: F(E) — X of a rank n vector bundle,

T f(Es e En1) = [Hll V) (Ft ) Hll sin(E)  T1 (- t));

1<i<j<n-1

— for the Lagrange Grassmann bundle 7t: F*(1)(E) — X of a rank 2n symplectic vector bundle
(assuming here that the symplectic form w has values in Ox),

T f(E - En) = [ﬁltﬁ"‘“”](f(tl, ) f{lswi(a I #&-m)

1<i<j<n-1
The reformulation (2) and the idea to iterate the obtained formula on chains (or “towers”) of
projective bundles originally appeared in the paper [5] by the first author. The idea of generalizing
this formula to flag bundles was signaled by Bérczi, and it became clear that this suggestion was
relevant as we recovered a formula for type A of Ilori from [12]. After the first version of the
paper was completed, Manivel informed us that, independently, in their recent paper “Degree
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Formulae for Grassman Bundles, 11”7, Kaji and Terasoma prove a similar formula to that of Ilori
in type A (in the particular case of full flag bundles).
There exist various approaches to push-forward formulas for flag bundles:

using Grothendieck residues (Akyildiz—Carrell [1], Damon [4], Quillen [21]);
using localization and residues at infinity (Bérczi-Szenes [2], Tu [22], Zielenkiewicz [24, 23]);
- using symmetrizing operators (Brion [3], the second author, e.g. [18, 19] and Ratajski [17]);
— using Schur functions and Grassmann extensions (J6zefiak, Lascoux and the second
author [13]; for supersymmetric functions see [18, 9]);
— using residues and Grassmann extensions (Kazarian [14, 15]), which leads to formulas
showing similarities with ours.

Also, in the recent paper [20] by the second author, a deformation of a push-forward formula
from [13] is shown for Hall-Littlewood polynomials.

In the present paper we use only elementary linear algebra of polynomials, whose coefficients
yield the sought push-forwards. A use of Segre polynomials s,(E), specialized with x = 1/t, leads
to remarkable compact expressions. Moreover, it allows us to generalize the formula for type A
uniformly to other classical types B, C, D, for which, to the best of our knowledge, no general
Gysin formula was known.

To give a first illustration of the usefulness of our formulas, in Section 4, we provide new
determinantal formulas for the push-forward of monomials and of Schur classes. In a forthcoming
paper, we will also apply our formulas in order to compute the fundamental classes of Schubert
varieties in the four classical types.

1. Universal push-forward formulas for type A

We first consider type A.

1.1. Definition of partial flag bundles of type A. — Let E — X be a rank n vector bundle. Let
1<q <--- <gqu <n-1Dbe asequence of integers. We denote by n: F(q1,...,4x)(E) = X the
bundle of flags of subspaces of dimensions 4, ..., g, in the fibres of E. On F(qy, . .., qm)(E), there
is a universal flag U,, < --- ¢ Uy, of subbundles of *E, where rank(U,,) = g (the fiber of U,,
over the point (V,, ¢ --- ¢V, C Ey), where x € X, is equal to V;,). For a foundational account on
flag bundles, see [11].

1.2. Step-by-step construction of full flag bundles. — In order to use the fundamental formula
(2), we recall the construction of the flag bundles F(1,2,...,9)(E) for g = 1,2,...,n =1 as the
chains of projective bundles of lines [10] (see also [9, §2.2]). We proceed over x € X and write
E = E,. Consider a flag of subspaces

0=VoCViC--CV,,1 €V, =E,

such that for each i, the dimension of V; is i. For Vi, we can take any line in E. It follow that
F(1)(E) ~ P(E). Next, we consider F(1,2)(E) — F(1)(E) above V;. In order to get a 2-dimensional
subspace V1 C V, C E, it suffices to pick one more line in P(E/ V7). We iterate this construction,

F(1,...,i,i+ 1)(E)
! (fiber = P(E/V)))
F(1,...,i)(E)

picking one line in P(E/V;) at each step, until E/V,,_; is 1-dimensional, so P(E/V,_) is a point.
Globalizing this construction over X, we obtain a chain of projective bundles of lines

F(E) =F({,...,n—1)(E) - F(Q,...,n—=2)(E) - --- = F(1,2)(E) — F(1)(E) - X,
which is the same as

F(E) := P(E/U,-1) = P(E/U,—5) — --- = P(E/U;) — P(E) —» X.
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In this paper, the flag bundles F(1,...,4)(E), forqg = 1,...,n — 1, are termed full, since these
involve all first consecutive integers up to a certain 4 and we call complete flag bundle, denoted
F(E), the full flag bundle if g = n — 1. Note that this terminology may vary in the literature.

Fori=1,...,n,weset

&i = —a(Ui/Ui-).
We shall call &3, ..., &, the roots of E (these are the Chern roots of the dual bundle of E). The i-th
root generates the cohomology of the fiber of F(1, . ..,i)(E) — F(1,...,i — 1)(E) in the above chain
of projective bundles.

1.3. Universal push-forward formula for flag bundles. — We prove the following result.

Theorem 1.1. — Let E — X be a vector bundle of rank n. Given any increasing sequence of integers
0=g0<q1 <---<qm=q < n-—1, the following push-forward formula holds for the partial flag bundle
7i: F(q1, ..., qm)(E) — X: for any rational equivalence class f(&q,...,&4) € A*(F(qu, ..., qm)(E)), one has

M fErs e Eg) = [ (f(tl,...,tq)ln sn®) T1 (¢ -1)
<i<q

1<i<j<q

where for qi_1 < i < qi, we denote e; = (n — 1) — (qx — 0.
In the last part of this section, we also give a push-forward formula for f(&1,...,&y).

Proof. — The idea of the proof is to iterate formula (2) on the above chain of projective bundles
of lines.

We first consider full flags. The case of F(1)(E) = P(E) — X was already treated in the
introduction. We now generalize formula (2) to the case of full flag bundles F(1, ..., g)(E) — X,
by induction on g > 1.

By construction, the flag bundle F(1, . . ., g)(E) is the total space of the projective bundle of lines
of the tautological quotient bundle E/U,;-1 — F(1,...,q — 1)(E). This quotient bundle having rank
(n — g+ 1), a plain application of the fundamental formula (2) yields

X X
f f(élr'--réq) = [tqniq] (f f(éll- . '/éq—l/tq) Sl/tl,(E/uq—l))~
F F

(L,--)(E) (A,...4=1)(E)

In order to use induction, we need to express the total Segre class s(E/U,-1) in terms of the
remaining roots &y, ..., &;-1, which is easily done by use of the Whitney sum formula for the
following relation in the Grothendieck group of F(1,...,q — 1)(E)

q-1
[E/Uz] = [E] = ) _[Ui/Uia],
i=1

which yields
q-1
S(E/Ug) = s(E) [ [ - €.
i=1
The reformulation of this formula in terms of generating series is

(tq - éz)
ty

q-1
s1t,(E/Ug1) =511, (E) [ |
i=1
Hence the above formula becomes

X X
f f(él/ R ‘Sq—lr éq) = [tq”_q] [f f(él/ ey Eq—ll tl]) th—lsl/tq(E) H (tq - ‘SZ)) s
F(1,...,9)(E) F(1,...4-1)(E) 1 1<i<q

which it is good to reshape by multiplication of both the extracted monomial and the series by
the shifting monomial £,7!

X X
f FEr o 6y &) = Tty [ f FEr e Egrstg)sn (B) TT (- cz,-)).
F(L,...q)(E) F(1,...q-1)(E) 1<i<q
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After the first step, we have to integrate the polynomial in the variables &1, ..., &1

f(&1, -, Eq-1,t9) 141, (E) H (tg— &)

1<i<q

along the fiber of the projective bundle of lines F(1, ..., - 1)(E) — F(1,...,q — 2)(E).
Iterating the same reasoning until we have replaced all roots &; by some formal variables ¢;,
we obtain the announced expression

X
f (E)f<«51, L&) =87 tg‘ll[f(tl,. ) st,(E) I1 (t]—t)]

F(1,...q) I<ic<j<q
A useful particular case. — In the particular case of the complete flag bundle 7i: F(E) - X of a
rank r vector bundle E — X on a variety X, and for a polynomial g € Z[t;, ..., t,—1] having degree
r(r — 1)/2 the formula reads

X
f g(éll"'lér—l) = [tlilt:j] (g(tll . 7’ 1) H Sl/f,(E) H (t]_tl))

F(E) 1<i<r-1 1<i<j<r-1

We have chosen the degree of g so that the homogeneous degree of the polynomial

gt [ -1

1<i<j<r-1

is exactly the homogeneous degree of the extracted monomial. As a consequence, only the
constant term of the second factor [] s1/;,(E) can contribute. This coefficient is 1 = [X] € A%X,
whence

X

g(él,...,ér_1)=[t{‘l-"t,f:i](g(tl,...,tr_l) I (tj—ti))[X]eAOXzz.

1<i<j<r-1

F(E)

One even more particular case will prove to be useful. Take
gt ba) = gty

then the associated push-forward formula for the flag bundle F(E) — X is

X

(3) g(él,...,ér_o=[t;‘1---t::1](t3 ot T (t]-—ti)][X]=[X1.

F(E) 1<i<j<r-1

The proof of this formula is a easy induction on r. We only sketch the arguments. Shifting
both the extracted monomial and the series by the monomial ;"' yields

R G | B G B o Cost N VN URD)

1<i<j<r-1 1<i<j<r-1

=[5 n IR G T (=)

2<j<r-1 2<i<j<r-1

=[5 2 2520, T (1),

2<i<j<r-1
which is the adequate induction formula. And for r = 2, the last expression is equal to 1.

From full flags to partial flags. — We follow here [4]. Let0 = g9 < g1 < --- < g,y = g be an increasing
sequence of integers. Recall that on F := F(qy,...,qu)(E), there is the universal flag of vector
bundles

Oguqlgguq gE/

m

where rank(Uy,) = g;. The fiber product

Y = F(Uy,) Xp F(Ug, /Uy,) XF -+ - Xp F(U,, /Uy, )
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is isomorphic to F(1, ..., q)(E) with the natural projection map F(1,...,q)(E) — F, and we geta
commutative diagram

F(1,...,q)(E) g

Y
(4) n"l jn’ .
X T 2

The fiber of i’ over the point (V,, € V,, € - C V,, C E;) € F is the product of complete flag
varieties

F(V;) XE(Vy, / V) X -« XE(Vy, [V, ).
Applying the splitting principle (cf. [10]) to each graded piece (U, /U, _, )i of the “univer-
sal” filtration , we infer that the pullbacks 615, +1,..., 01 of the roots of U, /U, _, are the
corresponding roots &, +1,..., &, of E.

Our goal is to compute the push-forward n. = fFX. Since 7, is surjective, it is enough to
understand . o 7, which is equal to 7t} o (671).. But from the full flag case, we know 7, and
also 1;’, so we can proceed.

We are now in position to prove the generalization of (2) to the case of partial flag bundles. Let

m

o 1 2 3k (qa+l)
gty tg) = [ [ (848 o200 0),
k=1

It follows from (3) that 7;g(11,...,1,) = [X], whence, by the projection formula for i, we have

T[: (f(glr .. -/éq)g(nlr e /T]q)) = f(glr e /éq)
This implies

e f(&1,..., &) = ML, (f(cfl,...,éq)g(m,...,nq)).
Now, from the commutativity of (4), we get
n*n: (f(él/ ey éq)g(nlz ey nq)) = T(:,(Q_l)* (f(glr ey Eq)g(nll ey 7]q))
=1 (f(Er s 8 -, &)
This last expression, using the formula for full flag bundles, is equal to
(Bt ] (f(tl, ottty TTsiy(E) TT (- ti)] .
1<i<q 1<i<j<q

In order to get the announced formula, it suffices to shift both the series and the extracted
monomial by the monomial g(t1, ..., ;). Since

- -l m g
-1 = (=1 y=D)=1y =12 =D=—@ar D)) Z T g
g(tl, ey, tq) B :]!:1[ (tQk tqk_l tﬂk—z tqk,1+1 ) ];:1[ ti ,

with e; = (n — 1) — (gx — i) for gx_1 < i < gy, this concludes the proof. O

As noticed by Ilori [12, pp. 629-630], it can be useful to have a formula with &y,...,&,, and
notonly &y, ..., &,.

Proposition 1.2. — With the above notation, one has

X
L f&,.., &) = [t - 17] f(tl,...,tn)ll'l syn(E) T1 (t—t)],

(41,---9m)(E) <isn 1<i<j<n

where for qi—1 <1 < qx, we denote e; == (n — 1) — (qx — 7). Here we take gp1 = n.
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Proof. — Firstly, we treat the complete flag bundle F(E) — X. In the Grothendieck group of F(E),

n—1
(/U] = [E] = ) [U;/Uia],
i=1

which yields
n-1
S(E/Uy1) = ) &h=sB) [ Ja-&,
=0 i=1

As a consequence (we skip the detail)
& =16t B) [ 4 - €))-
1<i<n

Now the application of the formula already proved to the polynomial in # — 1 variables

f(él/ ey gn—lr En) = [tZ_l](f(‘Sl/ ceey En—lr tn)sl/t,, (E) H (tn - 51))

1<i<n
yields a similar formula with one more formal variable

X

f@r &) =17 (f(tl”"’t”)lﬂ Sl/ti(E)l IT @ _ti)]'

F(E) <i<j<n

To get the formula for partial flag bundles, we adopt the same strategy as above, but consider
the projection F(E) — F(q1,...,4m)(E). The fiber over a point (V,, € V,, & --- &V, C E,) is the
product of complete flag varieties

F(Vy) XE(V,,/ V) X -+ X F(Ex/Vy,).

One infers the stated formula, with shifted exponents. ]

2. Universal push-forward formulas for symplectic flag bundles

Let now us deal with the symplectic setting. It can be regarded as the most simple case after
the A case, as any line is isotropic for the symplectic form. This last fact will no longer be true in
orthogonal setting.

2.1. Definition of partial isotropic flag bundles of type C. — Let E — X be a rank 2n vector
bundle equipped with a non-degenerate symplectic form w: E® E — L (with values in a certain
line bundle L — X). We say that a subbundle S of E is isotropic if S is a subbundle of its symplectic
complement 5“, where

SY ={weE|YveS: w(w,v) =0}

Let1 < g <--- < gy < nbe asequence of integers. We denote by n: F*(qy,...,qu)(E) = X
the bundle of flags of isotropic subspaces of dimensions gi,...,q, in the fibers of E. On
F“(q1,...,q9m)(E), there is a universal flag U, - < Uy, of subbundles of 7*E, where rank(uqk) =

k-

2.2. Step-by-step construction of isotropic full flag bundles. — Let us recall the construction
of F¥(1,2,...,9)(E) for g = 1,2,...,n as chains of projective bundles of lines [9, §6.1]. We proceed
over x € X and write E = E,. Consider a flag of subspaces

0=VoCVig---CV,CE,

of E such that for each i, the dimension of V; is i and V; is isotropic. In particular, V,, = V¥ isa
maximal isotropic subspace of (E, ). For V1, we can take any line in E, since w is skew-symmetric.
It follows that F(1)(E) ~ P(E). Next, we consider F*(1,2)(E) — F“(1)(E) above V3. In order to
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get an isotropic subspace Vi € V, C VY, it suffices to pick one more line in P(V{'/V7). Iterating
this construction,
F°(1,...,i,i+ 1)(E)
l (fiber = P(V¥/Vy)),
F°(1,...,i)(E)

picking one line in P(Vl.“’ / Vi) at each step, one ends up with V' /V,,, which is zero dimensional,
thus obtaining a maximal isotropic subspace V.
Globalizing this construction over X, we obtain a chain of projective bundles of lines

F°Q,...,n)(E) » F*(1,...,n=1)(E) - --- —» F’(1,2)(E) - F’(1)(E) - X,
which is the same as
P(U;_ 1 /Up-1) = P(U,_,/Uy—2) = --- = P(UY/Ur) = P(E) = X.
Fori=1,...,n we set

&i = —c(U;/Ui-).

2.3. Useful relations in the Grothendieck group. — Since w is everywhere non-degenerate,
one can consider the isomorphism ,: v € E = (v, ) € Hom(E, L). Restricting the map w(v, ) to
U;, one obtains an isomorphism

ly: v € E/UY = w(v,-) € Hom(Uy, L),
which yields the relation in the Grothendieck group of F*(1)(E)
(U1 =[E]l-[U) ®L]
It follows that
[Uy/th] = [E] - [WUh] - [Uy ®L].

Fori=2,...,n, doing all the same reasoning on uy, instead of E, one obtains, in the Grothendieck
group of F(1,...,i)(E)

[ug/u] = (U2, /U] = [Ui/Uia] = [(Ui/Ui)” ® L.

Note that this formula also applies to i = 1 with the natural convention Uy = 0. An induction
yields

j

5) [us/ug] = [E1- Y ([U:/Uia] + [(Ui/Ui)¥ ® L])
i=1
2.4. Universal push-forward formula for the symplectic case. — We prove the following
result.
Theorem 2.1. — Let (E, w) — X be a vector bundle having even rank 2n, equipped with a everywhere

non-degenerate symplectic form w: E® E — L, for a certain line bundle L — X.

Given any increasing sequence of integers 0 = qo < g1 < -+ < gm = q < n, the following push-forward
formula holds for the isotropic partial flag bundle t: F*(q1, . .., qu)(E) — X: for any rational equivalence
class f(&1,...,&q) € A*(F(q1, - - ., qm)(E)), one has

m s &) = [ ] () T sin® T (=800 + 1+ L),
<i<q

<i<j<q

where for qi—1 <1 < qx, we denote e; = (2n — 1) — (qi — 7).

Proof. — We prove the formula for type C in the very same way as we already did for type A.
We first consider full flags. We will prove the formula for F“(1, ..., q)(E) — X by induction on
g =1,...,n. Note that for g = 1 the sought formula is exactly the same as the fundamental formula
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(2). Thus the result holds. Then for 1 < g < n, we consider the projection F*(1,...,q)(E) —
F“(1,...,9 — 1)(E). Using the formula (2) one states

F(1,...4-1)(E) 2(n—q)+1
f FE &) = 16" &g, tdsue, (UL /U )

Fo(l,...q)(E)

In order to use induction, it remains to express the total Segre class s(lls’_l/ Uy-1) as a polynomial
in &y,...,&-1. In that aim, we use the relation (5) in the Grothendieck group of F(1, ..., g)(E)

q-1
(U2, /Uy ] = [E] = ) (IU:/Uia] + [(U/ Ui ) ® L]),
i=1
which yields
q-1

(UL /Ug1) = SBE) [ [0 - €)1 + & + (L)),

i=1

Here, it might be useful to recall our convention s(E) = 1/c(E) and the notation &; = —c1(U;/U;-1).
Using this expression of the Segre class in the above formula, one gets

Fo(1,....4-1)(E) . é ty+ & +ci(L
f f(él, cey qu 2( q) 1 f(él/ crey éq 1, tq Sl/tq (E) H ) ( Cl( ))
FO(L,...)(E) tg

i=1

q-1
= [t;"il] (f(éh oo &g-1,tg)s1yt, (E) H(tq &)t + &+ Cl(L))]-
One infers, using induction, that

X
f fEr &) =18 2 (f(t o ty) TT s (B) TT (4 — )t + ti + ca(L)).
F 1<j<q 1<i<j<q

“(L,..4)(E)
From full flags to partial flags. — Clearly, any flag inside an isotropic subbundle is an isotropic
flag. Let 0 =qo < g1 < -+ < gm = q be an increasing sequence of integers. Recall that on

F:=F“(q1,...,q9m)(E), there is the universal flag of vector bundles

ocu, ¢---¢cU4,, ¢E

qm -
where rank(Uy,) = gx. The fiber product
Y= F(uql) XF F(uqz/uql) Xp -+ XF F(u%u/u%n—l)

is isomorphic to F*(1, ..., g)(E) with the natural projection map F*(1,...,q)(E) — F, and we geta
commutative diagram

Fo(1,...,9)(E) 2

Y
| 8
F

X s

The arguments developed in case A still apply, resulting in the same shift of the extracted
monomial in the general formula. This concludes the proof. ]

3. Universal push-forward formulas for orthogonal flag bundles

We will need only few modifications to deal with the orthogonal setting. We will do almost the
same reasoning, replacing the projective bundle of lines P(E) by the quadric bundle of isotropic
lines Q(E).
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3.1. Definition of partial isotropic flag bundles of types B and D. — Let E — X be a vector
bundle of rank 2n or 21 + 1 equipped with a non-degenerate orthogonal form Q: E® E — L
(with values in a certain line bundle L — X). We say that a subbundle S of E is isotropic if S is a
subbundle of its orthogonal complement S+, where

St:={weE|YveS: Qw,v) =0}

In particular, if the dimension of E is even, S, = S;-.

Let1 < q; <+ < gu < nbe a sequence of integers. We denote by 7: F2(qy,...,gm)(E) > X
the bundle of flags of isotropic subspaces of dimensions gi,...,q, in the fibers of E. On
FQ(ql, .++,qm)(E), there is a universal flag U,, < --- & Uy, of subbundles of i°E, where rank(U,,) =

k-

3.2. Step-by-step construction of isotropic full flag bundles. — Let us recall the construction
of F2(1,2,..., g)(E) forg =1,2,...,n as as chains of quadric bundles of isotropic lines [6, §6]. We
proceed over x € X and write E = E,. Consider a flag of subspaces

0=VocVi&---CV,CE

such that for each i, the rank of V; is i and V; is isotropic. In particular, if the dimension of E is
even, V,, = Vik. For V1, we can take any isotropic line in E. Thus, by definition FQ(1)(E) ~ Q(E),
the codimension one subbundle of P(E) cut out by Q. Next, we consider FQ(1,2)(E) — FL(1)(E)
above V. In order to get an isotropic subspace V; ¢ V, C V7, it suffices to pick one more line in
Q(Vll/ V1). Iterating this construction,

FO(1,...,i,i+ 1)(E)
! (fiber = Q(V#/V)))
FO(1,...,i)(E)

picking one isotropic line in Q(V;-/V;) at each step, one ends up with V;-/V,, which is either zero
dimensional or one dimensional. In the first case, when the rank of E is even, it is usual to take
only one of the two connected components, but we will not, as we do not want to treat this case
separately.

Globalizing this construction over X, we obtain a chain of quadric bundles of isotropic lines

F9(1,...,n)(E) - F9Q1,...,n = 1)(E) —» --- = F(1,2)(E) - FR1)(E) — X,
which is the same as
QU1 /Uy1) = QU5 /Uy2) — -+ — Q(Uy /Uy) — Q(E) — X.

Fori=1,...,n we set
&= —c1(Ui/Ui).

3.3. A push-forward formula for the quadric bundle. — The quadric bundle (: Q(E) — P(E)
of isotropic lines of E, cut out by the quadratic form Q: E® E — L, is the zero set of a section of
the line bundle

Hom(OP(E)(—l) ® OP(E)(—l), L) o~ OP(E)(Z) QL.
Its fundamental class in P(E) is thus [Q(E)] = 2& +c1(L). Let m: P(E) — X be the natural projection,
and p = o . Let & := *& denote the restriction of & = ¢1(Op(r)(1)). One has
p(&p'a) = m(IQE) - E''a) = m((28 + a1 (L)ET @) = @siria(E) + c1(L)sira (E)a,

where r = rank(E). Similarly as we get (2) from (1), we now infer

6) pof(©) = [ (fOCE+ e L)si(E)).

Since we are working with towers of quadric bundles in the orthogonal case, this formula will
play the analog role as the fundamental formula (2) in this section.
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3.4. Universal push-forward formula for orthogonal flag bundles. — We prove the following
result.

Theorem 3.1. — Let (E, Q) — X be a vector bundle of rank 2n or 2n + 1, equipped with a everywhere
non-degenerate quadratic form Q: E® E — L, for a certain line bundle L — X.

Given any increasing sequence of integers 0 = go < g1 < -+ < g = q < n, the following push-forward
formula holds for the isotropic partial flag bundle 7w: F2(q1, ..., qu)(E) — X: for any rational equivalence
class f(&1, ..., &) € A*(F9qu, ..., qm)(E)), one has

T f(&1, ..., &) = [f? A (f(tll--~,fq)1H Sl/ti(E)ln @ti+ca(l) II @ -t +ti+ Cl(L))),
<i<q

<i<q 1<i<j<q

where for qi—1 < 1 < qx, we denote e; = (rank(E) — 1) — (gx — 9).

Note that, if the rank is 2n and g = n, we consider both of the two isomorphic connected
components of the flag bundle. Thus, if one is interested in only one of the two components, the
result should be divided by 2. When ¢;(L) = 0, this makes appear the usual coefficient 2.

Proof. — We first prove the formula for full flags. Since the quadratic form Q is everywhere
non-degenerate, one can consider the isomorphism tg: v € E = Q(v,-) € Hom(E, L). As in the
symplectic case, this isomorphism yields the relation in the Grothendieck group of FO(1, ..., j)(E)

j
[U# /U] = [E1 = ) (Us/Uia] + [(Ui/Ui)* © L])
i=1

The proof goes in the very same way as for type C, replacing the fundamental formula for
P(E) by this for Q(E). So we skip the details.

Then, to go from full flags to partial flags, the argument is the same as in the symplectic case.
Clearly, any flag inside an isotropic subbundle is an isotropic flag. It yields the expected formulas
with shifted exponents. o

Note that in the basic case where the quadratic form Q takes values in the trivial line bundle
L = Ox the theorem has a simpler form, and reads as follows.

Corollary 3.2. — Let (E,Q) — X be a vector bundle of rank 2n or 2n + 1, equipped with a everywhere
non-degenerate quadratic form Q: E® E — Ox.

Given any increasing sequence of integers 0 = qo < g1 < --- < g = q < n, the following push-forward
formula holds for the isotropic partial flag bundle 7t: Fo(qu, . .., qu)(E) = X: for any rational equivalence
class f(&1,..., &) € A*(F9q1, ..., qm)(E)), one has

T(*f(él,...,éq) =21 [til ...t;’?] (f(tl,...,tq)ln si(E) T1 (tf - tiz)),
<i<q

1<i<j<q

where for qi—1 < 1 < qx, we denote e; = (rank(E) — 2) — (gx — 9).

4. Applications: new determinantal formulas

To finish, we would like to compute new determinantal formulas, in types A, B, C, D, in order
to illustrate the usefulness and the efficiency of our approach.
We shall use the following linearity result, whose proof is left to the reader.

Lemma4.1. — (i) Forany f;j € A*X[t;] where 1 < i, < q, and for any exponentse, ..., e; € N
[ IT t71det(f;j) = det([t]f:)).
1<i<q

(i1) Forany fi; € A*X[t;] where 1 < i, < q, and for any exponentse, ...,e; € N

[T1 £71det(fy) = det([£]1f;).

1<j<q
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4.1. Schur functions. — For any partition A = (Ay,...,A,), recall ([16, 7]) that the Schur
polynomial s, € Z[ty,...,t;] can be defined by the formula:

det (tq_j+1/\l_i+q)
(7) S/\(tll-"/tq) =

1<i,j<q

Hlsi<j5q(tj — 1)

Note that in particular for A = (i), one has s; = h; the complete symmetric function of degree i,
and accordingly s;(E) = s;(&1, . .., &;)- Then the Jacobi-Trudi identity states

sa(ty, .. tg) = det (sy—ivj(tr, . )

where s; = 0 for i < 0. This identity allows one to generalize the Segre classes of E for any I € Z1
in a natural way, by setting

(8) SI(E) = det (S[x.+(];,')(E))

Note that there is a dichotomy for sequences I € Z1:

1<i,j<q’

1<i,j<q’

— either foralli =1,...,q, one has I; > i — g, then (7) holds for s;;
- or forsomei € 1,...,9, one has I; <i—g, then for j = 1,...,q9 one has s;,_;;;(E) = 0 and
accordingly s;(E) = 0.

4.2. Formulas using monomials. — These Schur functions naturally appear in type A when
one uses the additive basis of monomials, as illustrated below.

Proposition 4.2. — Let E — X be a rank n vector bundle. Consider the partial flag bundle
n: ¥(q1,...,q9m)(E) = X, and a rational equivalence class
1, .
f(éll ceey éq) = Z 0(]5? te éqq €A (F(QL oo /LIm)(E))
One has the Gysin formula:
M f(Er &) = ) s o(E),
where for qi_1 < i < gy the ith part of p is
Pi =N — (k.
Proof. — The pushforward formula for type A yields
q ; ;4
7T*f(éll ceey éq) = [H tl“] Z OLItll e tqq H Sl/ti(E) H (t] - tl) ’
i=1 i=1 1<i<j<q
wheree; :=n—-1—gr +1, for gx_1 <i< gy

Now, it is well known (and due to Vandermonde) that H15i<j5q(tj —-t) = det(t{_l)lsi,qu, and
then by Lemma 4.1(i)

f(&1,..., &) = Z ajdet ([t?i]<t{_1+1i51/ti(E)))lg’jsq = Z ajdet (Sli—ei+j—1(E))1§i/j§q ,

which is exactly the announced expression, since for g1 <1 < g
Ii—ez-+j—1=Ii—(n—qk)+(j—i). O

In the symplectic case and in the orthogonal case, we will now assume that L = Ox is the
trivial bundle. In this case

[T ¢i—tot;+ti+a@y = [] -8 =det(£5

)1si,j§q'
1<i<j<q 1<i<j<gq

Hence, the proof of Proposition 4.2 is easily adapted in order to obtain determinantal formulas in
types B, C, D. We first introduce the classes

) S}z)(E) = det (51i+2(j—i)(E))

1<i,j<q’
for all I € Z°. It seems adequate to call them quadratic Schur functions (compare with (8)). They
are closely related to the classes s&z](E) defined in [17], as it will soon appear (see Section 4.3).



UNIVERSAL GYSIN FORMULAS FOR FLAG BUNDLES 13

Proposition 4.3. — Let E — X be a symplectic vector bundle of rank 2n, equipped with the symplectic
form w: E®E — Ox. Consider the isotropic partial flag bundle 7: ¥*(q1, ..., qu)(E) = X and a rational
equivalence class

fE &) = ) el & € A(Fqu, .., qu)(E)).
One has the Gysin formula
nf (& &) = ) s (E),
where for qi_1 < i < gy the ith part of p is
pi=2n—qgr—i+1.
Proposition 4.4. — Let E — X be an orthogonal vector bundle, equipped with the quadratic form

Q: E®E — Ox. Consider the isotropic partial flag bundle 1: Fo(qq, . ..,qu)(E) = X and a rational
equivalence class

fEr &)= Y gl & € AN(Fq, .. gm)(E).
One has the Gysin formula
mf(Eren &) =20 ) s (E),
where for qi_1 <1 < gy the ith part of p is
pi == rank(E) — qx — i.
Remark that in both statements, since L = Ox, one has so,41(E) = 0 for all p. Thus if one I; — p;

is odd, the corresponding quadratic Schur function sg)p(E) is = 0.

4.3. Formulas using Schur functions. — We now focus on the Grassmann bundles and use the
additive basis of Schur functions. We start with type A, and show an alternative deduction of [13,
Corollary 1].

Proposition 4.5. — Let E — X be a rank n vector bundle. Consider the Grassmann bundle 7: F(q)(E) —
X. Forany I € 71, one has the Gysin formula

7_[*5[(51/ ceey ch) = S[_p(E),

where p is the partition (n —q,...,n —q).

Proof. — The pushforward formula for the polynomial s;(&1, ..., &g) is
q q
msi(r &) = [T (st t) Tsun(B) T (6= 1)
1= 1= Sl<]£q

where fori=1,...,q, the exponents aree; :=n—-1—-g+1.
If for some i € 1,...,q, one has I; < i — g, then one checks that the stated formula becomes
1.0 = 0. So we can assume that definition (7) holds:

si(ty, ..., tg) H (tj —t) = det (tq_j+11i_i+‘7)

1<i,j<q”
1<i<j<q

and then by linearity of the determinant with respect to the columns
m.s1(&1, ..., &) = det ([tq—j+1eq_j+l]tq—j+11i_i+q51/tq7j+1 (E)) = det (sli—l'+l]—€q7/+l (E))

which is the announced Schur function since

1<i,j<q 1<ij<q”

L‘—l’+q—€q,]‘+1:Ii—(i’l—q)+(j—i). m}

We now treat types B, C, D. Here the quadratic Schur functions S(Az) will appear again. The

comparison with the results of [17] (for the case of maximal rank g = n; see also [23]), reveals
a deep connection between the Schur type functions sf\z)(E) of this work and the Schur type
functions s[AZ](E) of [17], that should probably be investigated.

But first, we need to prove the following combinatorial result.
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Lemma 4.6. — For e € Z and A(ty, ..., t;) antisymmetric, one has
1 e+i 1 e+i 1 q-i
1A 1) TT (¢ +1) = [ITE(AG, - ) TTE).
i=1 1<i<j<q i=1 i=1

Proof. — We prove this formula by induction. Denote by (7, j) > (io, jo) the set of pairs of integers
i < jsuch that (i, j) is larger than (i, jo) in lexicographic order. Notice that

q
H (ti + t]') = Z (t;;—th T @&+ f]')) + t?_l H (t: + f]‘).

1Si<j§q p:2 (l/])>(1/p) 2Si<j§q

Hence:

q .
(11 £ (A ty) T (ti+t) =

1<i<j<q
q
T evin(p-2 T evin(p1-1
Y HTEE A, ) TT i+ 1) + TTEI(ET At ) TT (i +19):
p=2 i=1 @,7)>(1,p) i=1 2<i<j<q
All the terms in the sum are = 0, since after shifting by t,, one takes the coefficient of t;tz_l t;ﬂ’_l
in an antisymmetric function in tp-1, tp. Thus
1 e+i d e+if 91
T AR, ) T (ti+ ) = [TTETNE A, t) TT (+ 1),
i=1 1<i<j<q i=1 2<i<j<q
One concludes by induction on g. o

We can now proceed.

Proposition 4.7. — Let E — X be a symplectic vector bundle of rank 2n, equipped with the symplectic
form w: E® E — Ox. Consider the isotropic Grassmann bundle : F*(q)(E) = X, forq=1,...,n. For
any I € Z¢, one has the Gysin formula

rsi(Er, &) = 52 (E),
where pi=2n—-q—i+1fori=1,...,q.

Proof. — The pushforward formula for the polynomial s;(&;y, . . ., ch) is
q q
i &) = [TTE (st ) TTsin(E) T (t=t) T1 (+1),
i=1 i=1 1<i<j<q 1<i<j<q
where fori =1,...,q, the exponents aree; :=2n—1—g +1i.
If for some i € 1,...,4, one has I; < i — g, then one checks that the stated formula becomes
1.0 = 0. So we can assume that definition (7) holds:

si(tr, ... tg) H (t— 1) = det(tq_m’f—iﬂ?)

1<i,j<q’
1<i<j<q

and then by linearity of the determinant with respect to the columns

si(&1, .0, &) = [ﬁt?](det (tqul"‘”"sl/tq_m(E))lsiljsq 1<H (t + fi)),

<i<j<q
which according to the preceding lemma is the same as
q

m.si(&1, ..., éq) = [1—1%1 t?]( det (tq_j+1l"7i+q51/tﬁ+l (E))lsi,qu H t?_i).
- 1

i=

Thus, using again the linearity with respect to the columns
T81(E1, -+, &) = det([fq—j+1eq”*l](fq—j+1li_i+q+j_lS1/tq,,+1 (E)))

which is the announced quadratic Schur function since

=d t(sv_‘ e E)
1<i,j<q €U\ SL—i+q+j-1 Eq—]ﬂ( ) 1<ij<q’

li—itq+j—-1-epjm=Li—-2n—-q—-i+1)+2(j—1i). O
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As already noticed in the case g = n in [17], if one of the I; — p; is odd, one obtains 0, since all
odd Segre classes s,.1(E) are = 0 when L = Ox, and in one row, the degree jumps by 2 between
two columns.

The proof is easily adapted in the orthogonal case, in order to get the following statement.

Proposition 4.8. — Let E — X be an orthogonal vector bundle, equipped with the quadratic form
Q: E®E — Ox. Consider the isotropic Grassmann bundle 7t: FR(g)(E) — X, forq =1,...,|rank(E)/2].
For I € 71, one has the following Gysin formula

rsi(Er, oo, &g) = 2152 (E),
where p; = rank(E) —g—ifori=1,...,q.

Acknowledgment.— We thank Tomoo Matsumura for pointing out a mistake in a former version
of Sect. 3.3.
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