GYSIN MAPS, DUALITY, AND SCHUBERT CLASSES
LIONEL DARONDEAU AND PIOTR PRAGACZ

ABSTRACT. We establish a Gysin formula for Kempf-Laksov flag bun-
dles and we prove a duality theorem for Grassmann bundles. We then
combine them to study Schubert bundles, their push-forwards and fun-
damental classes.

0. INTRODUCTION

Schubert varieties belong to the most studied algebraic varieties. The
classical Schubert calculus describes the Chow ring of the Grassmannian
(parametrizing all d-planes of a fixed n-space) with the help of its Schubert
classes indexed by (7) partitions contained in the rectangle (n—d)?. Among
the fundamental theorems of Schubert calculus there are: basis theorem,
duality theorem and the Giambelli formula expressing a general Schubert
class in terms of special ones.

Let now E be a vector bundle of rank n on a nonsingular variety X and
for d < n, let m: G4(F) — X be the Grassmann bundle of d-planes in E.
The basis theorem then presents the Chow ring A*(G4(E)) of G4(E) as
a free A°X-module of rank (7). We let Uy (or simply U when d is fixed)
denote the universal subbundle on the Grassmann bundle G4(E), as well as
its pullbacks to the different varieties appearing later in the paper. Since no
confusion could arise, we will indeed drop the pullback notation (with a few
exceptions). A set of generators for A°(G4(F)) over A*X is given by the
Schur classes sg(U) of the universal subbundle for 3 C (n—d)?. Intersection
theory on G4(E) was studied in [11], [14], [15], [13], [17], and [20], and more
recently in [2], [3] (see also [6], [7], and [9]).

Given a reference flag of subbundles £; C --- € E, = E, where
rank E; = i, for any partition A C (n — d)¢, there is a Schubert bundle
wy: Q(E.) = X in G4(E) — X, described by certain incidence conditions
(cf. (1.1)). (See Definition 1.2 for details.) It is a subvariety of G4(E). The
Schubert class [Q2\(E.)] is then the fundamental class of Q,(E,) in G4(E).
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In 1974, in a remarkable paper [13], Kempf and Laksov found a generaliza-
tion to the relative setting of the Giambelli formula for Schubert classes.
Let F(1,...,d)(E) — X be the flag bundle parametrizing flags of 1-planes,
2-planes, ..., d-planes in E. The Kempf-Laksov solution used certain flag
bundles (which we call Kempf-Laksov flag bundles)

Y Fu(Ey) — F(1,...,d)(E) = X,

indexed by strict partitions p C (n)? with d parts. (See Definition 1.4 for
details.) The critical feature of Kempf-Laksov bundles is of course that for
some strict partition v depending on A, ¢f. (1.2), F,(E,) is a desingulariza-
tion of Qa(E).

In the present paper, we study various push-forward formulas related
to Grassmann bundles, Schubert bundles and Kempf-Laksov bundles. We
shall work in the framework of intersection theory of [6] (cf. also [7, App.
B] and [9, App. A]). Recall that a proper morphism F:Y — X of al-
gebraic varieties over an algebraically closed field yields an additive map
F,.: AY — A*X of Chow groups induced by push-forward cycles (often
called the Gysin map). The theory developed in [6] allows one to work with
singular varieties, or with cohomology. In this paper, X will be always non-
singular. For possibly singular Y, if P is a polynomial in the Chern classes
of a vector bundle on Y, by push-forward of P along F', we shall mean
F.(PnN[Y]).

The main results of this paper are Theorem 1.6 (a Gysin formula for
Kempf-Laksov bundles) and Theorem 2.5 (a duality theorem for Grassmann
bundles); other results are consequences of these two.

Sect. 1 is mainly devoted to the proof of Theorem 1.6, namely a compact
formula for the Gysin map along ¥,,. We get an expression in the spirit of [4]
and [5], presenting the push-forward as some specific coefficient of a certain
polynomial, depending only on the Segre classes of the reference flag of
bundles E,. :

Then, in Sect. 2, we push further the study of the Gysin map along
7: G4(E) — X started in [5] to establish Theorem 2.5, namely a formula
for the push-forward along 7 of the product of two Schur polynomials s,, s
of the universal subbundle U — Gy4(E). It extends the classical duality
of (relative) Schubert calculus, since we also compute the intersection in
positive degree, i.e. when |a| + |5]| > d(n — d).

In Sect. 3, as a corollary of the Gysin formulas of Sect. 1 and Sect. 2,
we give an elementary constructive method to compute Schubert classes in
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Grassmann bundles. To the best of our knowledge, this method is new. See
Sect.3.1 for more detail, and further references. '

Before entering the subject, a few words about the notation. The Greek
letters a, 3,7, 9; A, u, v, p always denote partitions. For £ > 0, we denote
(£)¢, the rectangular partition with d parts of length £. We denote by C the
containment relation of (the diagrams of) partitions. For d < n fixed, we let
p denote the triangular partition (d,d —1,...,1).

We will also use some operations of Z¢ whose results are not necessarily
partitions. In particular, we write o+ 3 for the termwise sum and o — 3 for
the termwise difference of two partitions, and we denote o™ = (ay, ..., a1).

1. KEMPF-LAKSOV FLAG BUNDLES

1.1. Desingularization of Schubert bundles. Given two locally free
sheaves A and B, in accordance with [13], we shall say for short that A
is a subsheaf of B and write A C B whenever A is a subsheaf that is locally
a direct summand in B. We may also speak of subbundles for locally free
subsheaves of constant rank.

Let E — X be a rank n vector bundle on a variety X.

Definition 1.1. For an integer d < n, the Grassmann bundle G4(E) over
X parametrizes subbundles V3 C E of rank d. Namely G4(F) is the scheme
representing the functor from X-schemes to sets

T+ {V4: V4 locally free subsheaf of rank d on 7" such that V; C Er},
where Er is the pullback of E to T (see [10, 1.9.7] or [14]).

Note that over a point z € X, one has
Gy(E)(z) ={V C E(z): dim(V) = d}.

Accordingly, we will call the bundle 7: G4(£) — X the Grassmann bundle
of d-planes in (the fibers of) E. It comes with a universal rank d subbundle
U of m*E. For d = 1 one recovers the projective bundle of lines in E,
P(F) := G1(F) with the tautological line bundle Opg)(—1).

Assume now that F is equipped with a reference flag of subbundles
E,C---CE,=F, where rank E; = 1.

Definition 1.2. For a partition A C (n—d)¢, the Schubert bundle Q\(E,) C
G4(F) over X parametrizes subbundles V; C E of rank d such that rank(VzN
En-g-x+i) >t fori=1,...,d. Namely Q2,(E,) is the scheme representing
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the functor from X-schemes to sets

T +— {V4: Vg locally free subsheaf of rank d on T such that V; C Er
and fori=1,...,d: N4 NYE, 4 5.10) = AN E/VY) is zero},

where we consider the maps induced from E,_4_y4i — E - E/V,. It is
clearly a subfunctor of the above.

For any partition A C (n — d)¢, the Schubert bundle wy: Q\(E,) — X
in G4(E) is given over the point z € X by

(1.1) O\(Eo)(z)
={V € Gy(E)(z): dim(V N Ep_g-x+i(x)) >4, fori=1,...,d}. -
In this description, it appears clearly that the only non-trivial conditions

correspond to indices ¢ for which A; > 0.
We denote by

(n,...,vg)=mn—-d-XN+1,...,n—d—= N +d)”
=n—-d-X+d,...,n—d—= )\ +1),
~ the dimensions of the spaces of the reference flag involved in the definition

of Q,(F,)—in reverse order—. To a partition @ C (n — d)¢, one associates
a dual partition o° C (n — d)? by setting

o= (n—-d)?—a",

as illustrated below:

n—d
With this notation
(1.2) vi=\+p.
So v is a strict partition with d parts, and furthermore, p; < v; < 1 =
n — Ag < n, for any i.
Note that the above description of Q\(E.) can be restated using the
strict partition with d parts v C (n)? with the conditions

(1.3) dim(VNE,(z)) >d+1—4, fori=1,...,d.
Schubert bundles can be singular. One natural way to resolve the sin-

gularities is to use some flag bundles ([13]). Let us first recall the following
classical construction.
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Definition 1.3. For an integer d < n, the flag bundle F(1,...,d)(E) over
X parametrizes flags of subbundles V; ¢ --- C V; C E with rank(V;) =
i. Namely, F(1,...,d)(F) is the scheme representing the functor from X-
schemes to sets '

T {(Vi g C Vg
V; locally free subsheaf of rank i on T such that V; C Er}.

Then one can introduce the central objects of this section.

Definition 1.4 ([13]). For a strict partition p C (n)? with d parts, the
Kempf-Laksov flag bundle F,(E,) C F(1,...,d)(E) over X parametrizes
flags of subbundles Vi € --- C V; with rank(V;) = ¢ such that V; C E,,,.

Namely, F,(E,) is the scheme representing the functor from X-schemes to
sets

T {Vig- GV
V; locally free subsheaf of rank i on T such that V; C (E,,)r}.

The Kempf-Laksov flag bundle 9,,: F,,(E,) — X is given over the point
x € X by

(14) FuE)(z)={0CgViC---CVaeF(,...,d)(E)(z):
Vir1-i € By (z), fori=1,...,d}.

These bundles appear naturally as desingularizations of Schubert bundles
(see [13]). For a partition A C (n — d)¢, denoting v = \° + p as above, by
(1.3), the forgetful map F(1,...,d)(E) — G4(E) induces a birational map
¢: F (E.) — Q\(E.); on the Schubert cell given over the point € X by

QW (E.)(z)
={V € Gy(E)(z): dm(VNE,(z))=d+1—1, fori=1,...,d},
which is open dense in ©,(F,), the inverse map is
Ve (VNE,(z),..5VNE,(z)).

Later, to complete the study of Schubert bundles, we will fix a partition
A and consider F, (E,) for v = X°+p, but we shall first study Kempf-Laksov
bundles F,(E,) — X in themselves.

1.2. Gysin formulas for Kempf-Laksov flag bundles. Regarding our
goals, a central feature of Kempf-Laksov flag bundles is that these can be
regarded as chains of projective bundles of lines defined by the reference
flag of bundles E, and the universal subbundles Uj,..., U,.
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Lemma 1.5. Let u C (n)? be a strict partition with d parts. For e =
1,...,d—1, the forgetful map F(1,...,d—e+1)(E) = F(1,...,d—e)(E) in-
duces a map Fi,, . ) (E) = Fluy, . ua)(Es), isomorphic to P(E,, /Uy-.).
Lastly, the bundle F,,(F,) — X is isomorphic to P(E,,).

Proof. Having defined the flag bundles globally, it is sufficient to check the
assertions locally. Fix x € X. Over a point

(Vl? sy Vd"ﬁ) € F(Mc+1,.--,ud)(E°)(x)>
one has Vy_. C E, . (z) C E, (z) and the fiber of

Fler ) (Be) = Flypir.opa)(EV)

over (Vi,..., V4_.) consists of subspaces V;_.4; such that Vy_, C Vy_.o1 C

=

E,. (z). Since dimV; = 4, the result follows. O

To sum up, we obtain a chain of projective bundles of lines

Flgpa)(Be) = Flug,ua)(Be) = -+ = Fuy_u)(Ee) = Fuy(Ea) = X,

-----

which is the same as
(1.5)
P(EUI/Ud’l) - P(Ellz/Ud—2) — e P(Eﬂd‘l/Ul) — P(E#d) - X.

As in [5], one can deduce a Gysin formula for F,(E,) — X from the de-
scribed structure of chain of projective bundles (1.5). For the sake of com-
pleteness, let us recall the main lines of the argument.

For a Laurent polynomial P in d variables ¢;,...,t4, and a monomial m,
we denote by [m](P) the coefficient of m in the expansion of P. Clearly, for
any second monomial m’, one has [mm'|(Pm’) = [m|(P), a property that
we will use repeatedly. For a vector bundle E — X of rank r, recall the
Gysin formula for the projective bundle of lines p: P(E) - X

(16) p*(gz) = 3i—r+l(E) = [trhl}(tisl/t(E))v

where ¢ = ¢;(Opg)(1)), s:(E) is the ith Segre class, and s;/,(E) the Segre
polynomial evaluated in 1/¢ (this yields a Laurent polynomial). The idea is
simply to iterate this formula.

In our push-forward formulas, for d fixed and for a symmetric polynomial
f in d variables with coefficients in A* X, by f(U) we shall mean f specialized
with the Chern roots of UV (because the fundamental formula (1.6) use

£ = c1(Op)(—1))).

Theorem 1.6. For a rank n vector bundle E — X on a variety X with a
reference flag Eo on it, and for a strict partition p C (n)? with d < n parts,
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the push-forward along ¥,: F,(E.) — X of a symmetric polynomial f in d
variables with coefficients in A*X is

B = [ [T (f(tl,...,m 1 (=) I1 s )

1§i<j<d 1<i<d
Proof. We enumerate the Chern roots &;,...,&; of UV by taking

§ = "“Cl(Ud+1——z’/Ud-—i)-
For notational convenience, we will denote t{_:= (t1y- -y tey&er1y - -+, &q) the
d-tuple obtained from (1, ..., &) after replacement of the first e roots & by

formal variables t;.
For e; < ey < d -1, let us denote by f “* the Gysin map along

and for e; = d, let us denote by f the Gysin map along

7777

We will prove by induction on e = 0,...,d that

/ FO) = [T (£e) T (=1 T1 sue(Bu ~Us)),

1<i<j<e 1<i<e

which for e = d is the announced result, since fod = (F,)%-

For e = 0, this is the definition of f(U). Assume that the formula holds
for e < d.

By Lemma 1.5,

is isomorphic to P(E,,_ .,/ Ud_(e+1)), with the notation of (1.6), this projec-
tive bundle has rank

r=1=pieys—(d—(e+1)) -
so by (1.6) one has

e d+1— 1
(*2) / 6(23-!—1 teiljil (@il ))] (tz 151/tesn (Elte+1 - Ud*(€+1)))'

Now by the induction hypothesis (),

e+l ) = e+1 ef(U) _ [ﬁtfi_(d+1—e)] ( e+l P(t_é)),
0 e 0 i=1 e

where P = P(E,,,...,E,,) is the Laurent polynomial in d variables such
that

P(t€) = f(t€) T1 (t—t;) T1 suu(Bw — Vaso).

1<i<j<e 1<i<e
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Note that the Segre classes of the universal bundle U;_, are polynomials in
Eer1, - -,&4 To apply (%), we regard P(ge ) as a polynomial in &1 with
coefficients in A*(F{,, ., ..u)(Es)), according to the formula

P(tg)=f(tg,) TI (ti—t) 1<H_< 81/t (B — Ua—(e+1)) (1 = &e1 /i)

1<i<j<e

Hence, using (*2)

e+1
JARCAR
(f(g.e.f.l) [T i—t) II syu(Bu —Us-esny) I1 Q1 “te+l/ti))7

1<i<j<e 1<i<e+1 1<i<e

that is:

e+1
e+1—(d+1—(e+1
| pteg) = ppmenen
1

<t1 .. .tef(gc“) IT GG—t) I syu(BEu - Ud—(e+1)))-

1<i<j<e+1 1<i<e+1

It follows that
et & pi—(d+1—e) ~(d+1—(e+1))
/0 FU) = [T ngy ]
==

(e fle) T -t I sueBu— Vaen))-

ty---te 1<i<j<e+l 1<i<e+1

Multiplying the extracted monomial and the polynomial by #;---t. one

obtains
e+l & i (d+1—(e+1)) —(d+1—(e+1))
[0 = [ emggpensen)
0 i=
(f (t,,,) I ti-t) Il Sl/ti(Eui“Ud—(eH)))-

1<i<j<e+1 1<i<e+1

This is (x) for e + 1, whence by induction the formula (x) holds for any
e =0,...,d, and this finishes the proof. il

Note that the assertion holds for any polynomial f in &,...,&; with
coefficients in A°X, with the same proof, but in applications to Schubert
calculus on Grassmann bundles, one shall need only symmetric polynomials.

1.3. Push-forward of Schur classes. We can now specialize Theorem 1.6,
to get a formula for the push-forward of Schur polynomials. This is done in
Proposition 1.7.
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For any partition @ = (¢4, ..., ), recall that the Schur polynomial
84 € Z[t1, ..., tq] can be defined by the formula

det (t;xi+d-i) 1<i,j<d

[T ti—t)

1<i<j<d

Sa(tl, ey td) =

Note that in particular for & = (7), one has s; the complete symmetric
function of degree 7. It is convenient to set s; = 0 for ¢ < 0. Then the
Jacobi—Trudi identity states

Sa(th s 7td) = det (sai—i—f-j(tlv .. ’td)>1<ij<d.

One can generalize further the Segre classes by considering skew Schur
functions, defined for two partitions a and 8 by

(1.7) Sa/s(B) = det (sa,-i15-5,(E) )

1<i,j<d

Proposition 1.7. For a strict partition p C (n)® with d parts, and any
partition «, the push-forward along ¥,: F,(E,) — X of the Schur class
sa(U) s

(Fu)«(8a(U)) = det (Sai~i+d+l—uj (Eﬂj))lsi’jgd'

Proof. Applying the result of Theorem 1.6 to f = s, one gets
(Fu)s(sa(U)) =

[tsd_l o 'tliu_l] <Sa(t1’ <o ’td) H (ti - tj) H sll’ti(Eﬂi)) .
1<i<j<d 1<i<d
Now, by definition
saltisota) [ (6 —t;) = det (g5747) .
1<i<j<d o
Hence, dividing the jth column of the determinant and also the extracted
monomial by t}"'—l, for j =1,...,d, one gets

(0,)+(52(U)) = [1] <1<H<d Sl/tj(Eujj det (t?i+d~i+1”w)1gi,jsd> :

Then using again the linearity of the determinant with respect to columns
as in [5, Lemma 4.1], one obtains:

(Fu)(sa(U)) =
a;+d—i — My
det ([L(65" o1, (B)) 1o = det (Saumsvarion, (Buy)) i e

This is the announced formula. O
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2. DUALITY FOR GRASSMANN BUNDLES

We investigate the combinatorics of partitions with at most d parts, and
deduce a strong version of the duality theorem in Grassmann bundles. We
use Young tableaux. For all terminology and standard results used in this
section, we refer the reader to [7].

2.1. Littlewood—Richardson numbers. By definition, the Littlewood-
Richardson number ¢, s associated to three partitions a, B, v is the coefhi-
cient {s,8s, s4) of s, in the decomposition of the symmetric function s,ss
in the Schur basis. It is thus symmetric in o and (. The coefficient ¢, is
zeroifa  yor B &~.

If B C «, the number cj., is also the coefficient (s,/s,s,) of s, in the
decomposition of the symmetric function s,/g in the Schur basis. It follows
that c3., = c5; depends only on the partition 3 and the skew partition a/7.
This observation implies the following.

Lemma 2.1. Let «, 8 be partitions with at most d parts. For any partition
~ and any rectangular partition with d parts OO C -y, one has:
_ a0
By = C5(3-0)"
Proof. Assume O C v C « (otherwise both coefficients in the sought formula
are zero). The skew shapes a/y and (a — [0)/(y — ) are then the same,
and this finishes the proof. O

2.2. A product formula. We shall now give a modern treatment of a
theorem of Jacobi (1840) and Naegelbasch (1871) asserting that the product
of two Schur functions in d variables can be expressed as a determinant of
order d in s; (see [18, p. 188] and see [19, 1.3.8] for another proof). Using
(1.7), one can rather interpret this determinant as a skew Schur function.

Lemma 2.2. Let o and B be partitions with at most d parts. For any
rectangular partition with d parts U1 2 3, one has

Sa(tl, e ,td>$5(t1, ceey td) = S4o/0-8¢ (tl, e ,td).
Proof. For any skew Schur diagram ¢

ss(tr,. . ta) = »_ 17,
[T)=6

where the sum is over the semi-standard tableaux T with shape ¢ and
values in {1,...,d} and where for such a tableau ¢ denotes the monomial
it - £, with m; the number of entries of T with value ¢ fori =1,...,d.
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As a consequence, it is sufficient to show that there is a Bijection between
the pairs of tableaux with respective shapes o, and the tableaux with
shape O+ a/0O0 — 8-

Given a filling T, of o together with a filling T3 of 3, we apply the
following process to Tjs: replace each entry v by d + 1 — v and rotate the
diagram by half a turn. This yields a skew tableau T} with shape [T}] =
0/0 — B~ . Then the concatenation of T and 7, is a tableau with shape
0O+ /0 — 8 (see Figure 1).

Tp

v

ViV

ViV

F1GURE 1. The sought bijection

Indeed, in the last column of Tj the entry of the ith row has value
< (d+1)-(d+1—1) =1 and in the first column of T, the entry of the ith
row has value > 1.

The inverse map is the obvious one. Take the filling of the intersection
between [+ a/00 — f and [, rotate it, and apply the involution v <> d+
1—wv to get Tj, then take the filling of the remaining part in 00 + «/0O0 — §¢
to get T,. O

We can deduce a rule for Littlewood-Richardson numbers.

Corollary 2.3. With the same notation and hypotheses, for any partition v
with at most d parts, the following Littlewood-Richardson numbers coincide:

Y . O+a
Cap = CO-g-)y

Proof. Indeed, one has (s48g, $1) = (Sota/0-s< , S4)- a
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2.3. A strong version of the duality theorem. The combination of
Lemma, 2.1 and Corollary 2.3 yields the following proposition.

Proposition 2.4. For «, 8,7 partitions with at most d parts, if g 2 B
and 007 C v are two rectangular partitions with d parts, then

¥y — a+E]5—D'V
Cap = C@-p") (v-D)

We derive the following statement.
Theorem 2.5 (Strong duality theorem). Let E — X be a rank n vector
bundle over a variety, and let o, B be two partitions with at most d parts.
For any rectangle partition (£) D 3, one has the following pushforward
formula along m: G4(F) — X:
In particular, if B C (n — d)?:

T(5a(U)sp(U)) = Sa/pe (E).
Note that using (1.7), the determinant s,/gc (E) is easily shown to be

indeed symmetric in & and 3. One direct consequence of our theorem is the
following.

Corollary 2.6 (Duality theorem). For a partition o and a partition 3 C
(n — d)? one has
1 ifa=p°
0 ifa? .

Under the further assumption |a| + |3] < d(n — d), this is the standard
duality theorem in Schubert calculus (see [6, Prop. 14.6.3]).

mu(8a(U)sp(U)) = {

Proof of the theorem. One has
sa(U)ss(U) = ) caps+(U),

and since rank(U) = d, one can restrict to the partitions v with at most d
parts. Using [5, Sect. 4] to compute the push-forward, one obtains

mu(3a(U)s5(U)) = > €l 58y (nay:(E)-
But now, one can assume that v O (n — d)¢, since otherwise the summand
indexed by -y does not contribute, whence after a change of variable

7 (5a(U)s5()) = Y 0 ™5, (B).
Applying Proposition 2.4 with (g = (£)¢ and (07 = (n — d)?, one obtains

2—n+d)?
ﬂ'*(sa(U)Sﬁ(U)) = C?(;-)(d_gi))y SV(E) = 3a+(g_n+d)d/(g)d_5<- (E),



GYSIN MAPS, DUALITY, AND SCHUBERT CLASSES 13

and this finishes the proof. ]

Note that a related formula was established in [12]: the push-forward of
the product of a Schur polynomial of the universal subbundle by another
Schur polynomial of the universal quotient bundle. The formula of [12] is
easily shown to be a consequence of our new formula. We denote A\~ the
conjugate partition of a partition A\. We denote by A Ll v the concatenation
of partitions A and +; it is in general not a partition. Let us denote by @ the
universal quotient bundle on G4(E) = X. For a partition o with at most
d parts and a partition 8 with at most (n — d) parts, one has

mu(5a(M)s(@) = > (—1)™s0/u (B)s5/u~ (B) = 8(ain-ayus(E)-
uC(n—d)d

The first equality follows from the relation Q = F — U in the Grothendieck
group of X, applying our push-forward formula to each factor of the ex-
pansion of s4(U)sg(E — U). The second equality is shown using Laplace
expansion for Schur functions in terms of skew Schur functions. Remark
that by permuting the rows, the right hand side of the formula can be
written

(1) " Ds5_(ayn-ayualE),

which is closer to the expression of [12] (our convention of signs is different).

3. GYSIN MAPS AND SCHUBERT CLASSES

A classical problem in Schubert calculus is to give a formula for Schubert
classes. Such formulas were given by Kempf-Laksov [13], Lascoux [17] in the
framework of classical intersection theory, and Anderson—Fulton [8, 1] in the
framework of equivariant cohomology in intersection theory. In [16], Laksov
and Thorup rephrase the Kempf-Laksov formula in terms of the exterior
algebra of a suitable module. In [3], Anderson and Fulton gave also a variety
of Kempf-Laksov formulas for degeneracy loci.

Note that like the approaches of [13], {17], [3], and others, our approach
uses the desingularization of Schubert varieties (or degeneracy loci) by
chains of projective bundles, and various Gysin formulas for them. The
flag bundles F,(FE,) are well-known desingularizations of Schubert bundles
Qx(F.), which were used by many authors. We shall also use them, but in
a different way. The most obvious difference is that the reasoning, directly
over the base variety X, is based on the plain comparison of two Gysin
formulas for Schubert bundles, derived from our two main new results. The
formula for Schubert classes appear then as an elementary corollary, the
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construcitve proof of which relies on solving invertible triangular systems of
equations.

3.1. An elementary approach to compute Schubert classes. This
approach fits in a broader context than this of the present paper, and has the
noteworthy feature that, like in 3], it should be adaptable to the symplectic
and orthogonal settings, with some technical adjustments. The main idea is
summarized in the following Figure 2.

F(E.) - F(1,...,d)(E) F(E.) 2> Oz(E.) — Gu(E)

gojb-m O N w/

(a) (b)

FIGURE 2. The desingularization (a) and how we use it (b).

We also recall the standard approach of Kempf and Laksov (with our
notation) for comparison:

F,(E.) pé Ga(E) xx F,(E.)

2
@J'bir, Jpl

Q)\(E.) et Gd(E)

In their approach, one works with G4(E) as the base variety. To compute the
fundamental class [Q\(E,)] in the Chow group of G4(F) one first computes
the fundamental class [s(F,(E.))] in the Chow group of G4(E) xx F,(E.,)
and then one computes the push-forward along p; of this specific class.

In our approach, we work above the base variety X and we use Gysin
formulas for different morphisms satisfied for all classes; we do not need
to compute the class [F,(E,)] in A*(F(l,...,d)(E)). There are two ways
to push a class from ,(E,) to X. Either we use the desingularization
F,(E,) studied in Sect. 1 and we push-forward along ¥, or we regard the
Schubert bundle Q,(E,) as a subvariety of the Grassmann bundle G4(E)
and we push-forward along 7. In the latter case, the push-forward formula
involves the fundamental class [Q25(E,)] in G4(E). It remains to compare
the expressions obtained in each way for some generators of the Chow group
of Q5(E,). The only serious obstacle to compute [2\(E,)] € A*(G4(E)) may
be the difficulty to solve this system of equations.
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In the present paper, we treat type A and we heavily rely on the strong
duality theorem to simplify this last step. We express the sought Schubert
class as a certain linear combination

()] =D oxsss(U),

with unknowns og, and we consider the push-forwards of the Schur classes
8o(U) along wy. Using the duality theorem to express the intersection of
two Schur classes leads to an invertible triangular system in the unknowns
og. Solving this system, we get an expression for [Q,(E,)] in the Schur
basis involving only bundles from the reference flag F,. In our computations
we use extcnsively the algebra and combinatorics of (flagged) skew Schur
functions.

3.2. Push-forward formula for Schubert bundles. Firstly, we derive
push-forward formulas for Schubert bundles from the formulas for Kempf-
Laksov bundles.

Proposition 3.1. The push-forward along wy: Q\(E.) = X of a symmet-
ric polynomial f in d variables with coefficients in A*X is

(@x)«(f(U)) = [ilj t;ﬁ‘l} (f(tl, .oy ta) 1<I<I<d(7fi —t;) 1<1—]<d81/ti(EVi)) :

Proof. Using the notation of Figure 2b:

(0.)f (¢ Ulayea) = (@x)suf (9*Ulay(es))
= (w/\)*(f(UIQ,\(E.)) N W*[FV(EO)])
= (@A)« (F(Ulayza) N [W(E)]).

The first cquality holds by commutativity, the second by the projection
formula, and the third because ¢ is a desingularization. Thus, dropping the
pullback notation

(00)f(U) = (@)« (f(U) N [U(E))).
For the left hand side, the formula

0.).£0) = [T (foa,...,td) 1 (-t 11 sl/thu,.))

1<i<y<d 1<i<d

holds by Theorem 1.6 for u = v. |

Proposition 3.2. The push-forward along w,: Q\(E.) — X of a Schur
class s4(U), for a partition « is

(W,\)*(Sa(U)) = det (sai—iﬂ—f\; (EVj))lgi,de'
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Proof. This follows from the previous considerations, since v; = X +d +
1—3j. O

3.3. Schubert classes. Lastly, we implement our strategy. Before going
on, let us define the following determinantal classes.

Definition 3.3 (Flagged skew Schur classes). For A,~ partitions with at
most d parts and A,, B, partial flags with d members, define

S,\/»Y(A., B.) = det (S,\i_i.{_j_w (Az + BJ))

1<i,j<d
For shortness, we also define: sy/y(4s) = 53/5(A.,0), and s}, (A.) =
S,\/af(—A.,O).

We will need a variation for flagged Schur classes of the classical formula:
SA/u (A + B) = Z Sx/v (A)Su/u (B)7
pCrCA

(see [19]). Namely, we claim the following result.

Lemma 3.4. For A, vy partitions with at most d parts and A., B, partial
flags with d members, one has
SA/p (An Bo) = Z Sa/v (An O) Sv/u (Oa Bo)
uCrCx

The proof is direct, using the algorithm of straightening, so we omit it.

Let us denote by E/E; the dual flag of E,,, the jth member of which
is the quotient bundle E/E,,,
formula for the Schubert classes in the Schur basis.

. Then, we can give the following compact

Theorem 3.5. With the notation of Section 1, for a partition A C (n—d)?,
the fundamental class of the Schubert bundle Q\(F,) C Gg4(FE) is

(B = 555 (E/Ey,) s5(U).
BCA

Proof. On one hand, the Schubert bundle ¢: Q)(E,) «— G4(F) is a subva-
riety of G4(E), thus by the basis thcorem its fundamental class [Q)(E,)] €
A*(Gg4(F)) admits an expression under the form

BN = > o«pss(l).
BC(n~d)?
The push-forward of s,(U) along ¢« is then
LSa(U) = [Q(E,)]sa(U) = Z xg8a(U)sp(U).

BC(n—d)?
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Now, by Theorem 2.5 the push-forward to X of so(U) is
(@x)+80(U) = (7 0 1).84(U)
= 3 pmesa(l)ss(0)

BC(n~d)?
= Z XS o/ (E).
BC(n—d)?
On the other hand, by Proposition 3.2 the push-forward to X of s,(U)
is
(wx)x$a(U) = sax (0, Ev,).-
So, for each partition o, we get the equation in the unknowns ocg
(@) Y xpsaspr (E) = sosxe (B, By, — E).
BC(n—d)?
Notice that the system made of equations (a) for a C (n — d)? ordered by
lexicographic order is a lower triangular system, with 1’s on the diagonal.
It is thus invertible and has a unique solution. Indeed, if 8 = af, then
Sq/pc(E) = 1 and if B¢ Z o, e.g. if B > of in lexicographic order, then
Sa/pe (E) = 0.
We will now modify the right hand side of () to make it look alike the
left hand side, using Lemma 3.4. The equation (a) becomes
Z XpSa/p (E) = Z Sape (E,0)8 ge/xe (0, By, — E)

BC(n~d)? AChCa
= Y so/pc(E)sy5(E — Ey).
AcCpeCa
Thus we obtain a solution (the unique solution by our above observations)
by setting for any 8 C (n — d)¢
s = %5 (E/ES). 0

For the sake of completeness, we now give a derivation of the Giambelli
formula for vector bundles.

Corollary 3.6 (Giambelli formula). With the notation of Section 1, for
a partition A C (n — d)?, the fundamental class of the Schubert bundle
Q(E.) C Gy(FE) is

[Q(EW)] = det(cn-ini (B — Eyyyy s — U)i<isj<a-
Proof. This is again a plain application of Lemma 3.4. One has

s\(E;, — E,U) =) _sx5(E;, — E,0)s5(0,U). O
B
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