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Schur functors

Schur functors

Issai Schur’s dissertation (Berlin, 1901): classification of
irreducible polynomial representations of GL,:

Homomorphisms GL, — GLy sending X to a matrix [P;;(X)],
where Pj; is a polynomial in the entries of X.

Two actions on E®" (E vector space over a field K of char. 0).
— of the symmetric group S, via permutations of the factors,

— the diagonal action of GL(E).

Irreductible representations S* of the symmetric group S, are
labeled by partitions of n.
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Schur functors

Partition of n: A= (A\y > --- > A\ > 0) s.t.
A1+ -+ 4+ A = n. Graphical presentation for 8742:

Schur module:
VA(E) := Homgs, (S, E®")

V(=) is a functor: if E, F are R-modules, f : E — F is an
R-homomorphism, then f induces an R-homomorphism
VA(E) — Vi\(F). In this way, we get all irreducible polynomial
representations of GL,.
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Schur functors

Let us label the boxes of the diagram with 1,... n.

1[15[19[3]10] 5 [21[13]
11]818[9]6[17]4
7 [20[12[16
162

P:= sum of the permutations preserving the rows (P € Z[S,]),

N:= sum of the permutations with their signs, preserving the
columns.

e(A\) := N o P — the Young idempotent ;
Vi(E) = e(N\)E®".

Example: V() (E) = S"(E), Vian(E) = A"(E).
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Schur functors

Let T be the subgroup of diagonal matrices in GL,:

Consider the action of T on V,\(E) induced from the action of
GL,, via restriction.

Main result of Schur’s Thesis:

The trace of the action of T on V,(E) is equal to the Schur

function:
sa\(x1, ..., Xn) = det (sy,—piq(x1, - .. ’X”))lgp,qgk :
where s;(xi, ..., X,) is the ith complete symmetric function.
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Schubert polynomials

Schubert polynomials

Permutation: bijection N — N, which is the identity off a
finite set.

A:=17Zx,x,...].
We define 0; : A— A

f(Xl,...,Xi,Xi+1,...) — f(X]_,...,X,‘+1,X,‘,...)

8,' f):=

( ) Xj — Xit+1

For a simple reflections;=1,...,i —1,i+1.i,i+2, ... ,we
put J, := 0;.

Let w =s5;---5 = t; - - - ty be two reduced words of w. Then
Dy 000 =0y 000 .
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Schubert polynomials

Thus for any permutation w, we can define d,, as
Os, 0 - - 0 0, independently of a reduced word of w. Let n be
a natural number such that w(k) = k for k > n.

Schubert polynomial (Lascoux-Schiitzenberger 1982):
Gu = 010, (7 52 x2_1xX0)

where wy is the permutation
(n,n—1,...,2,1),n+1,n+2,....
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Schubert polynomials

We define the kth inversion set of w:

kw) :={l:1>k w(k)>w(} k=1,2,...

Code of w (c(w)): sequence ik = |I(w)|, k =1,2,....
c(5,2,1,6,4,3,7,8,...) is equal to (4,1,0,2,1,0,...).

— Schubert polynomial &, is symmetric in xx i x,,1 if and
only if w(k) < w(k + 1) (or equivalently if ix < iki1).

—-Ifw(l)<w@) < - <wk)>wk+1)<wk+2)<---

(OI’ I]_SIQSSI/(, 0:ik+1:ik+2:---),then GW is
equal to Sik 77777 ,'2’,'1(X1,...,Xk).
—Ifih>ih>--- ,then &, = x{"x -+ is.a monomial.
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Schubert polynomials

If the sets l(w) form a chain (w.r.t. inclusion), then w is
called a vexillary permutation.

Theorem

(Lascoux-Schiitzenberger, Wachs) If w is a vexillary
permutation with code (iy, p, ..., i, > 0,0...), then
Gw = S,z (Min h(w) — 1,... min f,(w) — 1)=.

Flag Schur function: For two sequences of natural numbers
> >0cand 0 < by < --- < by,

Si,ie(br, ooy bi) = det (s _piq(xa, - .. 7Xbp))1gp,q§k
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Functors asked by Lascoux

Functors asked by Lascoux

R — commutative Q-algebra, E.: E; C E, C --- a flag of
R-modules. Suppose that Z = [iy ], k,/ =1,2,..., is a matrix
of 0's and 1's s.t.

—I.k’/:OfOI’kZ/;
— >, ik, is finite for any k;
— 7 has a finite number of nonzero rows.

Such a matrix Z is called a shape:

00000 O0O0 O 60 0 0 0 o
00000 O0O0 O o 0 0 0 o
000 1010 O 0 % o
000010 1 0 = 5 x
0000 O0T1 0 0 X o
0000 O0UO0O0 O x o
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Functors asked by Lascoux

Shape of permutation w is the matrix:
IW = [I.kJ] = [Xk(/)] y k, | = 1,2, Ce

where x is the characteristic function of /x(w). For
w=25,216,43,7,8,..., the shape Z,, is equal to

X X
X

o O O
X o o X
X X O o X

We define a module S, (E.), associated with a permutation w
and a flag E. as Sz, (E.); this leads to a functor S, (—).

Piotr Pragacz (IM PAN, Warszawa) joint with Witold Kraskier On certain family of B-modules



Functors asked by Lascoux

From now on, let E. be a flag of K-vector spaces with

dimE; = i. Let B be the Borel group of linear endomorphisms
of E :=|J E;, which preserve E.. The modules used in the
definition of S,,(E.) are Z[B]-modules, and maps are
homomorphisms of Z[B]-modules. Let {u; : i =1,2,...} be a
basis of E such that uy, us, ..., ux span Ex. Then S, (E) as a

cyclic Z[B]-submodule in @, A" E;, generated by the element
Uy 1= Qlky , N Uk, VAR

il

where ki ; < kp; < --- < kj,; are precisely those indices for
which I'krh/ =1.

E.g. Ss216437..(E.) is generated over Z[B] by

U QUi NUy@up Nug@up N\ ug /N Us.
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Functors asked by Lascoux

Theorem

(K-P) The trace of the action of a maximal torus T C B on
Sw(E.) is equal to the Schubert polynomial &,,.

About the proof: we study multiplicative properties of S,,(E.).

tog(--.w(p)...w(q)...)=(..w(q)...w(p)...)
Chevalley-Monk formula for multiplication by G, :
GW : (Xl + - +Xk) = Zgwotp,w

the sum over p,q s.t. p<k, g> k and
I(wot,q)=I(w)+1. For example

Gaues15879... (x1+x2) = Gaap15879... + S264a315879.. +Sos6314879... -

Piotr Pragacz (IM PAN, Warszawa) joint with Witold Kraskier On certain family of B-modules



Functors asked by Lascoux

Transition formula: Let (j,s) be a pair of positive integers s.t.
—j <sand w(j) > w(s),
— for any i €]j,s[, w(i) ¢ [w(s), w(j)],

— for any r > j, if w(s) < w(r) then there exists i €]j, r[ s.t.
w(i) € [w(s), w(r)].

Then 6&,=6, -x + Zg’:l S,
where v =wo t;,, v, = wo tjs oty ;, the sum over k;, s.t.
— k, < j and w(k,) < w(s),

—if i €]k,, j[ then w(i) & [w(k,), w(s)].
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Functors asked by Lascoux

Such a pair (J, s) always exists for a nontrivial permutation: it
suffices to take the maximal pair in the lexicographical order
s.t. w(j) > w(s).

E.g. Gsoigezarg =

= Gs21843679... - X5 + Os24813679... T Gs41823679...

— maximal transition

= Gs21763489... - Xa + Gs27163489... + Gs71263480... + G721563480...

= Gs12864379... * X2.
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Functors asked by Lascoux

We prove that for the maximal transition, there exists a
filtration of Z[B]-modules

0=FoCF C--CFCF=S5,(E)

and isomorphisms F/F, ~ S,(E.) ® E;j/E;_1 and
Fp/Fp-1 =S, (E)forp=1,....m O

There exist flag Schur functors S)(—), for which we have

Theorem

(K-P) If w is a vexillary permutation with code
(il,iz,...,in > 0,0), then
<

SW(E-) = 5(,'1,...,/")2 (Eminll(w)fla cey Eminl,,(w)71>_ .
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Filtrations of weight modules

Filtrations of weight modules

Let b be the Lie algebra of n x n upper matrices, t that of
diagonal matrices, and U(b) the enveloping algebra of b.

M a U(b)-module, A = (Ay,...,A,) € Z",

My ={me M:hm=< )\ h> m} weight space of A,
< )\, h>= Z)\,’h,’

If M is a direct sum of its weight spaces and each weight
space has finite dimension, then M is called a weight module

ch(M) := 3", dim Myx*, where x* = x"" - - - x»
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Filtrations of weight modules

Let e; be the matrix with 1 at the (i, j)-position and 0
elsewhere.

Let K be a 1-dim’l U(b)-module, where h acts by < A\, h >
and the matrices ej;, where | < j, acts by zero. Any finite dim’'l
weight module admits a filtration by these 1 dim’l modules.

weSD ={w:wh+1)<w(h+2) <.}
E = ®1<i<nKu;.

Foreach j €N, let {i <j:w(i)>w(j)} ={n <...<i,}

u.(,{,'):u,-l/\~~/\u,~,j€/\’fE

Uy = Up, @ UL @ -+ -

Sw = U(b)u,  The weight of u, is c(w) .
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Filtrations of weight modules

Thm (K-P) For any w € s S, is a weight module and
ch(Sy) = G..

What is the annihilator of u,,?

1<i<j<n—=my(w)=#{k>j:w(i)<wlk)<w()}

mij+1
€jj

Let /, C U(b) be the ideal generated by h— < c(w), h >,

h € t and e,;."’f(W)Jrl, i<

annihilates u,,.

There exists U(b)/l, — S, s.t. 1 mod 1, — u,,.

Theorem

(W) This surjection is an isomorphism.

Piotr Pragacz (IM PAN, Warszawa) joint with Witold Kraskier On certain family of B-modules



Filtrations of weight modules

For A € ZZ, we set S, := S, where c(w) = A. For A\ € Z"
take k s.t. A+ k1l € Z% (1 =(1,...,1) ntimes), and set
Sy = K_ k1 ® Syik1. Similarly for &,.

QUESTIONS: 1. When a weighted module admits a filtration
with subquotients isomorphic to some S,'s?

2. Does S, ® S, have such a filtration?
p=(n—-1,n-2,...,2,1,0), K, “dualizing module”

C category of all weight modules, for A C Z", Cy is the full
subcategory of C consisting of all weight modules whose
weights are in A.

N <oo N={p—A:AEA} Cv=CP M MK,

Lemma For any A C Z", Cj has enough projectives.
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Filtrations of weight modules

Orders: w,v € 5, w <)o v if w = v or there exists | > 0 s.t.
w(j) = v(j) for j < i and w(i) < v(i).

For A € Z", define |A| = Y A If A= c(w), u = c(v), we
write A > g if |\| = |u| and w™! <y v71. For general

A\, € Z" take k s.t. A+ k1, + k1 € Z2,, and define A >
ifF A + k1> 1+ KL -

For A € Z", set C<) := Cpy<ny- All Ext’s over U(b), in C<y.

Prop. For A € Z" the modules S, and S, @ K, are in C<,.
Moreover S, is projective and S;_, @ K, is injective.

Theorem

(W) For p,v <\, Ext'(S,,S: ,®K,)=0,i>1

Ky ~p—v
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Filtrations of weight modules

Theorem

(W) Let M € C<y. If Ext'(M, Sy, ®K,) =0 forall p < A,
then M has a filtration s.t. each of its subquotients is
isomorphic to some S, (v < \).

Cor. (1) fM=M;®...® M,, then M has such a filtration
iff each M; has.

(2)If0—-L— M — N — 0is exact and M, N have such
filtrations, then L also has.

Proof (1) Ext'(M, N) = &Ext'(M;, N) for any N.

(2) Ext}(M, A) — Ext'(L, A) — Ext?*(N, A) exact for any A.
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Filtrations of weight modules

Prop. w € SCEQ), 1<k<n-—1 Then S, ®S, has such a
filtration. (KP for k = 1, W in general)

Theorem
(W) S, ® S, has such a filtration for w,v € s,
Consider a B-module T, = ®2§i§n(/\li(W)Ki_1).

T, is a direct sum component of ®o<j<pSs,_, ® -+ ® S5, |
l:(w) times

Prop. w € S,. Then there is an exact sequence
0—3S,— T, — N— 0, where N has a filtration whose

subquotients are S, with u™! >, w1

— from Cauchy formula [, ., (xi +y) = 32, Sw(X)Suw (¥)
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Filtrations of weight modules

Proof of the thm

Exact sequence:

0o —» S, ®S8 —» T,®S5 —- N®§S — 0
filtr. by Cor.(2)  filtr. by Prop.  filtr. by ind. on lex(w)

Theorem
(W) Let A € Z" and M € C<. Then we have
ch(M) < 3, ., dimg(Homy(M, S,—, ® K,))6,

The equality holds if and only if M has a filtration with all
subquotients isomorphic to S,,, where i < \.
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Filtrations of weight modules

As a corollary, we get a formula for the coefficient of G, in
G,6,:

Cor. This coefficient is equal to the dimension of
Homg (S, ® Sy, Swew ® K,) = Homg(S, ® Sy @ Swow, Kp).
Proof We use ch:

6,6, =ch(S,®5)=>,(5%®5,5 ,®@K,)6,.
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Filtrations of weight modules

Some plethysm
Let s, denote the Schur functor associated to a partition o

Prop. s,(S,) has a filtration with its subquotients isomorphic
to some S,,.

Proof (Sy)®* has such a filtration for any A and any k.
Hence Ext!((S))®%, S} ® K,) = 0 for any v.
s,(Sy) is a direct sum factor of (Sy).

Hence Ext!(s,(Sy),S; @ K,) = 0 for any v, and s,(S,) has
the desired filtration.
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Filtrations of weight modules

Cor. If &, is a sum of monomials x® + x? + - -+, then
s-(x%, x?,...) is a positive sum of Schubert polynomials.

The End
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Filtrations of weight modules
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