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To the memory of M.-P. Sch�utzenbergerThe goal of the present paper is to state and prove a new identity for SchurQ-functions.We recall Schur's original de�nition of these functions, which appeared in [S].Let x = (x1; x2; : : : ) be an in�nite sequence of independent indeterminates. Thefollowing identity between formal power series in tYi�1 1 + xit1� xit =Xa Qa(x)tade�nes symmetric functions Qa = Qa(x) in x1; x2; : : : for all nonnegative integersa (with Q0 = 1). Directly from the de�nition it follows that(1) Xa+b=c(�1)aQa �Qb = 0for all c � 1.For integers a1; a2 � 0, we de�ne(2) Qa1a2 = Qa1 �Qa2 + 2 a2Xi=1(�1)iQa1+i �Qa2�iBy (1) we have Qa1a2 = �Qa2a1 ; in particular Qa1a2 = 0 when a1 = a2 . Noticethat Qa 0 = Qa = �Q0 a. Also, in general, it is su�cient to index Schur Q-functionsby strict partitions, though for formal reasons it is convenient to extend the range ofindices to the sequences of positive integers, or even to the sequences of nonnegativeintegers having at most one zero placed at the end. Typeset by AMS-TEX1



2 Let (a1; : : : ; am) 2 (N �)m . We de�ne, recurrently on m, the Schur Q-functionQa1:::am = Q(a1;::: ;am) as follows. If m is odd, then(3) Qa1:::am = Qa1 �Qa2:::am �Qa2 �Qa1a3:::am + : : :+Qam �Qa1:::am�1 :If m is even, then(4) Qa1:::am = Qa1a2 �Qa3:::am �Qa1a3 �Qa2a4:::am + : : :+Qa1am �Qa2:::am�1 :Of course, this de�nition can be restated, more compactly, using appropriate Pfaf-�ans. Namely, we have Qa1:::am = Pf�Qaiaj �1�i;j�mfor m even, and Qa1:::am = Pf�Qbibj�1�i;j�m+1;form odd, where (b1; : : : ; bm; bm+1) = (a1; : : : ; am; 0). We then record the followingproperty. For a permutation � 2 Sm , we have(5) Qa�(1):::a�(m) = sgn(�)Qa1:::am :Notice that Equation (3) also holds for m even, and Equation (4) also holdsfor m odd. This can be restated as follows. Letting, for (a1; : : : ; am) 2 (N �)m ,Qa1:::am0 = Qa1:::am , Equations (3) and (4) hold true if we formally set am = 0.The above algebraic properties will be su�cient for the purposes of the presentpaper. For more about Schur Q-functions and their algebraic applications, thereader is referred to [H-H] and especially to Schur's original paper [S]. For recentgeometric applications of these functions to enumerative geometry of degeneracyloci and cohomology rings of isotropic Grassmannians, see [P1] and [P2].We de�ne � to be the polynomial algebra in fQa : a � 1g over Z and call it thering of Schur Q-functions. We consider � as a graded ring where degQa = a . Wedenote by � the ring of symmetric functions; recall that � = Z[e1; e2; : : : ] where eiis the i-th elementary symmetric function.Let � : �! � be the ring homomorphism from the ring of symmetric functionsto the ring of Schur Q-functions, de�ned by �(ei) = Qi . The goal of the presentpaper is to give an explicit expression for the image under � of an arbitrary S-function, �(s�) , as a quadratic polynomial in Schur Q-functions. This will be aconsequence of a more general identity given in Theorem 4 which is the principalresult of the present paper. The main results are illustrated by examples andaccompanied by a geometric application (Proposition 8) which was, in fact, themain author's motivation of the present research.To state our results we need some notation. For a sequence A = (a1; : : : ; an) anda subsequence B of A, i.e., B = (ai1 ; : : : ; aik) with 1 � i1 < : : : < ik � n, we denoteby A r B the subsequence of A obtained by removing fai1 ; : : : ; aikg from A andleaving the remaining a's in the original ordering. Given additionally a sequenceB = (b1; : : : ; bn), we denote by A#B the sequence (a1; b1; a2; b2; : : : ; an; bn). Wewill identify a subsequence (ai1 ; : : : ; aik) of A with the subsequence of A#B, whichoccupies the places numbered by 2i1 � 1; : : : ; 2ik � 1. Similarly, we will identify asubsequence (bi1 ; : : : ; bik) of B with the subsequence of A#B, which occupies theplaces numbered by 2i1; : : : ; 2ik.



3Theorem 1. Suppose that � = (�1; : : : ; �n j �1; : : : ; �n) is a partition writtenin Frobenius notation. Then, for A = (a1; : : : ; an) := (�1+1; : : : ; �n+1) andB := (�1; : : : ; �n),Det�Qai�j +Qai �Q�j �1�i;j�n =XQ(ai1 ;::: ;aik ) �QA#Br(ai1 ;::: ;aik ) ;where the sum is over all sequences 1 � i1 < : : : < ik � n and k = 0; 1; : : : ; n .Corollary 2. In the notation of Theorem 1,�(s�) = 12n XQ(ai1 ;::: ;aik ) �QA#Br(ai1 ;::: ;aik ) ;the sum as in the theorem.Indeed, using Giambelli's hook-formula for s� (see [G]), the equality� �s(�j�)� = 12 �Q(�+1;�) +Q�+1 �Q��(see, e.g., [J-P]), and Theorem 1, we get�(s�) = Det�12(Qai�j +Qai �Q�j )�1�i;j�n= 12n XQ(ai1 ;::: ;aik ) �QA#Br(ai1 ;::: ;aik) ;the sum as asserted.Note that for A = B , Theorem 1 saysDet�Q�i�j +Q�i �Q�j�1�i;j�n = Q2�1:::�nand was proved originally by Macdonald, answering a conjecture of De Concini (see[J-P, Remark 2]), and by You [Y].Example 3. a) With A = (2; 1) and B = (3; 1), we have�(s2221) = 122 �Q21 �Q31 �Q1 �Q321�:( Here, n = 2, A#B = (2; 3; 1; 1).)b) Note that �(s�) is not always a positive combination of Q-functions. Forinstance, with A = (5; 4; 3), B = (6; 2; 1) and A#B = (5; 6; 4; 2; 3; 1), the decompo-sition of 23�(s5553111) is equal toQ564231 +Q5 �Q64231+Q4 �Q56231 +Q3 �Q56421+Q54 �Q6231 +Q53 �Q6421 +Q43 �Q5621 +Q543 �Q621



4= Q654321 �Q5 �Q64321+Q4 �Q65321 �Q3 �Q65421�Q54 �Q6321 +Q53 �Q6421 �Q43 �Q6521 +Q543 �Q621and its decomposition into Q-functions contains the following negative combinationof Q-functions: �8Q9543 � 10Q95421 � 108Q85431 � 60Q75432:To show Theorem 1, we prove the following more general result. Let us �xa commutative ring with unity. Suppose that for every sequence (a1; : : : ; am) 2(N�)m, where m 2 N , there is an associated element [a1 : : : am] = [(a1; : : : ; am)] ofthe ring. The empty bracket [ ] is the unity of the ring. Moreover, assume that thefamily f[a1 : : : am]g satis�es the following three conditions:For a permutation � 2 Sm ,(6) �a�(1) : : : a�(m)� = sgn(�)[a1 : : : am]:If m is odd, then(7) [a1 : : : am] = [a1][a2 : : : am]� [a2][a1a3 : : : am] + : : :+ [am][a1 : : : am�1] :If m is even, then(8) [a1 : : : am] = [a1a2][a3 : : : am]� [a1a3][a2a4 : : : am] + : : :+ [a1am][a2 : : : am�1] :For instance, [a1 : : : am] = Qa1:::am satisfy (6){(8) in the ring � of Schur Q-functions.Theorem 4. For A = (a1; : : : ; an), B = (b1; : : : ; bn) 2 (N�)n one hasDet�[aibj] + [ai] [bj]�1�i;j�n =X[ai1 : : : aik ]�A#B r (ai1 ; : : : ; aik)� ;where the sum is over all sequences 1 � i1 < : : : < ik � n and k = 0; 1; : : : ; n .In the proof of the theorem, we will need some additional notation. Given asubset C of the set of the elements of a certain �xed sequence, we denote by (C)the subsequence of this sequence formed by the elements of C .Moreover, in the proof of the theorem we will use the following



5Lemma 5. For any pair of di�erent numbers i; j = 1; : : : ; n and a sequence1 � i1 < : : : < ik � n where all ip are di�erent from j, the element(�1)i+j [(Ar aj)#(B r bi)r (ai1 ; : : : ; aik)]is equal to (�1)c[A#B r (faj; bi; ai1 ; : : : ; aikg)];where c = 1 + cardf p : i < ip < j g for i < j and c = cardf p : j < ip � i g fori > j.Proof. Assume �rst k = 0.If i < j, we pass from A#B r (bi; aj), i.e.(a1; b1; : : : ; ai; ai+1; bi+1; ai+2; bi+2; : : : ; aj�1; bj�1; bj; aj+1; bj+1; : : : ; an; bn)to (a1; b1; : : : ; ai; bi+1; ai+1; bi+2; : : : ; aj�2; bj�1; aj�1; bj; aj+1; bj+1; : : : ; an; bn)i.e. (Ar aj)#(B r bi) by transposing ai+1 and bi+1, ai+2 and bi+2, ... , aj�1 andbj�1. The number of these transpositions is j � i� 1, and thus c = 1 in this case.If i > j, we pass from A#B r (aj ; bi), i.e.(a1; b1; : : : ; bj�1; bj; aj+1; bj+1; aj+2; : : : ; bi�2; ai�1; bi�1; ai; ai+1; : : : ; an; bn)to (a1; b1; : : : ; bj�1; aj+1; bj; aj+2; bj+1; : : : ; ai�1; bi�2; ai; bi�1; ai+1; : : : ; an; bn)i.e. (Ar aj)#(Br bi) by transposing bj and aj+1, bj+1 and aj+2, ... , bi�1 and ai.The number of these transpositions is i� j and thus c = 0 in this case.If k > 0, we do not perform the transpositions involving aip (i < ip < j) if i < j,and aip (j < ip � i) if i > j, and the assertion follows. �Proof of Theorem 4. De�ne two n� n matricesX = �[aibj ]�1�i;j�n and Y = �[ai] [bj]�1�i;j�n;so that we want to compute Det(X + Y ) . We claim that(9) Det(X + Y ) = Det(X) + Tr�^n�1(X) � Y � :Indeed, this follows from a familiar identity^n(X + Y ) = nXi=0 Tr�^n�i(X) � ^i(Y )�



6(see, e.g., [J-P]) by observing that the rank of Y is equal to 1.We now claim that(10) Det(X) =X[ai1 : : : aik ]�A#B r (ai1 ; : : : ; aik)� ;where the sum is over all sequences 1 � i1 < : : : < ik � n with k even (k = 0is included). To prove this, we use induction on n. For n = 1 the assertion isobviously true. Using the Laplace expansion along the �rst row of X and theinduction assumption, Det(X) is equal to(11) nXi=1(�1)i+1[a1bi]�X[ai1 : : : aik ]�(Ar a1)#(B r bi)r (ai1 ; : : : ; aik)�� ;where the latter sum is over all sequences 2 � i1 < : : : < ik � n and k = 0; 2; 4; : : : .Let us �x an arbitrary even k = 0; 2; : : : . By Lemma 5 the element(�1)i+1[(Ar a1)#(B r bi)r (ai1 ; : : : ; aik)]is equal to (�1)cardfh:ih<ig[A#B r (fa1; ai1 ; : : : ; aik ; big)]:Therefore, using (8), the contribution in (11) of the summands corresponding to kis equal to(12) X2�i1<:::<ik�n[ai1 : : : aik ][A#B r (ai1 ; : : : ; aik)]+ X2�i1<:::<ik�n Xp6=1;i1;::: ;ik�[a1ap][ai1 : : : aik ][A#B r (fa1; ai1 ; : : : ; aik ; apg)] ;where the sign \�" equals \+" (resp. \�") if ap occupies an odd (resp. even) placein the sequence A#B r (ai1 ; : : : ; aik). For example, such a contribution for k = 0equals [A#B] +Xj�2[a1aj][A#B r (a1; aj)] :Let us now �x a positive even k together with a sequence of integers 2 � j1 < : : : <jk+1 � n, and look at all the summands appearing in the second line of (12), forwhich fj1; : : : ; jk+1g = fp; i1; : : : ; ikg:Observe that the summand�[a1ajq ][aj1 : : : ajq�1ajq+1 : : : ajk+1 ]appears with sign \+" i� q is odd. Hence using (8):



7[a1aj1 : : : ajk+1 ] =[a1aj1 ][aj2 : : : ajk+1 ]� [a1aj2 ][aj1aj3 : : : ajk+1 ] + : : :+ [a1ajk+1 ][aj1 : : : ajk ];the expression (12) is rewritten in the formX2�i1<:::<ik�n[ai1 : : : aik ][A#B r (ai1 ; : : : ; aik)]+ X2�j1<:::<jk+1�n[a1aj1 : : : ajk+1 ][A#B r (a1; aj1 ; : : : ; ajk+1)] :Summing all these contributions for k = 0; 2; 4; : : : , Equation (10) follows. Seealso Example 6.Next, we claim that(13) Tr�^n�1(X) � Y � =X[ai1 : : : aik ][A#B r (ai1 ; : : : ; aik)] ;where the sum is over all sequences 1 � i1 < : : : < ik � n with k odd. The (i; j)-thentry of ^n�1(X) computed with the help of (10) is(14) (�1)i+jX[ai1 : : : aik ]�(Ar aj)#(B r bi)r (ai1 ; : : : ; aik)�;where the sum is over all sequences 1 � i1 < : : : < ik � n such that each ip isdi�erent from j, and k = 0; 2; 4; : : : is even. Then(15)Tr�^n�1(X) � Y �= nXi;j=1(�1)i+j [aj][bi]�X[ai1 : : : aik ]�(Ar aj)#(B r bi)r (ai1 ; : : : ; aik)�� ;where the latter sum is as in (14). Now let us �x j = 1; : : : ; n and then also �x anarbitrary even k together with a sequence 1 � i1 < : : : < ik � n such that eachip is di�erent from j. Consider only the summands corresponding to these �xed jand (i1; : : : ; ik):(16) [aj][ai1 : : : aik ] nXi=1(�1)i+j [bi]�(Ar aj)#(B r bi)r (ai1 ; : : : ; aik)�:Using Lemma 5 and (7), the expression (16) is rewritten as(17)(�1)cardfh:ih<jg[aj ][ai1 : : : aik ]�A#B r �faj ; ai1 ; : : : ; aikg��+X�[ap][aj][ai1 : : : aik ]�A#B r �fap; aj; ai1 ; : : : ; aikg�� ;where the last sum is over ap 2 A r faj; ai1 ; : : : ; aikg . Here, the sign \�" is(�1)cardfh:ih<jg (resp. �(�1)cardfh:ih<jg) if ap occupies an even (resp. odd) place



8in the sequence A#Br(faj; ai1 ; : : : ; aikg). Suppose that aj (resp. ap) occupies thes-th (resp. t-th) place in the sequence A#B r (fap; ai1 ; : : : ; aikg) (resp. A#B r(faj; ai1 ; : : : ; aikg)). Then s and t are of di�erent parity if the cardinality of theih's between p and j is even, and s and t are of the same parity if this cardinalityis odd. This altogether implies that the sign \�" in the expressions (17) with �xed(i1; : : : ; ik), is an antisymmetric function of the pair (ap; aj).Consequently, for �xed (i1; : : : ; ik) , the sum over j (di�erent from each ip) ofthe expressions (17) becomes:(18) X(�1)cardfh:ih<jg[aj][ai1 : : : aik ]�A#B r (faj; ai1 ; : : : ; aikg)�;the sum over j di�erent from each ip.Now, keeping k �xed, let us make additionally (i1; : : : ; ik) vary. Fix a sequence1 � j1 < : : : < jk+1 � n, and look at the summands appearing in the expressions(18), for which fj; i1; : : : ; ikg = fj1; : : : ; jk+1g:Observe that the summand�[ajq ][aj1 : : : ajq�1ajq+1 : : : ajk+1 ]appears with sign \+" i� q is odd. Hence, using (7):[aj1 : : : ajk+1 ] =[aj1 ][aj2 : : : ajk+1 ]� [aj2 ][aj1aj3 : : : ajk+1 ] + : : :+ [ajk+1 ][aj1 : : : ajk ];the sum of expressions (18) with k �xed, is equal toX1�j1<:::<jk+1�n[aj1 : : : ajk+1 ]�A#B r (aj1 ; : : : ; ajk+1)� :This is the contribution to Tr�^n�1(X) � Y � of the summands in (15), associatedwith k.Summing all these contributions for k = 0; 2; 4; : : : , we getX1�i1<:::<il�n[ai1 : : : ail ]�A#B r (ai1 ; : : : ; ail)� ;the sum over all sequences 1 � i1 < : : : < il � n where l = 1; 3; : : : runs over oddpositive integers, and Equation (13) follows. See also Example 7.Equations (9), (10) and (13) imply the assertion of Theorem 4. �Of course, Theorem 4 implies Theorem 1 if �n 6= 0. It implies Theorem 1 alsoif �n = 0 because Equations (7) and (8) with [a1 : : : am] = Qa1:::am (i.e. Equations(3) and (4)) hold true if we formally put am = 0. Notice that we only use Equations(3) and (4) and we do not need Equation (2).For the reader's convenience we provide the following two examples.



9Example 6. We illustrate the proof of (10) by the example of n = 4 . Using theLaplace expansion along the �rst row and the case n = 3, we have�����������
[a1b1] [a1b2] [a1b3] [a1b4][a2b1] [a2b2] [a2b3] [a2b4][a3b1] [a3b2] [a3b3] [a3b4][a4b1] [a4b2] [a4b3] [a4b4]

�����������= [a1b1]�[a2b2a3b3a4b4] + [a2a3][b2b3a4b4] + [a2a4][b2a3b3b4] + [a3a4][a2b2b3b4]�� [a1b2]�[a2b1a3b3a4b4] + [a2a3][b1b3a4b4] + [a2a4][b1a3b3b4] + [a3a4][a2b1b3b4]�+ [a1b3]�[a2b1a3b2a4b4] + [a2a3][b1b2a4b4] + [a2a4][b1a3b2b4] + [a3a4][a2b1b2b4]�� [a1b4]�[a2b1a3b2a4b3] + [a2a3][b1b2a4b3] + [a2a4][b1a3b2b3] + [a3a4][a2b1b2b3]� :The contribution coming from the �rst column in the brackets, using (8), is[a1b1a2b2a3b3a4b4] + [a1a2][b1b2a3b3a4b4]++ [a1a3][b1a2b2b3a4b4] + [a1a4][b1a2b2a3b3b4] :(This corresponds to the case k = 0 in the proof of (10).) The contribution comingfrom the second column in the brackets, using (8), is(19) [a2a3]�[a1b1b2b3a4b4] + [a1a4][b1b2b3b4]� :The contribution coming from the third column in the brackets, using (8), is(20) [a2a4]�[a1b1b2a3b3b4]� [a1a3][b1b2b3b4]� :The contribution coming from the fourth column in the brackets, using (8), is(21) [a3a4]�[a1b2a2b2b3b4] + [a1a2][b1b2b3b4]� :We use (8) once again to present the sum of the second summands in (19), (20)and (21) as(22) [a1a2a3a4][b1b2b3b4] :(The contributions (19), (20), (21) and (22) correspond to the case k = 2 in theproof of (10).)This ends the example.



10Example 7. We illustrate the proof of (13) by the example of n = 3 . Then ^2(X)is the matrix266666666666666666664
[a2b2a3b3] �[a1b2a3b3] [a1b2a2b3]+[a2a3][b2b3] �[a1a3][b2b3] +[a1a2][b2b3]�[a2b1a3b3] [a1b1a3b3] �[a1b1a2b3]�[a2a3][b1b3] +[a1a3][b1b3] �[a1a2][b1b3][a2b1a3b2] �[a1b1a3b2] [a1b1a2b2]+[a2a3][b1b2] �[a1a3][b1b2] +[a1a2][b1b2]

377777777777777777775by (10). Therefore Tr(^2(X) � Y ) , in this case, is equal to�[a2b2a3b3] + [a2a3][b2b3]�[a1][b1]��[a2b1a3b3] + [a2a3][b1b3]�[a1][b2]�[a2b1a3b2] + [a2a3][b1b2]�[a1][b3]��[a1b2a3b3] + [a1a3][b2b3]�[a2][b1]�[a1b1a3b3] + [a1a3][b1b3]�[a2][b2]��[a1b1a3b2] + [a1a3][b1b2]�[a2][b3]�[a1b2a2b3] + [a1a2][b2b3]�[a3][b1]��[a1b1a2b3] + [a1a2][b1b3]�[a3][b2]�[a1b1a2b2] + [a1a2][b1b2]�[a3][b3] :Using (7), the contribution of the �rst column in the three displayed blocks is[a1][b1a2b2a3b3] + [a2][a1b1b2a3b3] + [a3][a1b1a2b2b3]�after the cancellation of three pairs of pairwise opposite elements:from the �rst block: [a1]��[a2]�[b1b2a3b3] ; [a1]��[a3]�[b1a2b2b3] ;from the second block: [a2][a1][b1b2a3b3] ; [a2]��[a3]�[a1b1b2b3] ;from the third block: [a3][a1][b1a2b2b3] ; [a3][a2][a1b1b2b3] �:(This corresponds to the case k = 0 in the proof of (13).)The contribution of the latter column in the �rst block is(23) [a1][a2a3][b1b2b3] :



11The contribution of the latter column in the second block is(24) �[a2][a1a3][b1b2b3] :The contribution of the latter column in the third block is(25) [a3][a1a2][b1b2b3] :Thus, using (7), the latter columns in the blocks contribute in sum to(26) [a1a2a3][b1b2b3] :(The contributions (23),(24),(25) and (26) correspond to the case k = 2 in the proofof (13). Here we have no further cancellations because of the absence of the a's inthe latter brackets).This ends the example.We can restate Corollary 2 in geometric terms. Let V be a complex vectorspace of dimension 2n endowed with a nondegenerate symplectic form. Denote byG the Grassmannian of n-dimensional subspaces in V and by G0 the LagrangianGrassmannian of n-dimensional subspaces in V , which are isotropic w.r.t. thesymplectic form.Given a partition � � (nn) , we de�ne the Schubert class �� to be the Poincar�edual to the fundamental class of the cycle on G de�ned byfL 2 G : dim(L \ Vn+i��i) � i ; i = 1; : : : ; ng ;where 0 = V0 � V1 � V2 � : : : � V2n�1 � V2n = V is a ag with dim(Vi) = i .Similarly, given a strict partition � � (n; n�1; : : : ; 1) , we de�ne the Schubertclass �0� to be the Poincar�e dual to the fundamental class of the cycle on G0 de�nedby fL 2 G0 : dim(L \Wn+1��i) � i ; i = 1; : : : ; l(�)g ;where 0 =W0 �W1 �W2 � : : : � Wn � V is an isotropic ag with dim(Wi) = i .To state the next proposition, we need the following notation. Given a sequenceof di�erent positive integers C = (c1; : : : ; cl), there is a permutation �C 2 Sl suchthat c�(1) > : : : > c�(l) > 0. Denote this last-mentioned strict partition by < C >.Proposition 8. Let i : G0 ,! G be the inclusion and i� : H�(G;Q) ! H�(G0;Q)be the induced homomorphism of the cohomology rings. Then, for any partition � ,using the notation of Theorem 1, one has the equalityi�(��) = 12n X�0(ai1 ;::: ;aik ) � sgn��C(i1;::: ;ik)� � �0<C(i1;::: ;ik)> ;



12where the sum is over all sequences 1 � i1 < : : : < ik � n for which C(i1; : : : ; ik) :=A#B r (ai1 ; : : : ; aik) is a sequence of di�erent integers.The assertion of the proposition is a restatement of the formula for �(s�) inCorollary 2. We invoke that H�(G) is a quotient of � and �� is the image of s�(by the Giambelli formula of the Schubert Calculus). On the other hand, H�(G0)is a quotient of � and �0� is the image of Q� (by a result from [P2, Sect.6]). Usingthese identi�cations i� is induced by �. This follows, e.g., by remarking that �i =ci(S_) and �0i = ci(i�S_) , where S is the tautological vector bundle on G. Hencei�(�i) = �0i and this equality corresponds to the algebraic equality �(ei) = Qide�ning � : �! � .Notice (see Example 3) that i�(��) is not, in general, a positive combination ofthe �0�'s.By exchanging ai for bi and vice versa in Theorem 4, we get the following identity.Corollary 9. In the situation of Theorem 4, one also has:Det �[aibj ] + [ai][bj]�1�i;j�n =X[bi1 : : : bik ][A#B r (bi1 ; : : : ; bik)] ;where the sum is over sequences 1 � i1 < : : : < ik � n and k = 0; 1; : : : ; n .Observe that under this exchange, the LHS of (10) goes to (�1)nDet(X) whereasits RHS goes to X[bi1 : : : bik ][B#Ar (bi1 ; : : : ; bik)]= (�1)n(n�k)X[bi1 : : : bik ][A#B r (bi1 ; : : : ; bik)];where the sum is over all sequences 1 � i1 < � � � < ik � n with k even.Under the same exchange, the LHS of (13) goes to (�1)n(n�1) Tr�^n�1(X) � Y �whereas its RHS goes to(�1)n(n�k)X[bi1 : : : bik ][A#B r (bi1 ; : : : ; bik)];where the sum is over all sequences 1 � i1 < : : : < ik � n with k odd.Since n � n(n � k) (mod2) for k even, and n(n � 1) � n(n � k) (mod2) for kodd, the assertion of the corollary follows.Acknowledgments. The discovery of the formula in Theorem 1 was inspiredby the notion of the \composition associated with a partition" that I learned insummer '96 from the preprint version of [L-L1]. I am grateful to B. Leclerc forgiving me the preprint version of [L-L1] during my stay in Paris in August '96.Thanks are also due to B. Wybourne for his help, using the computer systemSCHUR, in some computations used in the present work.Moreover, I acknowledge the KBN grant No. 2P03A 05112 for supporting thepresent research.
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