
LECTURES ON PRINCIP AL BUNDLES OVER PR OJECTIVE
VARIETIES

TOM �AS L. G �OMEZ

Abstra ct. Lectures given in the Mini-School on Moduli Spacesat the Banach
center (Warsaw) 26-30 April 2005.

In thesenoteswe will always work with schemesover the �eld of complexnumbers
C. Let X be a scheme. A vector bundle of rank r on X is a scheme with a
surjective morphism p : V ! X and an equivalence class of linear atlases. A
linear atlas is an open cover f Ui g of X (in the Zariski topology) and isomorphisms
 i : p� 1(Ui ) ! Ui � Cr , such that p = pX �  i , and  j �  � 1

i is linear on the �b ers.
Two atlasesareequivalent if their union is an atlas. Thesetwo propertiesareusually
expressedby saying that a vector bundle is locally trivial (in the Zariski topology),
and the �b ers have a linear structure.

An isomorphismof vector bundleson X is an isomorphism' : V ! V0 of schemes
which is compatible with the linear structure. That is, p = p0 � ' and the covering
f Ui g

S
f U0

i g together with the isomorphisms i ,  0
i � ' is a linear structure on V as

before.
The set of isomorphism classesof vector bundles of rank r on X is canonically

bijective to the Cech cohomology set �H 1(X ; GL r ). Indeed, since the transition
functions  j �  � 1

i are linear on the �b ers, they are given by morphisms � ij :
Ui \ Uj ! GL r which satisfy the cocycle condition.

Given a vector bundle V ! X we de�ne the locally free sheafE of its sections,
which to each open subset U � X , assignsE(U) = �( U;p� 1(U)). This provides
an equivalenceof categoriesbetween the categoriesof vector bundles and that of
locally free sheaves ([Ha, Ex. I I.5.18]). Therefore, if no confusion seemslikely to
arise,wewill usethe words \v ector bundle" and \lo cally freesheaf" interchangeably.
Note that a vector bundle of rank 1 is the same thing as a line bundle. We will
be interested in constructing moduli spacesof vector bundles, which can then be
consideredas generalizations of the Jacobian. Sometimesit will be necessaryto
consider also torsion free sheaves. For instance, in order to compactify the moduli
spaceof vector bundles.

Let X be a smooth projective variety of dimension n with an ample line bundle
OX (1) corresponding to a divisor H . Let E be a torsion free sheafon X . Its Chern
classesare denoted ci (E) 2 H 2i (X ; C). We de�ne the degree of E

degE = c1(E)H n� 1

and its Hilb ert polynomial

PE (m) = � (E(m));

where E(m) = E 
 OX (m) and OX (m) = OX (1)
 m .
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2 T. G �OMEZ

If E is locally free, we de�ne the determinant line bundle as det E =
V r E. If

E is torsion free, sinceX is smooth, we can still de�ne its determinant as follows.
The maximal open subset U � X where E is locally free is big (with this we will
mean that its complement has codimension at least two), becauseit is torsion free.
Therefore, there is a line bundle det E jU on U, and sinceU is big and X is smooth,
this extends to a unique line bundle on X , which we call the determinant det E of
E . It can be proved that degE = degdet E .

We will usethe following notation. Whenever \(semi)stable" and \( � )" appears
in a sentence, two sentencesshould be read. One with \semistable" and \ � ", and
another with \stable" and \ < ". Given two polynomials p and q, we write p < q if
p(m) < q(m) when m � 0.

A torsion free sheafE is (semi)stable if for all proper subsheavesF � E ,

PF

rk F
(� )

PE

rk E
:

A sheaf is called unstable if it is not semistable. Sometimesthis is refered to as
Gieseker (or Maruyama) stabilit y.

A torsion free sheaf E is slope-(semi)stable if for all proper subsheaves F � E
with rk F < rk E,

degF
rk F

(� )
degE
rk E

:

The number degE=rk E is called the slope of E . A sheafis called slope-unstableif
it is not slope-semistable.Sometimesthis is refered to as Mumford (or Takemoto)
stabilit y.

Using Riemann-Roch theorem, we �nd

PE (m) = rk E
mn

n!
+ (degE � rk E

degK
2

)
mn� 1

(n � 1)!
+ � � �

where K is the canonical divisor. From this it follows that

slope-stable=) stable =) semistable=) slope-semistable

Note that, if n = 1, Gieseker and Mumford (semi)stability coincide, becausethe
Hilb ert polynomial has degree1.

Let E be a torsion free sheaf on X . There is a unique �ltration, called the
Harder-Narasimhan �ltration,

0 = E0 ( E1 ( E2 ( � � � ( E l = E

such that E i = E i =Ei � 1 is semistableand

PE i

rk E i >
PE i +1

rk E i +1

for all i . In particular, any torsion free sheafcan be described as successive exten-
sionsof semistablesheaves.

There is alsoa Harder-Narasimhan�ltration for slope stabilit y: this is the unique
�ltration such that E i = E i =Ei � 1 is slope-semistableand

degE i

rk E i >
degE i +1

rk E i +1

for all i . We denote

� max (E) = � (E 1) ; � min (E) = � (E l ):

Of course,in general thesetwo �ltrations will be di�eren t.
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Now let E be a semistablesheaf. There is a �ltration, called the Jordan-H•older
�ltration,

0 = E0 ( E1 ( E2 ( � � � ( E l = E

such that E i = E i =Ei � 1 is stable and

PE i

rk E i =
PE i +1

rk E i +1

for all i . This �ltration is not unique, but the associated graded sheaf

gr JH (E) =
lM

i =1

E i

is unique up to isomorphism. It is easy to check that gr JH (E) is semistable. Two
semistabletorsion free sheavesare called S-equivalent if gr JH (E) and gr JH (E 0) are
isomorphic.

There is also a Jordan-H•older �ltration for slope stabilit y, just replacing Hilb ert
polynomials with degrees.

A family of coherent sheavesparameterizedby a schemeT (also called T-family)
is a coherent sheafET on X � T, 
at over T. For each closedpoint t 2 T, we get a
sheafE t := f � ET on X � t �= X , where f : X � t ! X � T is the natural inclusion.
We say that ET is a family of torsion-free sheaves if E t is torsion-free sheaf for
all closedpoints t 2 T. We have analogousde�nitions for any open condition, and
hencewe can talk of families of (semi)stablesheaves,of families of sheaveswith �xed
Chern classesci (E), etc... Two families are isomorphic if ET and E 0

T are isomorphic
as sheaves.

To de�ne the notion of moduli space, we will �rst look at the Jacobian J of
a projective scheme X . There is a bijection between isomorphism classesof line
bundles L with 0 = c1(L ) 2 H 2(X ; C) and closedpoints of J .

Furthermore, if we are given a family of line bundles L T , with vanishing �rst
Chern class,parameterizedby a schemeT, we obtain a morphism f : T ! J such
that for all t 2 T, the point f (t) 2 J is the point corresponding to the isomorphism
classof L t . And, conversely, if we are given a morphism f : T ! J , we obtain a
family of line bundles parameterized by T by pulling-back a Poincare line bundle:
L T = (idX � f )� P.

Note that both constructionsarenot quite inverseto each other. On the onehand,
if M is a line bundle on T, the families L T and L T 
 p�

T M give the samemorphism
from T to the Jacobian, and on the other hand, there is no unique Poincare line
bundle: given a linen bundle M on J , P 
 p�

J M is also a Poincare line bundle, and
the family induced by f will change to L T 
 p�

T f � M . This is why we declare two
families of line bundles equivalent if they di�er by the pullback of a line bundle on
the parameter spaceT.

Using this equivalence, both constructions becomeinverse of each other. That
it, there is a bijection betweenequivalenceclassesof families and morphisms to the
Jacobian.

One could ask: is there a \b etter" version of the Jacobian?, i.e. someobject J
which provides a bijection betweenmorphisms to it and families of line bundles up
to isomorphism (not up to equivalence). The answer is yes,but this object J is not
a scheme!. It is an algebraic stack (in the senseof Artin): the Jacobian stack. A
stack is a generalization of the notion of scheme,but we will not consider it here.
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We would like to have a scheme with the sameproperties as the Jacobian, but
for torsion-free sheaves instead of line bundles. To be able to do this, we have to
consideronly the semistableones. Then there will be a moduli schemeM (r; ci ) such
that a family of semistabletorsion-freesheavesparameterizedby T, with rank r and
Chern classesci , will induce a morphism from the parameter spaceT to M (r; ci ). In
particular, to each semistabletorsion free sheafwe associate a closedpoint. If two
stable torsion freesheaveson X are not isomorphic, they will correspond to di�eren t
points of M (r; ci ), but it can happen that two strictly semistabletorsion freesheaves
on X which are not isomorphic correspond to the samepoint of M (r; ci ). In fact, E
and E 0 correspond to the samepoint if and only if they are S-equivalent.

Another di�erence with the properties of the Jacobianis that in generalthere will
be no \univ ersal torsion free sheaf" on X � M (r; ci ), i.e. there will be no analogue
of the Poincare bundle. In other words, given a morphism f : T ! M (r; ci ), there
might be no family parameterized by T which induces f . If there is a universal
torsion-free sheaf, we say that M (r; ci ) is a �ne moduli space, and if it does not
exist, we say that it is a coarse moduli space.

To explain this more precisely, it is useful to use the languageof representable
functors. Given a scheme M over C, we de�ne a (contravariant) functor M :=
Mor( � ; M ) from the category of C-schemes(Sch =C) to the category of sets (Sets)
by sending an C-scheme B to the set of morphisms Mor(B ; M ). On morphisms it
is de�ned with composition, i.e., to a morphism f : B ! B 0 we associate the map
Mor(B 0; M ) ! Mor(B ; M ) which sends' 0 to ' � f .

De�nition 0.1 (Represents). A functor F : (Sch =C) ! (Sets) is represented by a
schemeM if there is an isomorphism of functors F �= M .

Of course, not all functors from (Sch =C) to (Sets) are representable, but if a
functor F is, then the scheme M is unique up to canonical isomorphism. Given
a morphism f : M ! M 0, we obtain an natural transformation M ! M 0, and,
by Yoneda'slemma, every natural transformation betweenrepresentable functors is
induced by a morphism of schemes.In other words, the categoryof schemesis a full
subcategory of the category of functors (Sch =C)0, whoseobjects are contravariant
functors from (Sch =C) to (Sets) and whosemorphisms are natural transformation.
Therefore, we will denote by the sameletter a morphism of schemesand the asso-
ciated natural transformation.

For instance, let FJ : (Sch =C) ! (Sets) be the functor which sendsa scheme
T to the set of equivalenceclassesof T-families of line bundles on X , with c1 = 0.
This functor is represented by the Jacobian, i.e., there is an isomorphismof functors
FJ

�= J . This is the translation, to the languageof representable functors, of the
fact that there is a natural bijection betweenthe set of equivalenceclassesof these
families and the set of morphisms from T to J .

De�nition 0.2 (Corepresents). A functor F : (Sch =C) ! (Sets) is corepresented
by a schemeM if there is a natural transformation of functors � : F ! M such
that given another schemeM 0 and natural transformation � 0 : F ! M 0, there is a
unique morphism � : M ! M 0 with � 0 = � � � .

F

�
��

� 0

!!B
BB

BB
BB

B

M
9! �

//___ M 0



LECTURES ON PRINCIP AL BUNDLES 5

If M corepresents F , then M is unique up to canonical isomorphism. To explain
why this is called \corepresentation", let (Sch =C)0 be the above de�ned functor cat-
egory. Then it can beseenthat M represents F if and only if there is a natural bijec-
tion Mor(Y; M ) = Mor (Sch =C)0(Y ; F ) for all schemesY . On the other hand, M corep-
resents F if and only if there is a natural bijection Mor(M ; Y ) = Mor (Sch =C)0(F; Y )
for all schemesY . If M represents F , then it corepresents it, but the converse is
not true.

Let X be a �xed C-scheme. De�ne a functor F ss
r ;ci

from the category of schemes
over C to the categoryof sets,sendinga schemeT to the set F ss

r ;ci
(T) of isomorphism

classesof families of torsion-free sheaveson X parameterizedby T, with rank r and
Chern classesci . On morphisms it is de�ned by pullback, i.e., to a morphism
f : T ! T0 we associate the map F (T 0) ! F (T) which sendsthe family E 0

T to
(idX � f )� E 0

T . Analogously, we de�ne the functor F s
r ;ci

of families of stable torsion
free sheaves.

It can be shown that, for any polarized smooth projective variety X , there is a
schemeM (r; ci ) corepresenting the above de�ned functor F ss

r ;ci
([Gi , Ma, Sesh,Si]).

In section 1 we will sketch a proof of this result.
Note that the transformation of functors � gives, for any T-family of semistable

torsion free sheaves, a morphism f : T ! M (r; ci ). As we mentioned before, there
is a canonical bijection between closedpoints of M (r; ci ) and S-equivalenceclasses
of semistabletorsion free sheaves.

Let F̂ ss
r ;ci

be the functor of equivalenceclassesof families of semistablesheaves,
where, as before,we declaretwo families equivalent if they di�er by the pullback of
a line bundle on the parameter space.There are somecasesin which this functor is
representable (for instance, if the rank r and degreec1 are coprime). In thesecases,
there is a universal family parameterized by the moduli space,and this universal
family is unique up to the pullback of a line bundle on the moduli space.
De�nition 0.3 (Moduli space). We say that M is a moduli space for a set of
objects, if it corepresentsthe functor of families of thoseobjects.
De�nition 0.4 (Coarsemoduli) . A schemeM is called a coarse moduli schemefor
F if it corepresentsF and furthermore the map

� (SpecC) : F (SpecC) ! Hom(SpecC; M )

is bijective.
Note that if a functor F is corepresented by a schemeM , then it is a coarsemoduli

schemefor the functor eF of S-equivalenceclassesof F , i.e., the functor de�ned as

eF (T) =
�

F (T) , if T 6= SpecC
S-equivalenceclassesof objects of F (SpecC) , if T = SpecC

1. Moduli space of torsion free sheaves

In this section we will sketch the proof of the existenceof the moduli spaceof
semistabletorsion free sheaves. We will start by giving a brief idea of the construc-
tion. It can be shown that there is a schemeY classifying semistablebased sheaves,
that is, pairs (f ; E ), where E is a semistablesheaf and f : V ! H 0(E(m)) is an
isomorphismbetweena �xed vector spaceV and H 0(E(m)). The group SL(V ) acts
on Y by \base change": an element g 2 SL(V ) sendsthe pair (f ; E ) to (f � g; E).
Two pairs (f ; E ) and (f 0; E 0) are in the sameorbit if and only if E is isomorphic to
E 0, therefore, the quotient of Y by the action of SL(V ) will be a moduli spaceof
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semistablesheaves. But, doesthis quotient exist in the category of schemes?,i.e., is
there a schemewhosepoints are in bijection with the SL(V )-orbits in Y?. In general
the answer is no, but Geometric Invariant Theory (GIT) gives us something which
is quite close to this, and is called the GIT quotient, and this will be the moduli
space.

Note that we are using the group SL(V ), and not GL(V ). This is becauseif
two isomorphisms f and f 0 only di�er by multiplication with a scalar, then they
correspond to the samepoint in Y . In other words, Y classi�es pairs (f ; E ) up to
scalar.

Let G be an algebraic group. Recall that a right action on a scheme R is a
morphism � : R � G ! R, which we will usually denote � (z; g) = z � g, such that
z � (gh) = (z � g) � h and z � e = z, where e is the identit y element of G. A left action
is analogouslyde�ned, with the associative condition (hg) � z = h � (g � z).

The orbit of a point z 2 R is the image z � G. A morphism p : R ! M between
two schemesendowed with G-actions is called G-equivariant if it commutes with
the actions, that is f (z) � g = f (z � g). If the action on M is trivial (i.e. y � g = y for
all g 2 G and y 2 M ), then we also say that f is G-invariant .

If G acts on a projective variety R, a linearization of the action on a line bundle
OR (1) consistsof giving, for each g 2 G, an isomorphismof line bundleseg : OR (1) !
' �

gOR (1), (' g = � (�; g)) which alsosatis�es the previousassociative property. Giving
a linearization is thus the samething asgiving an action on the total spaceV of the
line bundle, which is linear along the �b ers, and such that the projection V ! R
is equivariant. If OR (1) is very ample, then a linearization is the samething as a
representation of G on the vector spaceH 0(OR (1)) such that the natural embedding
R ! P(H 0(OR (1))_ ) is equivariant.

De�nition 1.1 (Categorical quotient) . Let R be a schemeendowed with a G-action.
A categorical quotient is a schemeM with a G-invariant morphism p : R ! M such
that for every other schemeM 0, and G-invariant morphism p0, there is a unique
morphism ' with p0 = ' � p

R

p
��

p0

!!C
CC

CC
CC

C

M
9! '

//___ M 0

De�nition 1.2 (Good quotient) . Let R be a schemeendowed with a G-action. A
good quotient is a schemeM with a G-invariant morphism p : R ! M such that

(1) p is surjective and a�ne
(2) p� (OG

R ) = OM , where OG
R is the sheaf of G-invariant functions on R.

(3) If Z is a closed G-invariant subsetof R, then p(Z ) is closed in M . Further-
more, if Z1 and Z2 are two closed G-invariant subsetsof R with Z1 \ Z2 = ; ,
then f (Z1) \ f (Z2) = ; .

De�nition 1.3 (Geometric quotient) . A geometric quotient p : R ! M is a good
quotient such that p(x1) = p(x2) if and only if the orbit of x1 is equal to the orbit
of x2.

Clearly, a geometric quotient is a good quotient, and a good quotient is a cate-
gorical quotient.

Geometric Invariant Theory (GIT) is a technique to construct good quotients (cf.
[Mu1]). Assume R is projective, and the action of G on R has a linearization on
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an ample line bundle OR (1). A closedpoint z 2 R is called GIT-semistable if, for
some m > 0, there is a G-invariant section s of OR (m) such that s(z) 6= 0. If,
moreover, the orbit of z is closedin the open set of all GIT-semistable points, it is
called GIT-polystable, and, if furthermore, this closedorbit has the samedimension
as G ( i.e., if z has �nite stabilizer), then z is called a GIT-stable point. We say
that a closedpoint of R is GIT-unstable if it is not GIT-semistable.

We will use the following characterization in [Mu1] of GIT-(semi)stabilit y. Let
� : C� ! G be a one-parameter subgroup (by this we mean a nontrivial group
homomorphism, even if � is not injective), and let z 2 R. Then lim t ! 0 z � � (t) = z0
exists, and z0 is �xed by � . Let t 7! ta be the character by which � acts on the �b er
of OR (1). De�ning � (z; � ) = a, Mumford proves that z is GIT-(semi)stable if and
only if, for all one-parametersubgroups,it is � (z; � )( � )0.

Prop osition 1.4. Let Rss (respectively, Rs) be the subsetof GIT-semistable points
(respectively, GIT-stable). Both Rss and Rs are open subsets. There is a good
quotient Rss ! R==G, the image Rs==G of Rs is open, R==G is projective, and the
restriction Rs ! Rs==G is a geometric quotient.

There is one important casein which a schemeis only quasi-projective but GIT
can be applied to get a projective quotient: Assume that R0 is a G-acted scheme
with a linearization on a line bundle OR0(1), which is the restriction of a linearization
on an ample line bundle OR (1) on a projective variety R, and R0 = Rss, the open
subsetof GIT-semistable points of R. Then we de�ne R0==G = R==G.

Now we are going to describe Grothendieck's Quot-scheme. This schemeparam-
eterizes quotients of a �xed coherent sheaf V on X . That is, pairs (q; E), where
q : V � E is a surjective homomorphism and E is a coherent sheaf on X . An
isomorphism of quotients is an isomorphism � : E ! E 0 such that the following
diagram is commutativ e

V
q ////E

�= �
��

V
q0

////E 0

A family of quotients parameterized by T is a pair (q : p�
X V � ET ; ET ) where

ET is a coherent sheaf on X � T, 
at over T. An isomorphism of families is an
isomorphism � : ET ! E 0

T such that � � q = q0. Recall that X is a projective
scheme endowed with an ample line bundle OX (1). Therefore, if ET is 
at over T
then the Hilb ert polynomial PE t is locally constant as a function of t 2 T. If T is
reduced, the converseis also true.

Fix a polynomial P and a coherent sheaf V on X . Consider the contravariant
functor which sendsa scheme T to the set of isomorphism classesof T-families of
sheaves with Hilb ert polynomial P (and it is de�ned as pullback on morphisms).
Grothendieck proved that there is a projective schemeQuotX (V; P), called the Quot
scheme, which represents this functor. In particular, there is a universal quotient,
i.e., a tautological family of quotients parameterized by QuotX (V; P). We will be
interested in the caseV = V 
 C OX (� m), where V is a vector spaceand m is
su�cien tly large.

Given a coherent sheaf E , there is an integer m(E) such that, if m � m(E),
then E(m) is generatedby global sections,h0(E(m)) = PE (m), and hi (E(m)) = 0
for i > 0 ([H-L , Def 1.7.1]). Assume that m � m(E) and dim V = PE (m). An
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isomorphism f : V ! H 0(E(m)) inducesa quotient

q : V 
 C OX (� m)
�=� ! H 0(E(m)) 
 C OX (� m) � ! E

as above, and this is how a schemeparameterizing basedsheaves (f ; E ) appearsas
a subschemeof Grothendieck's Quot scheme.

Note that if we have a set A of isomorphismclassesof sheaves,there might not be
an integer m large enoughfor all sheaves. A set A of isomorphismclassesof sheaves
on X is called bounded if there is a family ES of torsion free sheavesparameterized
by a schemeS of �nite type, such that for all E 2 A , there is at least onepoint s 2 S
such that the corresponding sheaf Es is isomorphic to E. If a set A is bounded,
then we can �nd an integer m such that m � m(E) for all E 2 A , thanks to the
fact that S is of �nite type.

Maruyama proved that the set A of semistablesheaves with �xed Hilb ert poly-
nomial is bounded, and it follows that there is an integer m0, depending only on
the polynomial P and (X ; OX (1)), such that m0 � m(E) for all semistablesheaves
E. This technical result is crucial in order to construct the moduli space. In fact,
if dim X > 1, he was able to prove it only if the base�eld has characteristic 0, and
thereforehe could only prove the existenceof the moduli spacein this case.Recently
Langer wasable to prove boundednessfor characteristic p > 0, and therefore he was
able to construct the corresponding moduli space[La].

Fix a Hilb ert polynomial P, and let m � m0. Let Y � QuotX (V 
 C OX (� m); P)
be the open subset of quotients such that E is torsion free and q induces an iso-
morphism V �= H 0(E(m)). Let Y be the closureof the open set Y in QuotX (V 
 C
OX (� m); P). Note that there is a natural action of SL(V ) on QuotX (V 
 COX (� m)),
which sendsthe quotient q : V 
 C OX (� m) ! E to the composition q � (g � id). It
leavesY and Y invariant, and coincideswith the previously de�ned action for based
sheaves (f ; E ).

To apply GIT, we also needan ample line bundle on Y and a linearization of the
SL(V )-action on it. This is done by giving an embedding of Y in P(V1), where V1
will be a vector spacewith a representation of SL(V ).

There are di�eren t ways of doing this, corresponding to di�eren t representations
V1. One of them corresponds to Grothendieck's embedding of the Quot scheme.
This is the method used by Simpson [Si]. Let q : V 
 C OX (� m) � E be a quo-
tient. Let l > m be an integer and W = H 0(OX (l � m)). The quotient q induces
homomorphisms

q : V 
 C OX (l � m) � E(l)
q0 : V 
 W ! H 0(E(l))
q00:

V P (l )(V 
 W ) !
V P (l )H 0(E(l)) �= C

If l is large enough, these homomorphismsare surjective, and give Grothendieck's
embedding of the Quot scheme.

QuotX (V 
 C OX (� m); P) � ! P
� ^

P (l ) (V _ 
 W _ )
�

;

The natural representation of SL(V ) in
V P (l )(V _ 
 W _ ) givesa linearization of the

SL(V ) action on the very ample line bundle OY (1) induced by this embedding on
Y .

A theorem of Simpson says that a point (q; E) 2 Y is GIT-(semi)stable if and
only if the sheafE is (semi)stableand the induced linear map f : V ! H 0(E(m)) is
an isomorphism. In other words, Y = Y

ss
. Therefore, the GIT quotient Y==SL(V )
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is the moduli spaceM (P) of semistablesheaves with Hilb ert polynomial P. The
Chern classesci 2 H 2i (X ; C) in a family of sheaves are locally constant, therefore
the moduli spaceM (r; ci ) of semistablesheaves with �xed rank and Chern classes
is a union of connectedcomponents of the schemeM (P).

Another choice of representation V1 (and therefore, of line bundle on Y and lin-
earization of the action) is the oneusedby Gieseker and Maruyama. It is explained
in the lectures of Schmitt.

2. Moduli space of tensors

A tensor of type a is a pair (E ; ' ) where E is a torsion free sheafand

' : E

a
z }| {

 � � � 
 E � ! OX

is a homomorphism. An isomorphism between the tensors (E ; ' ) and (E 0; ' 0) is a
pair (f ; � ) where f is an isomorphism betweenE and E 0, � 2 C� , and the following
diagram commutes

E 
 a
' //

f 
 a

��

OX

�
��

E 0
 a
' 0

//OX

The de�nition of families of tensors and their isomorphismsare left to the reader
([G-S1]).

To de�ne the notion of stabilit y for tensors,it is not enoughto look at subsheaves.
We have to consider �ltrations E � � E . By this we always understand a Z-indexed
�ltration

: : : � E i � 1 � E i � E i +1 � : : :

starting with 0 and ending with E (i.e., Ek = 0 and E l = E for somek and l). We
say that the �ltration is saturated if E i = E i =Ei � 1 is torsion free for all i . If we
delete, from 0 onward, all the non-strict inclusions, we obtain a �ltration

0 ( E � 1 ( E � 2 ( � � � ( E � t ( E � t +1 = E � 1 < � � � < � t+1

Reciprocally, from a �ltration E � � we recover the Z-indexed�ltration E � by de�ning
Em = E � i ( m )

, where i (m) is the maximum index with � i (m) � m.
Let I a = f 1; : : : ; t + 1g� a be the set of all multi-indexes I = (i 1; : : : ; i a) of cardi-

nalit y a. De�ne

(2.1) � tens('; E � � ) = min
I 2I a

�
� i 1 + � � � + � i a : � jE � i 1


��� 
 E � i a
6= 0

	
;

or, in terms of the Z-indexed �ltration,

(2.2) � tens('; E � ) = min
I 2I a

�
i1 + � � � + i a : � jE i 1 
��� 
 E i a

6= 0
	

De�nition 2.1 (Balanced �ltration) . A saturated �ltr ation E � � E of a torsion
free sheaf E is called a balanced �ltr ation if

P
i rk E i = 0 for E i = E i =Ei � 1. In

terms of E � � , this is
P t+1

i=1 � i rk( E � i ) = 0 for E � i = E � i =E� i � 1 .

De�nition 2.2 (Stabilit y of tensors). Let � be a polynomial of degree at most n � 1
(recall n = dim X ) with positive leading coe�cient. We say that a tensor (E ; ' ) is
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� -(semi)stable if ' is not identically zero and for all balanced �ltr ations E � � of E ,
it is

(2.3)
� tX

i =1

(� i +1 � � i )
�
r PE � i

� r � i P
� �

+ � tens(�; E � � ) � (� ) 0

We will always denoter = rk E and r i = rk E i . The notion of stabilit y for tensors
looks complicated, but one�nds that, in the applications, when the tensor hassome
geometric meaning, it can be simpli�ed. We will seesomeexamples.

A framed bundle is a tensor of the form (E; ' : E ! OX ). If E is a vector bundle,
then taking the dual we have a section of E _ , so this is equivalent to the pairs
(E ; ' : OX ! E ) consideredby Bradlow, Garc��a-Prada and others. In this case,it
is enoughto look at �ltrations with one step, i.e. subsheavesE 0 ( E .

An orthogonal sheaf is a tensor of the form (E; ' : E 
 E ! OX ), where E is
torsion free and ' is symmetric and non-degenerate(in the sensethat the induced
homomorphism det E ! det E _ is an isomorphism). A symplectic sheaf is analo-
gously de�ned, requiring the tensor ' to be skew-symmetric instead of symmetric.

Given a subsheafE 0 � E , its orthogonal E 0? is de�ned as the kernel of the
composition

E
e'

� ! E _ � ! E 0? ;

where e' is induced by ' .

De�nition 2.3. An orthogonal (or symplectic) sheaf is (semi)stable if for all or-
thogonal �ltr ations, that is, �ltr ations with

E ?
i = E � i � 1

for all i , the following holds
X

(r PE i � r i PE )( � )0 :

It it shown in [G-S1] that an orthogonal (or symplectic) sheaf is (semi)stable if
and only if it is � -(semi)stable as a tensor, when � has degreen � 1.

A T-family of orthogonal sheavesis a T-family of tensors(ET ; ' T : ET 
 ET � !
OX � T ) such that ' T is symmetric and non-degenerate. Note that, since being
symmetric is a closedcondition, it is not enoughto check that ' t is symmetric for
every point t 2 T. On the other hand, being non-degenerateis an open condition,
so it is enoughto check it for ' t , for all points t 2 T.

A Lie algebra sheaf is a pair (E ; ' ) where E is a torsion free sheafand

' : E 
 E � ! E __

is a homomorphism such that for each point x 2 X , where E is locally free, the
induced homomorphism on the �b er ' (x) : E(x) 
 E(x) ! E(x) is a Lie algebra
structure. An isomorphism to another Lie algebra sheaf(E 0; ' 0) is an isomorphism
of sheavesf : E ! E 0 with ' 0 � (f 
 f ) = f � ' .

At �rst sight, this doesnot seemto be included in the formalism of tensors,but,
using the canonical isomorphism

(2.4) (
r � 1^

E)_ 
 det E
�=� ! E __ ;

a Lie sheafbecomesa tensor of the form

(2.5) (F;  : F 
 r +1 � ! OX );
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with E = F 
 det F .

De�nition 2.4. A Lie tensor is a tensors of type a = r + 1 which satis�es the
following properties

(1)  factors through F 
 F 

V r � 1 F ,

(2) the homomorphism e : F 
 F ! F __ 
 det F _ associated by (2.4) is skew-
symmetric.

(3) the homomorphism e satis�es the Jacobi identity.

There is a canonicalbijection betweenthe setof isomorphismclassesof Lie sheaves
(E ; ' : E 
 E ! E __ ) and Lie tensors(F;  : F 
 r +1 � ! OX ) (with E = F 
 det F ).

If the Lie algebra on the �b er E(x) for all x where E is locally free is always
isomorphic to a �xed semisimple Lie algebra g, then we say that it is a g-sheaf.
Then, the Killing form givesan orthogonal structure � : E 
 E ! OX to E .

De�nition 2.5. A g-sheaf is (semi)stable if for all orthogonal algebra �ltr ations,
that is, �ltr ations with

(1) E ?
i = E � i � 1 and (2) [E i ; E i ] � E __

i+ j

for all i , j , the following holds
X

(r PE i � r i PE )( � )0 :

It is shown in [G-S2] that a g-sheaf is (semi)stable if and only if the associated
tensor is � -(semi)stable, when � has degreen � 1.

We will sketch how the moduli spaceof tensorsis constructed. The idea is similar
to the construction of the moduli spaceof torsion free sheaves. First we construct
a schemewhich classi�es � -semistablebased tensors, that is, triples (f ; E ; ' ) where
f : V ! H 0(E(m)) is an isomorphism,up to a constant, and (E; ' ) is a � -semistable
tensor. There is a natural embedding of this scheme in a product P(V1) � P(V2),
where V1 and V2 are representations of SL(V ). An ample line bundle with a lin-
earization of the SL(V ) action is given by OX (b1; b2). The choice of the integers
b1 and b2 will depend on the polynomial � , and the moduli spaceof � -semistable
tensorswill be the GIT quotient..

To �nd V2, note that the isomorphism f : V ! H 0(E(m)) and ' inducesa linear
map

� : V 
 a � ! H 0(E(m) 
 a) � ! H 0(OX (am)) =: B :

Therefore, the semistablebasedtensor (f ; E ; ' ) givesa point (q; [�])

H � P(V2) := QuotX (V 
 C OX (� m); P) � P
�
(V 
 a)_ 
 B

�

The points obtained in this way have the property that the homomorphism � com-
posedwith evaluation factors as

V 
 a 
 OX (� am)

�
��

q
 a
////E 
 a

'

rr

H 0(OX (am)) 
 OX (� am)

ev
��

OX
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Let Z 0 be the closed subscheme of H � P(V2) where there is a factorization as
above, and let Z � Z 0 be the closure of the open subset U � Z 0 of points (q :
V 
 OX (� m) ! E ; [�]) such that the tensor is � -semistable. Using Grothendieck's
embedding H ! P(V1), explained in section 1, we obtain a closedembedding

Z � ! P(V1) � P(V2)

We endow Z with the polarization OZ (b1; b1), where

b2

b1
=

P(l)� (m) � � (l )P(m)
P(m) � a� (m)

In other words, we usethe Segreembedding

P(V1) � P(V2) � ! P(V 
 b1
1 
 V 
 b2

2 )

and take the pullback of the ample line bundle OP(1).
It is proved in [G-S1] that a point in Z is GIT-(semi)stable if and only if the

induced linear map f : V ! H 0(E(m)) is an isomorphism and it corresponds to a
� -(semi)stable basedtensor. Therefore, the GIT quotient Z==SL(V ) is the moduli
spaceof � -semistabletensors.

To show how this is usedto obtain moduli spacesof related objects, we will sketch
the construction of the moduli spaceof orthogonal sheaves. First we construct the
projective scheme Z as before, for tensors of type a = 2, i.e., of the form (E; ' :
E 
 E ! OX ). The condition of being symmetric is closed,so it de�ned a closed
subscheme R � Z ss, and the GIT quotient R==SL(V ) is projective. On the other
hand, the condition of being nondegenerateis open, so it de�nes an open subscheme
R1 � R. How can we prove that, after we remove the points corresponding to
degeneratebilinear forms, the quotient is still projective?. The idea is to show that,
if (E ; ' ) is degenerate,then it is � -unstable (we remark that, to prove this, we need
the degreeof � to be n � 1). Therefore, R1 = R, becauseall tensorscorresponding
to points in R are semistable.

In other words, the moduli spaceof orthogonal sheaves R1==SL(V ) is projective
becausethe inclusion R1 ,! R is proper (in fact, it is the identit y). Every time we
imposea condition which is not closed,we have to prove a propernessresult of this
sort, in order to show that the moduli spaceis projective.

The tensors de�ned in this section can easily be generalizedto tensors of type
(a;b;c), that is, pairs (E ; ' ) consisting of a torsion free sheafand a homomorphism

(2.6) ' : (E 
 a)
 b � ! (det E) 
 c :

This more generalnotion will be neededin section 5.

3. Princip al bundles

Recall that, in the �etale topology, an open covering of a scheme Y is a �nite
collection of morphisms f f i : Ui ! Ygi 2 I such that each f i is �etale, and Y is the
union of the imagesof the f i .

Note that an \op en �etale subset" of a schemeY is not really a subsetof Y , but an
�etale morphism U ! Y . If f : X ! Y is a morphism, by a slight abuseof language
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we will denote by f � 1(U) the pull-back

f � 1(U) //

��

X

f
��

U //Y

Let G be an algebraic group. A principal G-bundle on X is a scheme P with a
right G-action and an invariant morphism P ! X with a G-torsor structure. A
G-torsor structure is given by an atlas consisting on an �etale open covering f Ui g of
X and G-equivariant isomorphisms i : p� 1(Ui ) ! Ui � G, with p = pUi �  i (the
G-action on Ui � G is given by multiplication on the right). Two atlasesgive the
sameG-torsor structure if their union is an atlas.

In short, a principal bundle is locally trivial in the �etale topology, and the �b ers
are G-torsors. We remark that, if we were working in arbitrary characteristic, an
algebraicgroup could be non-reduced,and we should have usedusedthe 
at topol-
ogy.

An isomorphismof principal bundles is a G-equivariant isomorphism ' : P ! P 0.
Given a principal G-bundle as above, we obtain an element of the �etale coho-

mology set �H 1
et(X ; G), and this gives a bijection between isomorphism classesof

principal G-bundles and elements of this set. Indeed, since the isomorphisms i of
an atlas are required to be G-invariants, the composition  j �  � 1

i is of the form
(x; g) 7! (x; � ij (x)g), where � ij : Ui \ Uj ! G is a morphism, which satis�es the
cocycle condition and de�nes a classin �H 1

et(X ; G).
Given a principal G-bundle P ! X and a left action � of G in a scheme F , we

denote
P(� ; F ) := P � G F = (P � F )=G;

the associated �b er bundle. Sometimesthis notation is shortenedto P(F ) or P(� ).
In particular, for a representation � of G in a vector spaceV , P(V ) is a vector
bundle on X , and if � is a character of G, P(� ) is a line bundle.

If � : G ! H is a group homomorphism, let � be the action of G on H de�ned
by left multiplication h 7! � (g)h. Then, the associated �b er bundle is a principal
H -bundle, and it is denoted � � P. We say that this principal H -bundle is obtained
by extension of structure group.

Let � : H ! G be a homomorphismof groups, and let P be a principal G-bundle
on a schemeY. A reduction of structure group of P to H is a pair (P H ; � ), where
PH is a principal H -bundle on Y and � is an isomorphism between � � PH and P.
Two reductions (P H ; � ) and (QH ; � ) are isomorphic if there is an isomorphism �
giving a commutativ e diagram

(3.1) PH

��=
��

QH

� � PH � //

� � �
��

P

� � QH � //P

The names\extension" and \reduction" comefrom the casein which � is injective,
but note that thesenotions are still de�ned if the homomorphism is not injective.

If � is injective, giving a reduction is equivalent to giving a section � of the
associated �bration P(G=H), where G=H is the quotient of G by the right action
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of H . Indeed, such a section givesa reduction P H by pull-back

PH i //

��

P

��
X

� ////P(G=H)

and the isomorphism � is induced by i . Conversely, given a reduction (P H ; � ), the
isomorphism � induces an embedding i : P H ! P , and the quotient by H of this
morphism givesa section � as above.

For example, if G = O(r ) and H = GL r , the quotient H=G is the set of non-
degeneratebilinear symmetric forms on the vector space Cr , hence a section of
P(H=G) is just a non-degeneratebilinear symmetric morphism E 
 E ! OX , where
E is the vector bundle associated to the principal GL r -bundle.

To construct the moduli space,we will assumethat G is a connectedreductive
algebraic group. Let G0 = [G; G] be the commutator subgroup, and let g = z � g0

be the Lie algebra of G, where g0 is the semisimplepart and z is the center.
Recall that, in the caseof vector bundles,to obtain a projectivemoduli spacewhen

dim X > 1, we had to consideralso torsion free sheaves. Analogously, principal G-
bundles are not enough if we want a projective moduli space,and this is why we
also considerprincipal G-sheaves,which we will now de�ne.

De�nition 3.1. A principal G-sheaf P over X is a triple P = (P; E ;  ) consisting
of a torsion free sheaf E on X , a principal G-bundle P on the maximal open set UE
where E is locally free, and an isomorphism of vector bundles

 : P(g0)
�=� ! E jUE :

This de�nition can be understood from two points of view. >From the �rst point
of view, we have a torsion free sheaf E on X , together with a reduction to G, on
the open set UE , of the principal GL r -bundle corresponding to the vector bundle
E jUE . Indeed, the pair (P;  ) is the samething as a reduction to G of the principal
GL r -bundle on UE associated to the vector bundle E jUE . It can be shown that, if
we are given a reduction to a principal G-bundle on a big open set U 0 ( UE , this
reduction can uniquely be extended to UE .

>From the other point of view, we have a principal G-bundle on a big open set U,
hencea vector bundle P(g0), together with a given extension of this vector bundle
on U to a torsion free sheafon the whole of X .

The Lie algebra structure of g0 is semisimple, hence the Killing form is non-
degenerate.Correspondingly, the adjoint vector bundle P(g0) on U hasa Lie algebra
structure P(g0)
 P(g0) ! P(g0) and an orthogonal structure, � : P(g0)
 P(g0) ! OU .
Theseuniquely extend to give orthogonal and g0-sheafstructure to E:

� : E 
 E � ! OX [ ; ] : E 
 E � ! E __

wherewe have to take E __ in the target becausean extensionE 
 E ! E doesnot
always exist. The orthogonal structure assignsan orthogonal F ? = ker(E ,! E _ !
F _ ) to each subsheafF � E .

De�nition 3.2. A principal G-sheaf P = (P; E ;  ) is said to be (semi)stable if for
all orthogonal algebra �ltr ations E � � E , that is, �ltr ations with

(1) E ?
i = E � i � 1 and (2) [E i ; E i ] � E __

i+ j
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for all i , j , the following holds
X

(r PE i � r i PE )( � )0

Replacing the Hilb ert polynomials PE and PE i by degrees,we obtain the notion
of slope (semi)-stability.

Clearly

slope-stable=) stable =) semistable=) slope-semistable

SinceG=G0 �= C� q, given a principal G-sheaf, the principal bundle P(G=G0) ob-
tained by extension of structure group provides q line bundles on U, and since
codim X n U � 2, these line bundles extend uniquely to line bundles on X . Let
d1; : : : ; dq 2 H 2(X ; C) be their Chern classes.The rank r of E is clearly the dimen-
sion of g0. Let ci be the Chern classesof E .
De�nition 3.3 (Numerical invariants). We call the data � = (d1; : : : ; dq; ci ) the
numerical invariants of the principal G-sheaf (P; E ;  ).
De�nition 3.4 (Family of semistableprincipal G-sheaves). A family of (semi)stable
principal G-sheavesparameterized by a schemeS is a triple (PS; ES;  S), with ES
a family of torsion free sheaves,PS a principal G-bundle on the open set UES where
ES is locally free, and  : PS(g0) ! ESjUE S

an isomorphism of vector bundles, such
that for all closed points s 2 S the corresponding principal G-sheaf is (semi)stable
with numerical invariants � .

An isomorphismbetweentwo such families (PS; ES ;  S) and (P0
S ; E 0

S;  0
S) is a pair

(� : PS
�=� ! P0

S; 
 : ES
�=� ! E 0

S)

such that the following diagram is commutativ e

PS(g0)
 //

� (g0)
��

ESjUE S


 jUE S
��

P0
S(g0)

 0
//E 0

SjUE S

where � (g0) is the isomorphism of vector bundles induced by � . Given an S-family
PS = (PS; ES ;  S) and a morphism f : S0 ! S, the pullback is de�ned as ef � PS =
( ef � PS; f

�
ES; ef �  S), where f = idX � f : X � S ! X � S0 and ef = i � (f ) : Uf

�
ES

!
UES , denoting i : UES ! X � S the inclusion of the open set where ES is locally
free.

We can then de�ne the functor of families of semistableprincipal G-sheaves

F �
G : (Sch =C) � ! (Sets)

sendinga schemeS, locally of �nite type, to the setof isomorphismclassesof families
of semistableprincipal G-sheaveswith numerical invariants � . As usual, it is de�ned
on morphisms as pullback.
Theorem 3.5. There is a projective moduli space of semistableG-sheaves on X
with �xed numerical invariants.

This theorem is a generalization of the theorem of Ramanathan, asserting the
existenceof a moduli spaceof semistableprincipal bundles on a curve.

Note that in the de�nition of principal G-sheaf we have used the adjoint rep-
resentation on the semisimplepart g0 of the Lie algebra of G, to obtain a vector
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bundle P(g0) on a big open set of X , which we extend to the whole of X by torsion
free sheaf. If we usea di�eren t representation � : G ! GL r , we have the notion of
principal � -sheaf:
De�nition 3.6. A principal � -sheaf P over X is a triple P = (P; E ;  ) consisting
of a torsion free sheaf E on X , a principal G-bundle P on the maximal open set UE
where E is locally free, and an isomorphism of vector bundles

 : P(� )
�=� ! E jUE :

Now we will give someexamplesof principal � -sheaves which have already ap-
peared:

� If G = GL r and � is the canonical representation, then a principal � -sheafis
a torsion free sheaf.

� If G = O(r ) and � is the canonical representation, then a principal � -sheaf
is an orthogonal sheaf.

� If G = SO(r ) and � is the canonical representation, then a principal � -sheaf
is a special orthogonal sheaf (cf. [G-S1]), that is, a triple (E ; ';  ) where
' : E 
 E ! OX symmetric and nondegenerate,and  : det E ! OX is an
isomorphism such that det ' =  
 2.

� If G = Sp(r ) and � is the canonical representation, then a principal � -sheaf
is a symplectic sheaf.

� If G is semisimpleand � is injective, then giving a principal � -sheafis equiv-
alent to giving a honest singular principal bundle [Sch1, Sch2] with respect
to the dual representation � _ (seesection 5).

In all thesecases(and also for principal G-sheaves, i.e., when � : G ! GL(g0) is
the adjoint representation), the stabilit y condition is equivalent to the following:
De�nition 3.7 (Stabilit y for principal � -sheaves). A principal � -sheaf P = (P; E ;  )
is said to be (semi)stable if for all reductions on any big open set U � UE of P to
a parabolic subgroup Q ( G, and all dominant characters of Q, which are trivial on
the center of Q, the induced �ltr ation of saturated torsion free sheaves

: : : � E i � 1 � E i � E i +1 � : : :

satis�es the following X
(r PE i � r i PE )( � )0

4. Constr uction of the moduli space of princip al sheaves

In this section we will give a sketch of the construction of the moduli spacein
[G-S2]. The strategy is closeto that of Ramanathan.

Let r = dim g0, and consider the adjoint representation � : G ! GL r of G in g0.
The idea of Ramanathan is to start by constructing a scheme R0 which classi�es
basedvector bundlesof rank r , and then to construct another schemeQ ! R0 such
that the �b er over each basedvector bundle (f ; E ) parameterizesall reductions to
G of the principal GL r -bundle E. In other words, Q classi�es tuples (f ; P; E ;  ),
wheref is an isomorphismof a �xed vector spaceV with H 0(E(m)), P is a principal
G-bundle and  is an isomorphism betweenthe vector bundle P(�; g0) and E.

The problem is that � is not injective in general, so it is not easyto construct a
reduction of structure group from GL r to G in one step. Therefore, Ramanathan
factors the representation � into several group homomorphisms,and then constructs
reductions step by step.
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Recall that G0 = [G; G] is the commutator subgroup. Let Z (respectively, Z 0) be
the center of G (respectively, G0). Note that Z 0 = G0\ Z . The adjoint representation
factors as follows

G
� 3 ////G=Z 0 � 0

2 ////G=Z �• � 2 //Aut( g0) �•� 1 //GL r

and the schemesparameterizing thesereductions are

R3
f 3� ! R0

2
f 0

2� ! R2
f 2� ! R1 � ! R0

In the casedim X = 1 this works well becausea principal G-bundle is semistable
if and only if the associated vector bundle is semistable. This is no longer true if
X is not a curve, and this is why, for arbitrary dimension, we do not construct the
schemeR0, but instead start directly with a schemeR1, classifyingsemistablebased
principal Aut( g0)-sheaves.

HereAut( g0) denotesthe subgroupof GL r of linear automorphismswhich respect
the Lie algebra structure. Therefore, a basedprincipal Aut( g0)-sheaf is the same
thing as a basedg0-sheaf.

Using the isomorphism(2.4), we can describe a g0-sheafasa Lie tensor (de�nition
2.4). such that the Lie algebra structure induced on the �b ers of E , over points
x 2 X where E is locally free, is isomorphic to g0.

Choose a polynomial � of degreedim X � 1, with positive leading coe�cien t.
We �x the �rst Chern class to be zero. This is becausewe are interested in g0-
sheaves,and sinceg0 is semisimple,its Killing form is nondegenerate,henceinduces
an orthogonal structure on the sheaf,and this forcesthe �rst Chern classto be zero.

We start with the scheme Z , de�ned in section 2, classifying based tensors of
type a = r + 1. This schemehas an open subsetZ ss corresponding to � -semistable
tensors. Conditions (1) to (3) in the de�nition of Lie tensor are closed,hencethey
de�ne a closedsubschemeR � Z ss. Using the isomorphism (2.4), we seethat the
scheme R parameterizesLie sheaves. Recall that a Lie sheaf structure induces a
Killing form � : E 
 E ! OX .

Lemma 4.1. There is a subschemeR1 � R corresponding to those Lie tensors
which are g0-tensors.

The family of Lie sheaves parameterized by R gives a family of Killing forms
ER 
 ER ! OX � R , and hencea homomorphism f : det ER ! det E _

R . We have
�xed the determinant of the tensors to be trivial, hencedet ER is the pullback of
a line bundle on R, and therefore the homomorphism f is nonzero on an open set
of the form X � W , where W is an open set of R. The open set W is in fact the
whole of R. This is becauseif z is a point in the complement, it corresponds to a
Lie sheafwhoseKilling form is non-degenerate,and hencehas a nontrivial kernel.
Using this, it is possibleto construct a �ltration which shows that this Lie sheafis
� -unstable when deg� = dim X � 1, but this contradicts the fact that R � Y ss.

The Killing form of a Lie algebra is semisimpleif and only if it is non-degenerate.
Therefore, for all points (x; t) in the open subsetUER � X � R where ER is locally
free, the Lie algebra is semisimple.

SemisimpleLie algebrasare rigid, that is, if there is a family of Lie algebras,the
subsetof the parameter spacecorresponding to Lie algebrasisomorphic to a given
semisimpleLie algebra is open. Therefore, sinceUE is connectedfor all torsion free
sheavesE, all points (x; t) 2 UER � X � R wheret is in a �xed connectedcomponent
of R, give isomorphic Lie algebras. Let R1 be the union of thosecomponents whose
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Lie algebra is isomorphic to g0. The inclusion

i : R1 ,! R

is proper, and hence, since the GIT quotient R==SL(V ) is proper, also the GIT
quotient R1==SL(V ) is proper. Note that, to prove propernessof i , two facts about
semisimple Lie algebras were used: rigidit y, and nondegeneracyof their Killing
forms.

For simplicit y of the exposition, to explain the successive reductions, �rst we will
assumethat for all g0-sheaves(E ; ' ), the torsion freesheafE is locally free. In other
words, UE = X (this holds, for instance, if dim X = 1). At the end we will mention
what has to be modi�ed in order to consider the generalcase.

The group G=Z is the connectedcomponent of identit y of Aut( g0). Therefore,
giving a reduction of structure group of a principal Aut( g0)-bundle P by � 2 is the
same thing as giving a section of the �nite �etale morphism P(F ) ! X , where F
is the �nite group Aut( g0)=(G=Z ). This implies that R2 ! R1 is a �nite �etale
morphism, whoseimage is a union of connectedcomponents of R1.

There is an isomorphism of groups G=Z 0 �= G=G0 � G=Z , and � 0
2 is just the

projection to the secondfactor. Therefore, a reduction to G=Z 0 of a principal G=Z -
bundle PG=Z is just a pair (P G=G0

; PG=Z ), where P G=Z is the original G=Z -bundle
and PG=G0

is a G=G0-bundle. But

G=G0 �= C�

q
z }| {
� � � � � C� ;

hencethis is just a collection of q line bundles,whoseChern classesare given by the
numerical invariants which have been �xed. This implies that there is an isomor-
phism

R0
2

�= J

q
z }| {
� � � � � J � R2 ;

where J is the Jacobian of X .
Finally, we have to consider reductions of a principal G=Z 0-bundle to G, where

Z 0 is a �nite subgroupof the center of G. There is an exact sequenceof pointed sets
(the distinguished point being the trivial bundle)

�H 1
et(X ; Z 0) � ! �H 1

et(X ; G) � ! �H 1
et(X ; G=Z 0) �� ! �H 2

et(X ; Z 0) :

Note that Z 0 is abelian, thereforeH i
et(X ; Z 0) is an abelian group, and it is isomorphic

to the singular cohomologygroup H i (X ; Z 0), hence�nite. A principal G=Z 0-bundle
admits a reduction to G if and only if the image by � of the corresponding point
is 0. This is an open and closed condition, therefore there is a subscheme R̂0

2 of
R0

2, consistingof a union of connectedcomponents, corresponding to thoseprincipal
G=Z -bundles admitting a reduction to G.

Let (PG ; � ) be a reduction to G of a principal G=Z 0-bundle. It can be shown
that the set of isomorphism classesof all reductions to G is in bijection with the
cohomologyset �H 1

et(X ; Z 0); with the unit element of this set corresponding to the
chosenreduction (P G; � ). This cohomologyset is an abelian group, becauseZ 0 is
abelian. Therefore, the set of reductions of a principal G=Z 0-bundle to G is an
�H 1

et(X ; Z 0)-torsor, and this implies that R3 ! R̂0
2 is a principal �H 1

et(X ; Z 0)-bundle.
Using that this cohomology set is a �nite set (in fact isomorphic to the singular
cohomologygroup H 1(X ; Z 0)), and that R̂0

2 is a union of connectedcomponents of
R0

2, it follows that R3 ! R0
2 is �nite �etale.
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Ramanathan [Ra, Lemma 5.1]proves that, if H is a reductive algebraic group,
f : Y ! S is an H -equivariant a�ne morphism, and p : S ! S is a good quotient,
then Y has a good quotient q : Y ! Y and the induced morphism f is a�ne.
Moreover, if f is �nite, f is also �nite. When f is �nite and p is a geometric
quotient, also q is a geometric quotient.

The group SL(V ) acts on all the schemes R i , and the morphisms f 2 and f 3
are equivariant and �nite. Therefore, we can apply Ramanathan's lemma to those
morphisms.

The morphism f 0
2 : J � q � R2 ! R2 is just projection to a factor, and the group

acts trivially on the �b er, therefore if p2 : R2 ! M 2 is a good quotient of R2,
J � q � M 2 will give a good quotient of R0

2. Furthermore, if p2 becomesa geometric
quotient when restricting to an open set, the same will be true after taking the
product with J � q.

Using GIT, we know that R1 has a good quotient M 1, which is a geometric
quotient when restricting to the open set of stable points. Therefore, the same
holds for all these schemes, and the good quotient of R3 is the moduli spaceof
principal G-bundles.

The successive reductions in higher dimension are very similar to the reductions
in the caseX is a curve, except for the technical di�cult y that the principal bundles
in generalare not de�ned in the whole of X , but only in a big open set. To overcome
this di�cult y, we need\purit y" results for open setsU � X when U is big. We will
discussthem one by one.

First we consider reductions of a principal Aut( g0)-bundle P to G=Z . These are
parameterizedby sectionsof the associated �bration P(F ), whereF = Aut( g0)=(G=Z )
is a �nite group. If P is a principal bundle on a big open set U, P(F ) is a Galois
cover of U, given by a representation of the algebraic fundamental group of � (U)
in F . SinceU is a big open set, � (X ) = � (U) (purit y of fundamental group), and
hencethe Galois cover P(F ) of U extends uniquely to a Galois cover of X . This
implies that, even if dim X > 1, the morphism R2 ! R1 is still �nite �etale, as in
the curve case.

Giving a reduction of a principal G=Z -bundle on U to a principal G=Z 0-bundle is
equivalent to giving q line bundles on U. Since U is a big open set, the Jacobians
of U and X are isomorphic (purit y of Jacobian), and hence we still have R0

2 =
J (X ) � q � R2.

Finally, we have to consider reductions of principal G=Z 0-bundles to G. Using
the fact that U is a big open set, there are isomorphisms �H i

et(X ; Z 0) �= �H i
et(U;Z 0)

for i = 1; 2. Therefore, the arguments usedfor the caseU = X still hold in general,
and it follows that R3 ! R0

2 is �etale �nite.

5. Constr uction of the moduli space of princip al � -sheaves

In [Sch1, Sch2], A. Schmitt �xes a semisimplegroup G and a faithful representa-
tion � , de�nes semisimplehonestsingular principal bundle with respect to this data
(see de�nition below), and constructs the corresponding projective moduli space.
Giving such an object is equivalent to giving a principal � _ -bundle, where � _ is
the dual representation in V _ . In this section we will give a sketch of Schmitt's
construction.

Let G be a semisimplegroup, and � : G ! GL(V ) a faithful representation. A
honest singular principal G-bundle is a pair (A ; � ), where A is a torsion free sheaf
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on X and
� : Sym� (A 
 V )G � ! OX

is a homomorphismof OX -algebrassuch that, if � : X ! H om(V 
 OU ; Aj _
U )==G is

the induced morphism, then

� (U) � I som(V 
 OU ; Aj _
U )=G � H om(V 
 OU ; Aj _

U )==G:

It can be shown that the points in the a�ne U-schemeI som(V 
 C OU ; Aj _
U ) are in

the open set of GIT-p olystable points of H om(V 
 C OU ; Aj _
U ), under the natural

action of G, therefore the previous inclusion makessense.
Note that the homomorphism � is uniquely de�ned by its restriction to U �

X , therefore, giving a honest singular principal G-bundle is equivalent to giving a
principal � _ -sheaf(P; E ;  ), where � _ : G ! GL(V _ ) is the dual representation, P
is a principal GLn -bundle, E = A , and  is induced by � jU .

In other words, in a principal � -sheaf,we extend to the whole of X , as a torsion
freesheafE , the vector bundle associated to � , whereas,is a honestsingular principal
G-bundle associated to � , we extend the dual of the vector bundle associated to � .

The idea of Schmitt's construction is to transform � into a tensor. Note that � is
an in�nite collection of OX -module homomorphisms

(5.1) � i : Symi (A 
 V )G � ! OX ;

but, sinceSym� (A 
 V )G is �nitely generatedas a OX -algebra, there is an integer
s such that

(1) the sheaf
sM

i =1

Symi (A 
 V )G

contains a set of generatorsof the algebra, and
(2) the subalgebra

Sym(s!) (A 
 V )G :=
1M

m=0

Syms!m (A 
 V )G

is generatedby elements in Syms!(A 
 V )G .
Using the homomorphisms� s, we construct a homomorphism of OX -modules

(5.2)
M

P
id i = s!

� sO

i =1

Symdi
�

Symi (A 
 V )G � �
� Syms!(A 
 V )G � s� ! OX

Note that the vector space
M

P
id i = s!

� sO

i =1

Symdi
�

Symi (Cr 
 V )G � �

has a canonical representation of GLn , homogeneousof degrees!, and henceit is a
quotient of the representation

(C
 a)� b 
 (
r̂

Cr )�
 c

for appropriate valuesof a, b and c. Therefore, there is a surjection

(5.3) (A 
 a)� b 
 (det A ) �
 c �
M

P
id i = s!

� sO

i =1

Symdi
�

Symi (A 
 V )G � �
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and composing (5.2) with (5.3) we obtain a tensor of type (a;b;c), as in (2.6).
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