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Abstra ct. Lectures given in the Mini-School on Moduli Spacesat the Banach
certer (Warsaw) 26-30 April 2005.

In thesenoteswe will always work with schemesover the eld of complexnumbers
C. Let X be a scheme. A vector bundle of rank r on X is a stheme with a
surjective morphism p : V ! X and an equivalence class of linear atlases. A
linear atlas is an open cover fU;g of X (in the Zariski topology) and isomorphisms

i:p UD)! U C', sudthat p= px i, and . Lislinear onthe b ers.
Two atlasesare equivalert if their union is an atlas. Thesetwo propertiesare usually
expressedby saying that a vector bundle is locally trivial (in the Zariski topology),
and the b ershave a linear structure.

An isomorphismof vector bundleson X is anisomorphism' : V! VCof schemes
whicrsis compatible with the linear structure. That is, p= p® ' and the covering
fUg fUiog together with the isomorphisms ;, i° ' is alinear structure on V as
before.

The set of isomorphism classesof vector bundles of rank r on X is canonically
bijective to the Ceth cohomology set Hl(X;%). Indeed, since the transition
functions i 1 are linear on the b ers, they are given by morphisms i
U\ Up ! GL; which satisfy the cocycle condition.

Given a vector bundle V! X we de ne the locally free sheafE of its sections,
which to ead open subsetU X, assignsE(U) = ( U;p %(U)). This provides
an equivalence of categoriesbetween the categoriesof vector bundles and that of
locally free sheares ([Ha, Ex. 11.5.18]). Therefore, if no confusion seemslikely to
arise, we will usethe words\v ector bundle" and\lo cally free sheaf' interchangeably
Note that a vector bundle of rank 1 is the samething as a line bundle. We will
be interested in constructing moduli spacesof vector bundles, which can then be
consideredas generalizations of the Jacobian. Sometimesit will be necessaryto
consideralso torsion free sheaves. For instance, in order to compactify the moduli
spaceof vector bundles.

Let X be a smooth projective variety of dimension n with an ample line bundle
Ox (1) corresponding to a divisor H. Let E be a torsion free sheafon X . Its Chern
classesare denoted ¢ (E) 2 HZ (X ;: C). We de ne the degree of E

degE = ¢, (E)H" 1

and its Hilbert polynomial
Pe(m) = (E(m));
whereE(m) = E  Ox (m) and Ox (m) = Ox (1) ™.
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2 T. GOMEZ

If E is locally free, we de ne the determinant line bundle as detE = Vi E. If
E is torsion free, since X is smooth, we can still de ne its determinant as follows.
The maximal open subsetU X where E is locally free is big (with this we will
meanthat its complemernt has codimension at least two), becauseit is torsion free.
Therefore, there is a line bundle detEjy on U, and sinceU is big and X is smooth,
this extendsto a unique line bundle on X, which we call the determinant detE of
E. It can be proved that degE = degdetE.

We will usethe following notation. Whenewer \(semi)stable" and \( )" appears
in a sertence, two sertencesshould be read. One with \semistable"” and\ ", and
another with \stable" and \<". Given two polynomials p and g, we write p < q if
p(m) < g(m) whenm 0.

A torsion free sheafE is (semi)stable if for all proper subsheaesF E,

Pe Pe

rk F( )rk =
A sheafis called unstable if it is not semistable. Sometimesthis is refered to as
Gieseler (or Maruyama) stability.

A torsion free sheafE is slope-(semi)stable if for all proper subsheaesF E
with rkF < rk E,

degF degE |
rk F ) rkE °
The number degE=rk E is called the slope of E. A sheafis called slope-unstableif
it is not slope-semistable. Sometimesthis is referedto as Mumford (or Takemoto)
stability.
Using Riemann-Roch theorem, we nd

_ m" degk ., m" 1
PE(m)—rkEW+(degE rk E > )(n 1)!+

where K is the canonical divisor. From this it follows that

slope-stable=) stable=) semistable=) slope-semistable

Note that, if n = 1, Gieseler and Mumford (semi)stability coincide, becausethe
Hilb ert polynomial has degreel.

Let E be a torsion free sheafon X. There is a unique lItration, called the
Harder-Narasimhan lItration,

O=Eo( E2( E2( (E=E
suc that E' = E;=E; ; is semistableand
Pei Pgin
_ > :
rkE!  rkEi+1
for all i. In particular, any torsion free sheafcan be described as successie exten-
sions of semistablesheaves.
There is alsoa Harder-Narasimhan Itration for slope stability: this is the unique
Itration such that E' = Ej=E; 1 is slope-semistableand
degE! S degEi*1
rk Ei rk Ei*l

for all i. We denote
max(E) = (EY);  min(E)= (E'):
Of course,in generalthesetwo ltrations will be dierent.
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Now let E be a semistablesheaf. There is a ltration, called the Jordan-Helder
Itration,

O=Eo( Ex( E2( ( E=E
such that E! = E;=E; ; is stable and
Pei _ Pgia
rkEl  rkEi*1
for all i. This ltration is not unique, but the assaiated graded sheaf

M
grn(E) = E'
i=1

iS unique up to isomorphism. It is easyto ched that gr;,(E) is semistable. Two
semistabletorsion free shearesare called S-equivalent if gr 5, (E) and gr ;4 (E9 are
isomorphic.

There is also a Jordan-Helder Itration for slope stability, just replacing Hilb ert
polynomials with degrees.

A family of coherent sheves parameterizedby a schemeT (also called T -family)
is a coherent sheafEr on X T, at over T. For ead closedpoint t 2 T, we get a
sheafE; :=f Er onX t= X,wheref : X t! X T isthe natural inclusion.
We say that Et is a family of torsion-free sheaes if E; is torsion-free sheaf for
all closedpoints t 2 T. We have analogousde nitions for any open condition, and
hencewe cantalk of families of (semi)stable sheaves, of families of sheaveswith xed
Chern classe;i (E), etc... Two families are isomorphic if E; and E$ are isomorphic
as sheaves.

To de ne the notion of moduli space,we will rst look at the Jacobian J of
a projective stheme X . There is a bijection betweenisomorphism classesof line
bundlesL with 0= c{(L) 2 H?(X;C) and closedpoints of J.

Furthermore, if we are given a family of line bundles L+, with vanishing rst
Chern class, parameterizedby a scheme T, we obtain a morphismf : T ! J suc
that for all t 2 T, the point f (t) 2 J is the point corresponding to the isomorphism
classof L;. And, corversely if we are given a morphismf : T ! J, we obtain a
family of line bundles parameterizedby T by pulling-back a Poincare line bundle:
Lt = (Idx f) P.

Note that both constructions are not quite inverseto ead other. On the onehand,
if M is aline bundle on T, the familiesLt and Lt p;M give the samemorphism
from T to the Jacobian, and on the other hand, there is no unique Poincare line
bundle: given alinen bundle M onJ, P p;M is alsoa Poincare line bundle, and
the family induced by f will changeto Lt pyf M. This is why we declare two
families of line bundles equivalent if they dier by the pullback of a line bundle on
the parameter spaceT .

Using this equivalence, both constructions becomeinverse of eat other. That
it, there is a bijection betweenequivalenceclassesf families and morphismsto the
Jacobian.

One could ask: is there a \b etter" version of the Jacobian?,i.e. someobject J
which provides a bijection betweenmorphismsto it and families of line bundles up
to isomorphism (hot up to equivalence). The answer is yes, but this object J is not
a scheme!. It is an algebraic stadk (in the senseof Artin): the Jacobian stakk. A
stack is a generalization of the notion of scheme, but we will not considerit here.
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We would like to have a scheme with the same properties as the Jacobian, but
for torsion-free sheavesinstead of line bundles. To be able to do this, we have to
consideronly the semistableones. Then there will be a moduli schemeM (r; ¢;) suc
that a family of semistabletorsion-free sheavresparameterizedby T, with rank r and
Chern classeg;, will induce a morphism from the parameter spaceT to M (r;c;). In
particular, to eat semistabletorsion free sheafwe assaiate a closedpoint. If two
stable torsion free sheareson X are not isomorphic, they will correspond to di erent
points of M (r; ¢;), but it can happenthat two strictly semistabletorsion free sheares
on X which are not isomorphic correspond to the samepoint of M (r;c;). In fact, E
and E° correspond to the samepoint if and only if they are S-equivalent.

Another di erence with the properties of the Jacobianis that in generalthere will
be no \univ ersal torsion free sheaf' on X M (r;¢;), i.e. there will be no analogue
of the Poincare bundle. In other words, given a morphismf : T ! M(r;c;), there
might be no family parameterized by T which inducesf. If there is a universal
torsion-free sheaf, we say that M (r;c;) is a ne moduli space, and if it does not
exist, we say that it is a coarse moduli space.

To explain this more precisely it is useful to use the language of represerable
functors. Given a sheme M over C, we de ne a (contravariant) functor M :=
Mor( ;M) from the category of C-schemes(Sch=C) to the category of sets (Sets)
by sendingan C-scheme B to the set of morphisms Mor(B;M). On morphisms it
is de ned with composition, i.e., to a morphismf : B ! B°we asswiate the map
Mor(B%M) ! Mor(B;M) which sends' °to ' f.

De nition 0.1 (Represens). A functor F : (Sch=C) ! (Sets) is represent& by a
schemeM if there is an isomorphism of functors F = M.

Of course, not all functors from (Sch=C) to (Sets) are represertable, but if a
functor F is, then the scheme M is unique up to canonical isomorphism. Given
amorphismf : M | MC we obtain an natural transformation M ! M9 and,
by Yoneda'slemma, every natural transformation betweenrepresenable functors is
induced by a morphism of schemes. In other words, the category of schemesis a full
subcategory of the category of functors (Sch=C)°, whose objects are cortravariant
functors from (Sch =C) to (Sets) and whosemorphisms are natural transformation.
Therefore, we will denote by the sameletter a morphism of schemesand the asso-
ciated natural transformation.

For instance, let F; : (Sch=C) ! (Sets) be the functor which sendsa scheme
T to the set of equivalenceclassesof T-families of line bundleson X, with ¢, = 0.
This functor is represerted by the Jacobian, i.e., there is an isomorphism of functors
F; = J. This is the translation, to the language of represenable functors, of the
fact that there is a natural bijection betweenthe set of equivalenceclassesof these
families and the set of morphismsfrom T to J.

De nition 0.2 (Corepreserts). A functor F : (Sch=C) | (Set9) is corepresentd
by a schemeM if there is a natural transformation of functors :F ! M such
that given another schemeM 0 and natural transformation °%:F ! M2 thereis a
unique morphism :M ! MOwith 0=
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If M corepresets F, then M is unique up to canonicalisomorphism. To explain
why this is called \corepresenation”, let (Sch =C)°be the above de ned functor cat-
egory. Then it canbeseenthat M represents F if and only if there is a natural bijec-
tion Mor(Y; M) = Mor seh=c)o(Y ; F) for all shemesY . On the other hand, M corep-
reserts F if and only if there is a natural bijection Mor(M;Y) = Mor sch =c)o(F;Y)
for all schemesY. If M represens F, then it corepresets it, but the corverseis
not true.

Let X bea xed C-scheme. De ne a functor F=52 from the category of shhemes
over C to the category of sets,sendinga sdhemeT to the setF 2 (T) of isomorphism
classesf families of torsion-free sheavreson X parameterizedby T, with rank r and
Chern classesc;. On morphisms it is de ned by pullback, i.e., to a morphism
f : T ! TOwe asseiate the map F(T) ! F(T) which sendsthe family E$ to
(idx f) E$. Analogously, we de ne the functor F2. of families of stable torsion
free sheaves.

It can be shown that, for any polarized smooth projective variety X, there is a
sthemeM (r; ¢;) corepreseting the above de ned functor F22 ([Gi, Ma, Sesh,Si]).
In section 1 we will sketch a proof of this result.

Note that the transformation of functors gives,for any T-family of semistable
torsion free sheares,a morphismf : T ! M(r;ci). As we mentioned before, there
is a canonical bijection between closedpoints of M (r; ¢;) and S-equiwvalenceclasses
of semistabletorsion free sheares.

Let Ifrs;(s:i be the functor of equivalence classesof families of semistable sheaves,
where, as before, we declaretwo families equivalent if they di er by the pullback of
a line bundle on the parameter space. There are somecasesn which this functor is
represenable (for instance,if the rank r and degreec; are coprime). In thesecases,
there is a universal family parameterized by the moduli space,and this universal
family is unique up to the pullback of a line bundle on the moduli space.

De nition 0.3 (Moduli space) We say that M is a moduli space for a set of
objects, if it corepresentsthe functor of families of those objects.

De nition 0.4 (Coarsemoduli). A schemeM is called a coarse moduli schemefor
F if it corepresentsF and furthermore the map

(SpecC) : F(SpecC) ! Hom(SpecC; M)
is bijective.
Note that if afunctor F is corepreseted by a schemeM , then it is a coarsemoduli
schemefor the functor F of S-equivalenceclassesof F, i.e., the functor de ned as

B(T) = F(T) , if T 6 SpecC
~  S-equialenceclassesof objects of F (SpecC) , if T = SpecC

1. Moduli space of torsion free sheaves

In this section we will sketch the proof of the existenceof the moduli spaceof
semistabletorsion free sheaves. We will start by giving a brief idea of the construc-
tion. It canbe shown that there is a schemeY classifying semistablebasel sheaves
that is, pairs (f;E), where E is a semistablesheafand f : V I H?(E(m)) is an
isomorphismbetweena xed vector spaceV and H °(E(m)). The group SL(V) acts
on Y by \base change": an elemen g 2 SL(V) sendsthe pair (f;E) to (f g;E).
Two pairs (f;E) and (f E9 are in the sameorbit if and only if E is isomorphic to
EC therefore, the quotient of Y by the action of SL(V) will be a moduli spaceof
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semistablesheaves. But, doesthis quotient exist in the category of shhemes?,i.e., is
there a sthemewhosepoints are in bijection with the SL(V)-orbits in Y ?. In general
the answer is no, but Geometric Invariant Theory (GIT) givesus something which
is quite closeto this, and is called the GIT quotient, and this will be the moduli
space.

Note that we are using the group SL(V), and not GL(V). This is becauseif
two isomorphismsf and f % only dier by multiplication with a scalar, then they
correspond to the samepoint in Y. In other words, Y classies pairs (f;E) up to
scalar.

Let G be an algebraic group. Recall that a right action on a sdheme R is a
morphism :R G! R, which we will usually denote (z;g) = z g, sud that
z (gh) = (z g) handz e= z, whereeis the identity elemen of G. A left action
is analogouslyde ned, with the assaiative condition (hg) z=h (g 2z).

The orbit of a point z 2 R is the imagez G. A morphismp:R! M between
two schemesendowved with G-actions is called G-equivariant if it commutes with
the actions, that isf(z) g= f(z g). If the action on M s trivial (i.e.y g=y for
allg2 Gandy 2 M), then we also say that f is G-invariant.

If G acts on a projective variety R, a linearization of the action on a line bundle
ORr (1) consistsof giving, for ead g 2 G, anisomorphismof line bundlesg: Or(1) !

" gOr(1), (" g = (;9)) which alsosatis es the previousassaiative property. Giving
a linearization is thus the samething asgiving an action on the total spaceV of the
line bundle, which is linear along the b ers, and such that the projection V! R
is equivariant. If Or(1) is very ample, then a linearization is the samething asa
represenation of G on the vector spaceH °(Ogr (1)) sud that the natural embedding
R! P(H%ORr(1))-) is equivariant.

De nition 1.1 (Categorical quotient). Let R be a schemeendowel with a G-action.
A categorical quotient is a schemeM with a G-invariant morphismp: R ! M such

that for every other schemeM © and G-invariant morphism p° there is a unique

morphism ' with p°="' p
R
0
p‘ %QZ%Q;

/
~gr—M?

De nition 1.2 (Good quotient). Let R be a schemeendowe with a G-action. A
gaod quotient is a schemeM with a G-invariant morphismp: R ! M suchthat

(1) pis surjective and a ne

(2) p (Of) = Oy, , wher OF is the shaf of G-invariant functions on R.

(3) If Z is a closal G-invariant subsetof R, then p(Z) is closal in M . Further-
more, if Z1 and Z, are two closal G-invariant subsetsof R with Z;\ Z, = ;,
thenf (Z1)\ f(Z2) = ;.

De nition 1.3 (Geometric quotient). A geometric quotientp: R ! M is a good
quotient suchthat p(x1) = p(x2) if and only if the orbit of x4 is equal to the orbit
of X».

Clearly, a geometric quotient is a good quotient, and a good quotient is a cate-
gorical quotient.

Geometric Invariant Theory (GIT) is a technigue to construct good quotients (cf.
[Mul]). AssumeR is projective, and the action of G on R has a linearization on
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an ample line bundle Or(1). A closedpoint z 2 R is called GIT-semistable if, for
somem > 0, there is a G-invariant sections of Ogr(m) such that s(z) 6 0. If,
moreover, the orbit of z is closedin the open set of all GIT-semistable points, it is
called GIT-polystable and, if furthermore, this closedorbit hasthe samedimension
as G ( i.e., if z has nite stabilizer), then z is called a GIT-stable point. We say
that a closedpoint of R is GIT-unstable if it is not GIT-semistable.

We will use the following characterization in [Mul] of GIT-(semi)stability. Let

: C | G be a one-parameter subgroup (by this we mean a nontrivial group
homomorphism, evenif is not injective), andlet z2 R. Then limy oz (t) = 2o
exists,and zp is xed by . Lett 7! t® bethe character by which actsonthe b er
of Or(1). Dening (z; ) = a, Mumford provesthat z is GIT-(semi)stable if and
only if, for all one-parametersubgroups,it is (z; )( )O.

Prop osition 1.4. Let R®® (respctively, R®) be the subsetof GIT-semistable points
(respectively, GIT-stable). Both RS and R® are open subsets. There is a gad
guotient R5® 1 R=G, the image R5=G of RS is open, R=G is projective, and the
restriction RS! RS=G is a geometric quotient.

There is oneimportant casein which a schemeis only quasi-projective but GIT
can be applied to get a projective quotient: Assumethat RCis a G-acted scheme
with alinearization on a line bundle Ogo(1), which is the restriction of a linearization
on an ample line bundle Or (1) on a projective variety R, and R®= RSS, the open
subsetof GIT-semistable points of R. Then we de ne R=G = R=G.

Now we are going to describe Grothendied's Quot-scheme. This stheme param-
eterizes quotients of a xed coherert sheafV on X. That is, pairs (q;E), where
q:V E is a surjective homomorphism and E is a coheren sheafon X. An
isomorphism of quotients is an isomorphism : E ! E°sud that the following
diagram is commutativ e

vl

| .|
\% =

A family of quotients parameterizedby T is a pair (q : pyV Et;Et) where
Er is a coheren sheafon X T, at over T. An isomorphism of families is an
isomorphism : E; ! EQ sud that q = ¢ Recall that X is a projective
scheme endoved with an ample line bundle Ox (1). Therefore, if Et is at over T
then the Hilbert polynomial Pg, is locally constart asa function of t 2 T. If T is
reduced,the corverseis alsotrue.

Fix a polynomial P and a coherert sheafV on X. Consider the contravariant
functor which sendsa scheme T to the set of isomorphism classesof T -families of
sheares with Hilbert polynomial P (and it is de ned as pullback on morphisms).
Grothendied provedthat there is a projective shemeQuoty (V; P), called the Quot
scheme, which represerts this functor. In particular, there is a universal quotient,
i.e., a tautological family of quotients parameterized by Quoty (V;P). We will be
interested in the caseV = V¢ Ox( m), whereV is a vector spaceand m is
su cien tly large.

Given a coherent sheafE, there is an integer m(E) sud that, if m  m(E),
then E(m) is generatedby global sections,h(E(m)) = Pg(m), and hi(E(m)) = 0
for i > O ([H-L, Def 1.7.1]). Assumethat m m(E) and dimV = Pg(m). An
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isomorphismf :V ! HOE(m)) inducesa quotient

q:V cOx( m) T HYE(m) cOx( m) ! E

as above, and this is how a stheme parameterizing basedsheares(f ; E) appearsas
a substhieme of Grothendied's Quot scheme.

Note that if we have a setA of isomorphism classeof sheares,there might not be
an integer m large enoughfor all sheares. A set A of isomorphism classesf sheares
on X is called boundd if there is a family Eg of torsion free sheares parameterized
by a schemesS of nite type,suc that for all E 2 A, thereis at leastonepoint s2 S
sudh that the corresponding sheafEg is isomorphic to E. If a set A is bounded,
then we can nd an integer m such that m  m(E) for all E 2 A, thanks to the
fact that S is of nite type.

Maruyama proved that the set A of semistablesheares with xed Hilbert poly-
nomial is bounded, and it follows that there is an integer mg, depending only on
the polynomial P and (X;Ox (1)), such that mg m(E) for all semistablesheaes
E. This technical result is crucial in order to construct the moduli space. In fact,
if dim X > 1, he was able to prove it only if the base eld has characteristic 0, and
therefore he could only prove the existenceof the moduli spacein this case.Recerily
Langer was able to prove boundednesdor characteristic p > 0, and therefore he was
able to construct the corresponding moduli space[La].

Fix a Hilbert polynomial P, andletm mg. LetY Quoty (V ¢cOx( m);P)
be the open subset of quotients sud that E is torsion free and g induces an iso-
morphism V = HO(E(m)). Let Y be the closureof the opensetY in Quoty (V ¢
Ox ( m);P). Note that thereis anatural action of SL(V) onQuoty (V cOx ( m)),
which sendsthe quotient q:V ¢ Ox( m)! E to the compositionq (g id). It
leavesY and Y invariant, and coincideswith the previously de ned action for based
sheares (f ; E).

To apply GIT, we alsoneedan ample line bundle on Y and a linearization of the
SL(V)-action on it. This is done by giving an embedding of Y in P(V;), where V;
will be a vector spacewith a represenation of SL(V).

There are di erent ways of doing this, corresponding to di erent represenations
V1. One of them correspnds to Grothendied's embedding of the Quot sdheme.
This is the method used by Simpson[Si]. Let q:V ¢ Ox( m) E bea quo-
tient. Let | > m be an integerand W = H%Ox (I m)). The quotient ¢ induces
homomorphisms

g: V cOx(l m) E(I)
o vV W ! O(E(I)
q° POV w) I POHOE(@M) = C

If | is large enough, these homomorphismsare surjective, and give Grothendied's
embedding of the Quot scheme.

N

Quoty (V cOx( m);P) ' P  POv- w-);

Vv
The natural represenation of SL(V) in = PO(v- W-) givesa linearization of the
SL(V) action on the very ample line bundle O (1) induced by this embedding on
Y.
A theorem of Simpson says that a point (g;E) 2 Y is GIT-(semi)stable if and
only if the sheafE is (semi)stableand the inducedlinear mapf : V! HOYE(m)) is
an isomorphism. In other words, Y = Y *°. Therefore, the GIT quotient Y=SL(V)
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is the moduli spaceM (P) of semistablesheares with Hilbert polynomial P. The
Chern classesc; 2 HZ(X;C) in a family of sheaves are locally constart, therefore
the moduli spaceM (r;c;) of semistablesheareswith xed rank and Chern classes
is a union of connectedcomponerts of the schemeM (P).

Another choice of represenation Vi (and therefore, of line bundle on Y and lin-
earization of the action) is the one usedby Gieseler and Maruyama. It is explained
in the lectures of Schmitt.

2. Moduli space of tensors

A tensor of type a is a pair (E;' ) whereE is a torsion free sheafand

:EZ_}T_{E I Oy

is a homomorphism. An isomorphism betweenthe tensors (E;' ) and (E%' 9 is a
pair (f; ) wheref is anisomorphismbetweenE and EC 2 C , and the following
diagram commutes

E a'_/ox

[ o ‘
' 0

EO a —/OX

The de nition of families of tensors and their isomorphismsare left to the reader
([G-S1)).

To de ne the notion of stability for tensors, it is not enoughto look at subsheaes.
We have to consider Itrations E E. By this we always understand a Z-indexed
Itration

Ei1 Ei Eia

starting with 0 and ending with E (i.e., Ex = 0 and E; = E for somek and I). We
say that the lItration is saturated if E' = E;=E; ; is torsion free for all i. If we
delete, from 0 onward, all the non-strict inclusions, we obtain a ltration

O(El(Ez( (Et(Et+1:E 1< < 41

Reciprocally, from a ltration E werecover the Z-indexed Itration E by de ning

Em = E ., Wherei(m) is the maximum index with jm) —m.
Let | = f1;:::;t+ 1g 2 bethe setof all multi-indexes | = (i1;:::;i4) of cardi-
nality a. De ne
(2.1) tens(; E )= Pglin ip T + 0. e Iy E ., 6 0 ;
or, in terms of the Z-indexed lItration,
(22) tens('; E ): II’T21|In |1+ + Ia jEil Eia 6 O

De nition 2.1 (Balanced ltration) . A sattlgated ltr aton E~ E of a torsion
free shaf E is calleda balanced Itr ation if irkE' = 0for E' = Eij=E; 1. In
terms of E , thisis 1 irk(E )= Ofor E ' = E ,=E, ,.

De nition 2.2 (Stability of tensors). Let be a polynomial of degree at mostn 1
(recall n = dim X) with positive leading coe cient. We say that a tensor (E;' ) is
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-(semi)stableif ' is not identically zero and for all balanced Itr ations E  of E,
it is

Xt
(2.3) (i+1 i) rI:’Ei r\P + wns(bE ) ()O
i=1

We will always denoter = rk E andr; = rk Ej. The notion of stability for tensors
looks complicated, but one nds that, in the applications, when the tensor has some
geometric meaning, it can be simplied. We will seesomeexamples.

A framed bunde is atensorof the form (E;" :E! Ox). If E isavector bundle,
then taking the dual we have a section of E-, so this is equivalen to the pairs
(E;' :Ox ! E) consideredby Bradlow, Garc a-Prada and others. In this case,it
is enoughto look at ltrations with onestep, i.e. subsheaesE°( E.

An orthogonal shaf is a tensor of the form (E;' :E E ! Ogyx), whereE is
torsion freeand ' is symmetric and non-degenerate(in the sensethat the induced
homomorphismdetE ! detE- is an isomorphism). A sympletic shaf is analo-
gously de ned, requiring the tensor' to be skew-symmetric instead of symmetric.

Given a subsheafE® E, its orthogonal E® is de ned as the kernel of the
composition

EFE- 1 E?;
where'e is induced by ' .

De nition  2.3. An orthogonal (or symplectic) shaf is (semi)stable if for all or-
thogonal Itr ations, that is, Itr ations with

Ef=E i1
for all i, the following holds
(rPg; riPe)( )O:

It it shavn in [G-S]] that an orthogonal (or symplectic) sheafis (semi)stable if
and only if it is -(semi)stable asa tensor, when hasdegreen 1.

A T-family of orthogonal shearesis a T-family of tensors(Ev;' 1 :ET Et !
Ox 71) sud that ' 1 is symmetric and non-degenerate. Note that, since being
symmetric is a closedcondition, it is not enoughto ched that ' ; is symmetric for
every point t 2 T. On the other hand, being non-degenerateis an open condition,
soit is enoughto ched it for ' ¢, for all pointst 2 T.

A Lie algeba shaf is a pair (E;' ) whereE is a torsion free sheafand

"'E E ! E—

is a homomorphism sud that for ead point x 2 X, where E is locally free, the
induced homomorphismon the ber' (x) : E(x) E(xX)! E(X) is a Lie algebra
structure. An isomorphismto another Lie algebrasheaf(E%"' 9 is an isomorphism
of sheavesf :E ! ECwith ' ¢ (f f)=f .
At rst sight, this doesnot seemto be included in the formalism of tensors, but,
using the canonicalisomorphism
m1

(2.4) ( E)- detE T E—;
a Lie sheafbecomesa tensor of the form
(2.5) (F; :F "™ 1 oy);
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with E = F  detF.

De nition  2.4. A Lie tensor is a tensors of type a = r + 1 which satis es the
following properties

(1) factors throughF F Vi F,

(2) the homomorphism€:F F ! F— detF- assaiated by (2.4) is skew-
symmetric.

(3) the homomorphism € satis es the Jacobi identity.

There is a canonicalbijection betweenthe setof isomorphismclasseof Lie sheares
(E;' :E E! E—)andLietensors(F; :F ™1 1 Ox) (with E=F detF).

If the Lie algebraon the b er E(x) for all x where E is locally free is always
isomorphic to a xed semisimple Lie algebra g, then we say that it is a g-sheaf.
Then, the Killing form givesan orthogonal structure :E E! Ox to E.

De nition  2.5. A g-sheaf is (semi)stableif for all orthogonal algeba Itr ations,
that is, Itr ations with

(1) Ef=E;; and (2) [E;E] Epj—

for all i, j, the following holds
X
(rPg; riPg)( )0:

It is showvn in [G-S2 that a g-sheafis (semi)stable if and only if the assaiated
tensoris -(semi)stable,when hasdegreen 1.

We will sketch how the moduli spaceof tensorsis constructed. The ideais similar
to the construction of the moduli spaceof torsion free sheaves. First we construct
a schemewhich classi es -semistablebasal tensors that is, triples (f;E;' ) where
f :V ! HOE(m)) is anisomorphism,up to a constart, and (E;' ) isa -semistable
tensor. There is a natural embedding of this schemein a product P(V1) P(V),
where Vi and V, are represenations of SL(V). An ample line bundle with a lin-
earization of the SL(V) action is given by Ox (by;bp). The choice of the integers
b, and b, will depend on the polynomial , and the moduli spaceof -semistable
tensorswill be the GIT quotient..

To nd V,, note that the isomorphismf :V ! HOE(m)) and' inducesa linear
map

'V & 1 HYE@mM) 3 ! H%Ox(am)) =: B:
Therefore, the semistablebasedtensor (f ;E;' ) givesa point (q;[])
H P(V2) = Quoty (V cOx( m);P) P (Vv %) B

The points obtained in this way have the property that the homomorphism com-
posedwith evaluation factors as

Va Ox( am)— Ug a

HO(Ox (am)) Ox( am)

ev

Ox
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Let Z° be the closed subshieme of H  P(V,) where there is a factorization as
above, and let Z Z° be the closure of the open subset U Z 0 of points (q :
V. Ox( m)! E;[] sud that the tensoris -semistable.Using Grothendied's
embeddingH ! P(V1), explainedin section 1, we obtain a closedembedding

Z ! P\Vi) P(V2)
We endaw Z with the polarization Oz (by; ), where

b, _ P() (m)  (IHP(m)

by P(m) a(m)

In other words, we usethe Segreembedding

P(Vi) P(V2) ! PV, ™ Vv, ™)

and take the pullback of the ample line bundle Op(1).

It is proved in [G-S]] that a point in Z is GIT-(semi)stable if and only if the

induced linear map f : V! HOE(m)) is an isomorphismand it correspondsto a
-(semi)stable basedtensor. Therefore, the GIT quotient Z=SL(V) is the moduli
spaceof -semistabletensors.

To show how this is usedto obtain moduli spacesof related objects, we will sketch

the construction of the moduli spaceof orthogonal sheares. First we construct the
projective scheme Z as before, for tensors of type a = 2, i.e., of the form (E;'
E E ! Ox). The condition of being symmetric is closed,soit de ned a closed
substiemeR  ZSS, and the GIT quotient R=SL(V) is projective. On the other
hand, the condition of being nondegenerates open, soit de nes an open substieme
R1 R. How can we prove that, after we remove the points corresponding to
degeneratebilinear forms, the quotient is still projective?. The ideais to show that,
if (E;') is degeneratethen it is -unstable (we remark that, to prove this, we need
the degreeof to ben 1). Therefore, R; = R, becauseall tensorscorresponding
to points in R are semistable.

In other words, the moduli spaceof orthogonal sheavesR1=SL(V) is projective
becausethe inclusion R; ] R is proper (in fact, it is the identity). Every time we
imposea condition which is not closed,we have to prove a propernessresult of this
sort, in order to show that the moduli spaceis projective.

The tensorsde ned in this section can easily be generalizedto tensors of type
(a;b;c), that is, pairs (E;' ) consisting of a torsion free sheafand a homomorphism

(2.6) " (E 3) P 1 (detE) ©:

This more generalnotion will be neededin section5.

3. Princip al bundles

Recall that, in the etale topology, an open covering of a scheme Y is a nite
collection of morphismsff; : Ui ! Yg2, sud that ead f; is etale, and Y is the
union of the imagesof the f;.

Note that an\op en etale subset" of a shhemeY is not really a subsetof Y, but an
etale morphismU ! Y. If f : X ! Y isamorphism, by a slight abuseof language
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we will denoteby f 1(U) the pull-back
f 1(U) —Ix

u—Ivy

f

Let G be an algebraic group. A principal G-bundle on X is a stheme P with a
right G-action and an invariant morphism P ! X with a G-torsor structure. A
G-torsor structure is given by an atlas consisting on an etale open covering f U;g of
X and G-equivariant isomorphisms ; :p Y(U) ! U G, with p= py, i (the
G-action on U; G is given by multiplication on the right). Two atlasesgive the
sameG-torsor structure if their union is an atlas.

In short, a principal bundle is locally trivial in the etale topology, and the b ers
are G-torsors. We remark that, if we were working in arbitrary characteristic, an
algebraic group could be non-reduced,and we should have usedusedthe at topol-
0gy.

An isomorphism of principal bundlesis a G-equivariant isomorphism' : P! PO

Given a principal G-bundle as above, we obtain an elemert of the etale coho-
mology set H%(X; G), and this gives a bijection between isomorphism classesof
principal G-bundles and elemerts of this set. Indeed, sincethe isomorphisms ; of
an atlas are required to be G-invariants, the composition i 1is of the form
(x;09) 7! (x; jj(x)9), where j Ui\ U ! G is amorphism, which satis es the
cocycle condition and de nes a classin H&(X; G).

Given a principal G-bundle P ! X and a left action of G in a schemeF, we
denote

P(;F) = P gF = (P F)=G;

the assaiated b er bundle. Sometimesthis notation is shortenedto P(F) or P( ).
In particular, for a represenation of G in a vector spaceV, P(V) is a vector
bundle on X, and if is a character of G, P( ) is a line bundle.

If :G! H isagroup homomorphism,let be the action of G on H de ned
by left multiplication h 7! (g)h. Then, the assaiated b er bundle is a principal
H-bundle, and it is denoted P. We sa that this principal H -bundle is obtained
by extension of structure group.

Let :H ! G beahomomorphismof groups,andlet P be a principal G-bundle
on a schemeY. A reduction of structure group of P to H is a pair (P"; ), where
PH is a principal H-bundle on Y and is an isomorphism between PHY and P.
Two reductions (P"; ) and (Q"; ) are isomorphic if there is an isomorphism
giving a commutativ e diagram

(3.1) pH pH —p

QH QH gp

The names\extension" and \reduction” comefrom the casein which is injective,

but note that thesenotions are still de ned if the homomorphismis not injective.
If is injective, giving a reduction is equivalert to giving a section of the

assaxiated bration P(G=H), where G=H is the quotient of G by the right action
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of H. Indeed, such a section gives a reduction P by pull-back

PH I4/P

X —P(G=H)

and the isomorphism is induced by i. Conversely given a reduction (PH; ), the
isomorphism inducesan embeddingi : P | P, and the quotient by H of this
morphism givesa section asabove.

For example, if G = O(r) and H = GL,, the quotient H=G is the set of non-
degeneratebilinear symmetric forms on the vector spaceC", hence a section of
P (H=G) is just a non-degeneratebilinear symmetric morphismE E ! Oy, where
E is the vector bundle assaiated to the principal GL,-bundle.

To construct the moduli space,we will assumethat G is a connectedreductive
algebraic group. Let G°= [G;G] be the commutator subgroup,and let g= z ¢°
be the Lie algebraof G, where g°is the semisimplepart and z is the certer.

Recallthat, in the caseof vector bundles,to obtain a projective moduli spacewhen
dim X > 1, we had to consideralso torsion free sheares. Analogously, principal G-
bundles are not enoughif we want a projective moduli space,and this is why we
also consider principal G-sheares, which we will now de ne.

De nition  3.1. A principal G-sheaf P over X is a triple P = (P;E; ) consisting
of a torsion free shaaf E on X, a principal G-bundle P on the maximal open set Ug
whete E is locally free, and an isomorphism of vector bundes

P@) T Ejue:

This de nition can be understood from two points of view. >Fom the rst point
of view, we have a torsion free sheafE on X, together with a reduction to G, on
the open set Ug, of the principal GL,-bundle corresponding to the vector bundle
Ejue . Indeed, the pair (P; ) is the samething as a reduction to G of the principal
GL,-bundle on Ug assaiated to the vector bundle Ejy. . It can be shavn that, if
we are given a reduction to a principal G-bundle on a big open set U%( Ug, this
reduction can uniquely be extendedto Ug.

>Fom the other point of view, we have a principal G-bundle on a big opensetU,
hencea vector bundle P (g9, together with a given extension of this vector bundle
on U to atorsion free sheafon the whole of X ..

The Lie algebra structure of g°is semisimple, hence the Killing form is non-
degenerate.Correspondingly, the adjoint vector bundle P (g9 on U hasa Lie algebra
structure P(g9 P(g9! P(g% andanorthogonalstructure, :P(g% P(g9)! Oy.
Theseuniquely extend to give orthogonal and g®sheafstructure to E:

'E E ! O [;)]:E E ! E—

wherewe have to take E— in the target becausean extensionE E ! E doesnot
always exist. The orthogonal structure assignsan orthogonal F? = ker(E | E-!
F-) to ead subsheafF E.

De nition  3.2. A principal G-shaf P = (P;E; ) is said to be (semi)stableif for
all orthogonal algeba Itr ations E E, that is, Itr ations with

(1) Ef=E;; and (2) [Ei;Eil Ejvj—
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for all i, j, the following holdsX
(rPg; r1iPg)( )0

Replacing the Hilb ert polynomials Pe and Pg, by degreeswe obtain the notion
of slope (semi)-stability.

Clearly

slope-stable=) stable=) semistable=) slope-semistable

Since G=GY= C 9, given a principal G-sheaf,the principal bundle P(G=GY ob-
tained by extension of structure group provides q line bundles on U, and since
codimX nU 2, theseline bundles extend uniquely to line bundleson X. Let
di;iii;dg 2 H 2(X;C) betheir Chern classes.The rank r of E is clearly the dimen-
sion of ¢° Let ¢ be the Chern classesof E.
De nition 3.3 (Numerical invariants). We call the data = (di;:::;dg;G) the
numerical invariants of the principal G-shef (P;E; ).
De nition 3.4 (Family of semistableprincipal G-sheares) A family of (semi)stable
principal G-sheaves parameterized by a schemeS is a triple (Ps;Es; s), with Es
a family of torsion free sheves,Ps a principal G-bundle on the open set Ug, where
Es is locally free, and : Ps(g9 ! EsjuES an isomorphism of vector bundes, such
that for all closal points s 2 S the corresnding principal G-sheaf is (semi)stable
with numerical invariants

An isomorphismbetweentwo suc families (Ps; Es; s) and (PQ;E2; Q) is a pair
( :Ps T P :Es T EQ
sud that the following diagram is commutativ e
Ps(g) ——/Esiue,
) ‘ Jug
PS(g%) 4OEgJ'UES

where (g9 is the isomorphism of vector bundlesinduced by . Given an S-family
Ps = (Ps;Es; s) and a morphism f : S°! S, the pullback is de ned as € Pg =
(f Ps;f Es;f® ), wheref =idx f:X S! X SPandf=i (f):Ur £
Ue,, denotingi : Ug; ! X S the inclusion of the open set where Es is locally
free.

We can then de ne the functor of families of semistableprincipal G-sheares

Fg :(Sch=C) ! (Sets)

sendinga schemesS, locally of nite type,to the setof isomorphismclassesf families
of semistableprincipal G-sheareswith numerical invariants . As usual, it is de ned
on morphisms as pullback.

Theorem 3.5. There is a projective moduli space of semistable G-sheaveson X
with xed numerical invariants.

This theorem is a generalization of the theorem of Ramanathan, asserting the
existenceof a moduli spaceof semistableprincipal bundleson a curve.

Note that in the de nition of principal G-sheafwe have used the adjoint rep-
resenation on the semisimplepart g° of the Lie algebra of G, to obtain a vector
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bundle P (g% on a big open set of X , which we extend to the whole of X by torsion
free sheaf. If we usea di erent represenation :G! GL,, we have the notion of
principal -sheaf:

De nition  3.6. A principal -sheaf P over X is a triple P = (P;E; ) consisting
of a torsion free shaaf E on X, a principal G-bundle P on the maximal open set Ug
whete E is locally free, and an isomorphism of vector bundes

P() T Eju:

Now we will give someexamplesof principal -sheaeswhich have already ap-
peared:

If G= GL, and isthe canonical represenation, then a principal -sheafis
a torsion free sheaf.

If G = O(r) and is the canonical represeration, then a principal -sheaf
is an orthogonal sheaf.

If G = SO(r) and is the canonicalrepresertation, then a principal -sheaf

is a special orthogonal sheaf (cf. [G-S1]), that is, a triple (E;"; ) where
' :E E! Ox symmetric and nondegenerateand :detE! Ox isan
isomorphismsuch that det' = 2.

If G= Sp(r) and is the canonical represenation, then a principal -sheaf
is a symplectic sheaf.

If G is semisimpleand is injective, then giving a principal -sheafis equiv-
alent to giving a honestsingular principal bundle [Sth1, Sth2] with respect
to the dual represenation - (seesectionb).

In all these cases(and also for principal G-sheaes,i.e., when :G! GL(g9 is
the adjoint represertation), the stability condition is equivalert to the following:
De nition 3.7 (Stability for principal -sheares) A principal -sheafP = (P;E; )
is said to be (semi)stableif for all reductions on any big open setU  Ug of P to
a parabolic sulgroup Q ( G, and all dominant characters of Q, which are trivial on
the center of Q, the induced Itr ation of saturated torsion free sheaves

Eii1 Ei Eina
satis es the following X
(rPg; riPg)( )0

4. Constr uction of the moduli space of princip al sheaves

In this section we will give a sketch of the construction of the moduli spacein
[G-S2. The strategy is closeto that of Ramanathan.

Let r = dim ¢° and considerthe adjoint representation :G! GL, of Gin ¢°
The idea of Ramanathan is to start by constructing a scheme Ry which classi es
basedvector bundlesof rank r, and then to construct another shemeQ ! Rg such
that the b er over ead basedvector bundle (f ; E) parameterizesall reductions to
G of the principal GL,-bundle E. In other words, Q classi es tuples (f;P;E; ),
wheref is anisomorphismofa xed vector spaceV with H °(E(m)), P is a principal
G-bundle and is an isomorphism betweenthe vector bundle P(; g9 and E.

The problem is that is not injective in general,soit is not easyto construct a
reduction of structure group from GL, to G in one step. Therefore, Ramanathan
factors the represenation  into seeral group homomorphisms,and then constructs
reductions step by step.



LECTURES ON PRINCIP AL BUNDLES 17

Recall that G°= [G; G] is the commutator subgroup. Let Z (respectively, Z9 be
the certer of G (respectively, G9. Note that Z%= GA Z. The adjoint represertation
factors as follows

0 ° .
G —AGg=Zz0 2 lg=z —*Iaut(¢g) —~—/GL,

and the schemesparameterizing these reductions are

0
Rs " RO R, ® Ry ! Ro

In the casedim X = 1 this works well becausea principal G-bundle is semistable

if and only if the assaiated vector bundle is semistable. This is no longer true if

X is not a curve, and this is why, for arbitrary dimension, we do not construct the

schemeRy, but instead start directly with a shhemeR 1, classifying semistablebased

principal Aut( g9-sheaves.

Here Aut( g9 denotesthe subgroupof GL, of linear automorphismswhich respect
the Lie algebra structure. Therefore, a based principal Aut( g9-sheafis the same
thing as a basedg®sheaf.

Using the isomorphism (2.4), we can describe a g%sheafasa Lie tensor (de nition
2.4). such that the Lie algebra structure induced on the b ers of E, over points
x 2 X whereE is locally free, is isomorphic to g°

Choose a polynomial of degreedim X 1, with positive leading coe cien t.
We x the rst Chern classto be zero. This is becausewe are interested in g%
sheaves, and sinceg®is semisimple,its Killing form is nondegenerate henceinduces
an orthogonal structure on the sheaf,and this forcesthe rst Chern classto be zero.

We start with the scheme Z, de ned in section 2, classifying based tensors of
typea=r + 1. This schemehas an open subsetZ *° corresponding to -semistable
tensors. Conditions (1) to (3) in the de nition of Lie tensor are closed,hencethey
de ne a closedsubstiemeR  Z35. Using the isomorphism (2.4), we seethat the
stheme R parameterizesLie sheares. Recall that a Lie sheaf structure induces a
Kiling form :E E! Ox.

Lemma 4.1. There is a subschemeR; R correspnding to those Lie tensors
which are gtensors.

The family of Lie sheares parameterized by R gives a family of Killing forms
Er Er! Ox r, and hencea homomorphismf : detEr ! detEg. We have
xed the determinant of the tensorsto be trivial, hencedetER is the pullback of
a line bundle on R, and therefore the homomorphismf is nonzeroon an open set
of the form X W, where W is an open set of R. The open set W is in fact the
whole of R. This is becauseif z is a point in the complemen, it correspondsto a
Lie sheafwhoseKilling form is non-degenerate,and hencehas a nontrivial kernel.
Using this, it is possibleto construct a Itration which shows that this Lie sheafis

-unstable whendeg = dimX 1, but this cortradicts the fact that R Y S5,

The Killing form of a Lie algebrais semisimpleif and only if it is non-degenerate.
Therefore, for all points (x; t) in the opensubsetUg, X R whereERr is locally
free, the Lie algebrais semisimple.

SemisimpleLie algebrasare rigid, that is, if there is a family of Lie algebras,the
subsetof the parameter spacecorresponding to Lie algebrasisomorphic to a given
semisimpleLie algebrais open. Therefore, since Ug is connectedfor all torsion free
shearesE, all points (x;t) 2 Ug, X R wheretisina xed connectedcomponert
of R, give isomorphic Lie algebras. Let R; be the union of those componerts whose

fo

f3 i
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Lie algebrais isomorphicto g The inclusion

i:R1) R
is proper, and hence, since the GIT quotient R=SL(V) is proper, also the GIT
qguotient R1=SL(V) is proper. Note that, to prove propernessof i, two facts about
semisimple Lie algebras were used: rigidity, and nondegeneracyof their Killing
forms.

For simplicity of the exposition, to explain the successie reductions, rst we will
assumethat for all g%sheaves(E ;" ), the torsion free sheafE is locally free. In other
words, Ug = X (this holds, for instance, if dim X = 1). At the end we will mention
what hasto be modi ed in order to considerthe generalcase.

The group G=Z is the connected componert of identity of Aut(g9. Therefore,
giving a reduction of structure group of a principal Aut(g9-bundle P by 5 is the
samething as giving a section of the nite etale morphism P(F) ! X, whereF
is the nite group Aut(g)=(G=Z). This implies that R, ! R; is a nite etale
morphism, whoseimage is a union of connectedcomponerts of Rj.

There is an isomorphism of groups G=2° = G=G° G=Z, and { is just the
projection to the secondfactor. Therefore, a reduction to G=Z ° of a principal G=Z -
bundle PG<Z s just a pair (PCG=C"; PG<Z) where PSZ is the original G=Z-bundle
and PS¢’ is a G=G%bundle. But

z_} —
G=G’= C i {c ;
hencethis is just a collection of g line bundles, whoseChern classesare given by the
numerical invariants which have been xed. This implies that there is an isomor-
phism
z_} —
RY=1J I 4 R2;

where J is the Jacobianof X .

Finally, we have to consider reductions of a principal G=Z %bundle to G, where
Z%is a nite subgroupof the certer of G. There is an exact sequenceof pointed sets

(the distinguished point being the trivial bundle)
Ha(X:Z9) | Ha(X;G) | Ha(X;G=Z9H | HE((X:Z):

Note that Zis abelian, therefore H (X ; Z9 is an abelian group, and it is isomorphic
to the singular conomologygroup H'(X ; Z9, hence nite. A principal G=Z “bundle
admits a reduction to G if and only if the image by of the corresponding point
is 0. This is an open and closed condition, therefore there is a subsheme R9 of
RY, consisting of a union of connectedcomponerts, corresponding to those principal
G=Z-bundles admitting a reduction to G.

Let (PC; ) be a reduction to G of a principal G=Z2%bundle. It can be shown
that the set of isomorphism classesof all reductions to G is in bijection with the
cohomologyset H%(X;Z9; with the unit elemen of this set corresponding to the
chosenreduction (P€; ). This cohomologyset is an abelian group, becausez % is
abelian. Therefore, the set of reductions of a principal G=Z%bundle to G is an
HZL(X;Z29-torsor, and this implies that Rz ! RY is a principal H(X;Z9-bundle.
Using that this cohomologyset is a nite set (in fact isomorphic to the singular
cohomologygroup H (X ;Z29), and that FQS is a union of connectedcomponerts of
RY, it follows that R3! R is nite etale.
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Ramanathan [Ra, Lemma 5.1]proves that, if H is a reductive algebraic group,
f :Y! SisanH-equivariant ane morphism,andp:S! Sisagood quotient,
then Y has a good quotient g : Y ! Y and the induced morphism f is ane.
Moreover, if f is nite, f is also nite. When f is nite and p is a geometric
quotient, alsoq is a geometric quotient.

The group SL(V) acts on all the shemesR;, and the morphisms f, and f3
are equivariant and nite. Therefore, we can apply Ramanathan's lemmato those
morphisms.

The morphismf9:J 9 R, ! R;isjust projection to a factor, and the group
acts trivially on the b er, thereforeif p, : R, ! M is a good quotient of Ry,
J 9 M will give a good quotient of RS. Furthermore, if p, becomesa geometric
qguotient when restricting to an open set, the samewill be true after taking the
product with J 9.

Using GIT, we know that R; has a good quotient M ;, which is a geometric
qguotient when restricting to the open set of stable points. Therefore, the same
holds for all these schemes, and the good quotient of R3 is the moduli space of
principal G-bundles.

The successie reductions in higher dimension are very similar to the reductions
in the caseX is acurve, exceptfor the technical di cult y that the principal bundles
in generalare not de ned in the whole of X, but only in a big openset. To overcome
this di cult y, we need\purit y" results for opensetsU X when U is big. We will
discussthem one by one.

First we considerreductions of a principal Aut( g9-bundle P to G=Z. Theseare
parameterizedby sectionsof the assaiated bration P (F), whereF = Aut(g9=(G=2)
is a nite group. If P is a principal bundle on a big open set U, P(F) is a Galois
cover of U, given by a represenation of the algebraic fundamertal group of (U)
in F. SinceU is a big openset, (X) = (U) (purity of fundamertal group), and
hencethe Galois cover P(F) of U extends uniquely to a Galois cover of X. This
implies that, even if dim X > 1, the morphism R, ! Rj is still nite etale, asin
the curve case.

Giving a reduction of a principal G=Z-bundle on U to a principal G=Z %bundle is
equivalent to giving g line bundleson U. SinceU is a big open set, the Jacobians
of U and X are isomorphic (purity of Jacobian), and hence we still have R =
J(X) 9 Ra.

Finally, we have to consider reductions of principal G=Z %bundlesto G. Using
the fact that U is a big open set, there are isomorphisms HL,(X;Z29 = HL(U;Z29
fori = 1;2. Therefore, the argumerts usedfor the caseU = X still hold in general,
and it follows that Rz ! RY is etale nite.

5. Constr uction of the moduli space of princip al -sheaves

In [Sh1, Sh2], A. Schmitt xes a semisimplegroup G and a faithful represerta-
tion , de nes semisimplehonestsingular principal bundle with respect to this data
(seede nition below), and constructs the corresponding projective moduli space.
Giving sudh an object is equivalert to giving a principal --bundle, where - is
the dual represertation in V-. In this section we will give a sketch of Sdmitt's
construction.

Let G be a semisimplegroup, and : G ! GL(V) a faithful represenation. A
honest singular principal G-bundle is a pair (A; ), where A is a torsion free sheaf
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on X and

:Sym (A V)¢ I Oy
is @ homomorphism of Ox -algebrassuch that, if :X ! Hom(V Ouy;Ajg)=Gis
the induced morphism, then

(U) Isom(V Ouy;Ajg)=G Hom(V Oy;Ajg)=G:

It can be shown that the points in the ane U-schemelsom(V ¢ Oy;Ajg) arein
the open set of GIT-p olystable points of Hom(V ¢ Oy;Ajg), under the natural
action of G, therefore the previous inclusion makessense.

Note that the homomorphism is uniquely de ned by its restriction to U
X, therefore, giving a honest singular principal G-bundle is equivalent to giving a
principal --sheaf(P;E; ), where - :G! GL(V-) is the dual represenation, P
is a principal GLp-bundle, E = A, and isinducedby jy.

In other words, in a principal -sheaf,we extend to the whole of X, as a torsion
freesheafE, the vector bundle assaiatedto , whereas,is a honestsingular principal
G-bundle assciated to , we extend the dual of the vector bundle assiated to

The idea of Sthmitt's construction is to transform into a tensor. Note that s
an in nite collection of Ox -module homomorphisms

(5.1) i Sym(A V)® I Ox;
but, sinceSym (A V)€ is nitely generatedas a Ox -algebra, there is an integer
S sud that

(1) the sheaf

Sym(A V)©
i=1
cortains a set of generatorsof the algebra, and
(2) the subalgebra

M
Sym®)(A  V)C = Sym™M(A  V)©
m=0
is generatedby elemernts in Sym®' (A V)C.
Using the homomorphisms g, we construct a homomorphism of Ox -modules

M e .
(5.2) sym® sSym'(A V)© Sym™(A  V)® F Oy
P idj=s! i=1
Note that the vector space
M o .
Sym% sym'(C" V)®
P idi=s! i=1

has a canonical represenation of GL,, homogeneousf degrees!, and henceit is a

quotient of the represetation
N

e (cH °
for appropriate valuesof a, b and ¢. Therefore, there is a surjection

M o .
(53) (A 3P (detA) ¢ . symd Sym'(A V)©
idi=s! =1



LECTURES ON PRINCIP AL BUNDLES 21
and composing (5.2) with (5.3) we obtain a tensor of type (a;b;c), asin (2.6).
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