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This article arosefrom a seriesof three lectures given at the Banadh
Cernter, Warsaw, during the period of 24 March to 13 April, 2003.

Morse functions are useful tool to reveal the geometric formation of its
domain manifolds M. They indicate the handle decompsitions of M from
which the additive homologiesH (M) may be constructed. In theselectures
two further issueswere emphasized.

(1) How to nd a Morse function on a given manifold?

(2) From Morse functions can one derive the multiplicativ e cohomology
rather than the additive homology?

Without attempting to a thorough study of the questions,the aim of these
talks is to presen the audienceconcreteexamplesshaving the perspectives
that thesequestionsmight lead us to.

| am very grateful to Piotr Pragaczfor arranging me the opportunity to
speak of the wonder that | have experiencedwith Morse functions, and for
his hospitality during my stay in Warsaw. Thanks are alsodueto Dr. Marek
Szyjewski,who took the notesfrom which the presen article was initiated.

1 Computing homology: a classical metho d

There aremany ways to introduceMorseTheory. Howeer, I'd liketo presen
it in the realm of e ective computation of homology (cohomology)of mani-
folds.
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Homologytheory is a bridge betweengeometryand algebrain the sense
that it assignsto a manifold M a gradedabelian groupH (M) (gradedring
H (M)), assignsto amapf : M ! N between manifolds the induced
homomorphism

f :HM)! H(N)(resp.f :H (N)! H (M)).
During the past certury this idea has beenwidely applied to translate geo-
metric problems concerningmanifolds and mapsto problemsabout groups
(or rings) and homomorphisms,so that by solving the latter in the well-
deweloped framework of algebra,one obtains solutionsto the problemsiniti-
ated from geometry

The rst problem oneencourters when working with homologytheory is
the following one.

Problem 1. Givena manifold M, computeH (M) (as a gradedabelian
group) and H (M) (as a gradedring).

We beginby recalling a classicalmethod to approad the additive homol-
ogy of manifolds.

1-1. Homology of a cell complex

The simplest geometricobject in dimensionn, n 0, is the unit ball in
the Euclideann-spaceR" = fx = (X1; ;Xn) ) Xi 2 Rg
DM"=fx 2 R"jkxk® 1g.
which will be called the n-dimensionaldisk (or cell) . Its boundary presens
us the simplest closed(n 1) dimensional manifold, the (n 1) sphere
S" 1= @"=fx2R"jkxk?= 1g.

Letf :S" 1! X bea cortinuousmap from S" ! to a topological space
X. Fromf onegets

(1) an adjunction spaceX; = X [ D'= Xt D'=y2S" 1 f(y)2 X,
called the spaceobtained from X by attaching an n-cell using f .

2



(2) a homology classf [S" 1] 2 H, ((X;Z) which generatesa cyclic
subgroupof H, 1(X;Z): a = H [S" i H, ((X;2).

We obsene that the integral homologyof the newspaceX [ ; D" canbe
computedin terms of H (X ;Z) and its subgroupas .
Theorem 1. Let Xy = X [ D". Then the inclusioni : X ! Xj
1) inducesisomorphismsH,(X;Z) ! Hy(X¢;Z) forallk 6 r;r 1;
2) ts into the short exact sequences
0! a ! H, «(X;2)! H 1(Xs:2)! ©
Doy , Oif jasj=1
0! H,(X;Z2)!" H(Xf;2)! Z1 0if jaj<1.
Pro of. Substituting in the homology exact sequencef the pair (X ;X)
Hi(X¢:X;2Z) = g'iffl:f:rr’
and noticing that the boundary operator mapsthe generatorof H, (X¢; X ; Z)
= Ztof [S" 1], oneobtains (1) and (2) of the Theorem.

De nition 1.1. Let X be a topological space. A cell-decompsition of
X is asequenceof subspaceX, X, Xm 1 Xm = X sothat

1) X, consistsof nite many points X, = fp;;  ;pg;

2) Xk = Xk 1[+, D, wheref; : @' = S« 11 X, ;isa cortinuous
map.

Moreover, X is called a cell complexif a cell-decompsition of X exists.

Two commerns are ready for the notion of cell-complexX .

(1) It can be build up using the simplest geometric objects D", n =
1,2 by repeatedly applying the sameconstruction as\attac hing cell;

(2) Its homologycanbe computedby repeatedly applications of the single
algorithm (i.e. Theorem1).

The conceptof cell-complexwas initiated by Ehresmannin 1933-1934.
Suggestedy the classicalwork of H. Scubert in algebraicgeometryin 1879
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[Sd], Ehresmannfound a cell decompsition for the complex Grassmannian
manifolds from which the homology of thesemanifolds were computed [Eh].
The cellsinvolved are currently known as Scubert cells (varieties) [MS].

In 1944, Whitehead [Wh] described a cell decompsition for the real
Stiefel manifolds (including all real orthogonal groups) for the purposeto
computethe homotopy groupsof thesemanifolds, wherethe cellswere called
the normal cells by Steenral [St] or Schubert cells by Dieudonre [D, p.226].
In terms of this cell decompsitions the homologiesof these manifolds were
computed C. Miller in 1951[M]. We refer the readerto Steenral [St] for the
correspnding computation for complexand quaternionic Stiefel manifolds.

While recalling the historical everts that nding a cell decomposition of
a manifold was a classicalapproad to computing the homology it should
be noted that it is generallya di cult and tedioustask to nd (or to de-
scribe) a cell-decompsition for a given manifold. We are looking for simpler
alternatives.

1-2. Attac hing handles (Construction in manifolds)

\A ttaching cells" is a geometricprocedureto construct topologicalspaces
by usingthe elemenary geometricobjectsD',r 0. The correspnding con-
struction in manifolds are known as\attac hing handles" or more intuitiv ely,
\ attaching thickenedcells'.

Let M be an n-manifold with boundaryN = @, andletf :S" 11 N
be a smaoth enbeddingof an (r  1)-spherewhosetubular neighborhood in
N istrivial: T(S" 1)=S" 1! D" . Of course,asin the previous section,
onemay form a newtopologicalspaceM; = M [ ; D" by attaching anr-cell
to M by usingf. Howewer, the spaceM; is in generalnot a manifold!



Newertheless,one may construct a new manifold M ° which cortains the
spaceM; asa \strong deformationretract” by the procedurebelow.
Step 1. To match the dimensionof M, thicken the r-disc D" by taking
product with D" '
D" 0 D" D" ' (athickenedr-disc)
and note that @Db" D" ")=S" ! D" '"[ D S"r 1
Step 2. Choosea di eomorphism
Sr 1 D" r( D' D" r)! T(sr) M
that extendsf in the sensethat ' jS" ' fOg=f;
Step 3. Gluing D" D" ' to M by using' to obtaihnM°= M [. D
D" .

Step 4. Smoothing the angles[M3;].

De niton  1.2. M’ is called the manifold obtained from M by adding
a thickenedr cell with core M;.

Remark. The homotopy type (hencethe homology) of M dependson
the homotopy class[f]2 , (M) of f.

The di eomorphism type of M ° dependson the isotopy classof the em-
beddingf (with trivial normal bundle), and a choiceof' 2 ((SO(n r)).

InsideM’= M [. D' D" ' one nd the submanifoldM M ° aswell
asthe subspaceM; = M [ D" fOg M°=M[. D" D" ' in which the
inclusionj : Ms ! M° is a homotopy equivalence. In particular, j induces
isomorphismin every dimension



H«(M¢:Z) ! He(M%Z), k 0.
Consequetly, the integral cohomologyof the new manifold M ° can be ex-
pressedn terms of that of M togetherwith the classf [S" ]2 H, 1(M;Z)
by Theorem1.
Corollary . Let M’ be the manifold obtained from M by adding a thick-
enedr cell with core M;. Then the inclusioni :M ! M’
1) inducesisomorphismsH(M;Z) ! H(M"Z) forall k 6 r;r 1
2) ts into the short exact sequences
0! a! H, {(M;2)! H, «(M%32)! 0

. . Oif jasj=1
| | |
0! H/(M:Z)! H(M52) L ot ai<1.

De nition 1.3. Let M be a smooth closedn-manifold (with or without
boundary). A handle decomposition of M is a Itration of submanifolds
M: M, Mm 1 My = M sothat

Q) M, =D"

(2) M4; is amanifold obtained from My by attaching a thickenedr-cell,
Ik n.

If M is endaved with a handle decompsition, its homology can be com-
puted by repeatedly applications of the corollary
H(M)7'H My 7! 7' H (M).
Now, Problem 1 can be stated in geometricterms.
Problem 2. Let M be a smooth manifold.
(1) DoesM admits a handle decompsition?;
(2) If yes, nd one.

2 Elements of Morse Theory

Using Morse function we prove, in this section, the following result which
ansvers (1) of Problem 2 a rmativ ely.

Theorem 2. Any closedsmaooth manifold admits a handle decomposi-
tion.

2-1. Study manifolds by using functions: the idea

Let M be a smooth closedmanifold of dimensionn andletf : M ! R
be a non-constan smooth function on M. Put

a=minff(x)jx2 Mg, b= maxtf(x)jx2 Mag.
Then f is actually a map onto the interval [a;b].



Intuitiv ely, f assignsto eat point x 2 M a height f (x) 2 [a;b]. For a
c 2 (a;b), thosepoints on M with the sameheiglt c (i.e. L= f (c)) form
the level surfaceof f at level c. It cuts the whole manifold into two parts

M =M, [ M
with
M, =fx2 M jf(x) cg(the part belov L)
MI =fx2Mjf(x) cg(the part abovel,)
andwith L= M, \ M{

In general,given a sequenceof real numbersa = ¢; < < Cy = b, the

m 2level surfacesL.,2 i m 1,denesa ltration onM
(A) M1 M Mm 1 Mp=M,
with M; = Mci'

Our aim is to understandthe geometricconstruction of M (rather than
the functions on M). Naturally, one expectsto nd a good function f as
well assuitablerealsa= ¢; < ¢ < < ¢y = bsothat

(1) ead M; is a smooth manifold with boundary L, ;

(2) the changein topology betweenead adjoining pair My My, is as
simple as possible.

If this can be done,we may arrive at a global picture on the construction of
M.

Among all smaoth functions on M, Morsefunctions are the onessuitable

for this purpose.

2-2. Morse functions

Letf : M | R beasmooth function on a n-dimensional manifold M
andlet p2 M bea point. In alocal coordinates(x;; ;Xp) certered at p
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(i.e. a Euclidean neighborhood around p) the Taylor expansionof f near p
reads

f(xe;, xa)=a+  bxi+ XX + o(kxk3),
1in 1106 n
in which
a=f(0);
h = %(O), 1 i n;and
1

G = 352501 ij n

Let T,M be the tangert spaceof M at p. The n n symmetric matrix,
Ho(f) = (g): ToM  ToM ! R (resp. T,M ! T,M)

called the Hessianform (resp. Hessianoperator) of f at p, can be brought

into diagonalform by changingthe linear basisf &; ;29 of T,M
Hof)= () Os (1) (I),s+r+t=n.

De nition 2.1. p2 M is called a critical point of f if at whereb = 0
forall1 i n. Write ¢ forthe setof all critical points of f .

A critical point p2 + is called non-degeneratdf at wheres = 0. In this
casethe number r is calledthe index of p (as a non-degenerateritical point
of f), and will be denotedby r = I nd(p).

f is said to be a Morse function on M if its all critical points are non-
degenerate.

The three items \ critical point”, \ non-degeneratecritical point” aswell
asthe \index" of a nondegeneratecritical point speci ed in the above are
clearly independert of the choice of local coordinates certered at p. Two
useful properties of a Morse function are given in the next two lemmas.

Lemma 2.1. If M is closedandif f is a Morsefunction on M, then ;
IS a nite set.

Pro of. The set ; admits an intrinsic description without referring to
local coordinate systems.

The tangert map Tf : TM ! R of f givesrise to a crosssection s :
M ! T M forthe cotangern bundle : T M ! M. Let :M! TM
be the zerosectionof . Then ; = [ (M)]. f is a Morse function is
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equivalent to the statemen that the two enbeddings ¢; :M ! T M have
transverseintersection.

Lemma 2.2 (Morse Lemma, cf. [H; p.146]). If p 2 M is a non-
degeneratecritical point of f with index r, there exist local coordinates
(X1;  ;Xp) certered at p sothat

f(xl; ;Xn) - f(O) 1 rXi2+ r<i n

(i.e. the standard nondegenerateguadratic function of index r).
Pro of. By a linear coordinate changewe may assumethat
(250D = ( 1) (I o).
Applying the fundamertal Theorem of calculustwice yields the expansion
B flai x)=FO+ o xixihy (%)
in which
by (x) = Rol Rol %(stxl; ; stx,,)dtds.
The family of matrix B(x) = (b (X)), x 2 U, may be consideredasa smooth
map
B:U! R"%"(=the vectorspaceofalln n symmetric matrices).
with B(O) = ( I,) (I, ), whereU M is the Euclidean neighborhood
certered at p. It follows that
\thereis a smooth map P : U! GL(n) sothat in someneighborhood
Vof 02U,
B(x)=P)f( 1) (In ()gP(x) and P(0) = I,".
With this we infer from (B) that, for x = (X1; ;X)) 2 V
fX)=fO)+xB(X)x =fO)+xP)f( I;) (I »)gP(x) x .
It implies that if one makesthe coordinate change
(i, 3¥n) = (X1 ;Xa)P(X).
on a neighborhood of 02 U then onegets

f(y, :ya)=f(0) 1iryi2+

xf

yZ.

r<i n
2-3. Geometry of gradient o w lines

The rst information we canderive directly from the de nition of a Morse
functionf : M I R consistsof

(1) the set ¢ of critical points of f ;

(2) the index function Ind: ¢! Z.

Equip M with a Riemannianmetric sothat the gradiert eld of f
v=grad(f):M! TM,
is de ned. One of the very rst thing that one learns from the theory of
ordinary di erential equationsis that, for eat x 2 M, there existsa unique
smooth curve'  : R! M subject to the following constrairts
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(1) the initial condition: ' 4(0) = Xx;

(2) the ordinary di erential equation2x® = v(* ,(1));

(3) ' x variessmaothly with respectto x 2 M in the sensethat

\the map' : M R! M by (x;t) ! ' ,(t) is smooth and, for every
t 2 R, the restricted function' : M ftg! M is a di eomorphism."

De nition 2.2. Forx2 M letJy=1Im"', M, andcallit the gradiert
ow line of f through x.

An alternative description for Jy is the following. It is the image of the
parameterizedcurve ' (t) in M that satis es

1) passingthrough x at the time t = O;

2) at any point y 2 Jy, the tangert vector ‘fj—t to Jy at y agreeswith the
valueof v at y.

We build up the geometricpicture of ow linesin the result below.

Lemma 2.3 (Geometry of gradiert o w lines).

(1) x2 ¢, Jy consistsof a point;

(2) 8x;y 2 M we have either J, = Jy, or Jy\ Jy, = ;;

3) if x 2 ¢, then Jx meetslevel surfacesof f perpendicularly; and f is
strictly increasingalong the directed curve Jy;

(4)if x 2 ¢, the two limits tIIilm ' «(t) exist and belongto .
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Pro of. (2) comesfrom the fact that ' - )(s) = ' x(t + ).
(3) is veried by
40 = gradf; 20 = jgradfj® > 0.
Sincethe function f ' «(t) isboundeda f' 4(t) bandismonotonein t,
the limits t'Iilm f' x(t) exist. It follows from (3) that tIIilm jgrad fj®= 0.

This shaws (4).

The most important notion subordinate to ow linesis:
De nition 2.3. Forap2 ¢ wewrite

sm= [ _Ilfpg T(= [ Il Tpg
lim, - x(O=p alim “x®=p
Thesewill be called respectively the descendingcell and the ascendingcell
of f at the critical point p.
The term \ cell' appearingin De nition 2.3isjusti ed by the next result.
Lemma 2.4. If p2 ¢ with Ind(p) = r, then (S(p);p) = (R";0),
(T(p);p) = (R" ";0), and both meettransverselyat p.
Pro of. Let (R";0) (M;p) be an Euclidean neighborhood certered at
p sothat
f(x;y) = f(0) jxj®+ jyj? (cf. Lemma?2.2),
where(x;y) 2 R"=R" R" ". We rst examineS(p)\ R" and T(p)\ R".
On R" the gradiert eld of f is easilyseento be gradf = ( 2x; 2y). The
ow line Jy, through a point xo = (a;p) 2 R"=R" R" "is
' () = (ae #;bét);t 2 R.
Now one seesthat
Xo2 S(E)\ R™ () lim " (1) = O@)() b= 0,
Xo2 T\ R () lim " (1) = O(p)( ) a=o.
It follows that
© Sp)\ R"=R" fO0g R T(p\ R"=f0g R"" R"
and both setsmeettransverselyat 0= p.
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Let S" ! be the unit spherein R" and put
S =S(p)\ S" (resp.S, = T(p\ S" I).
Then (C) impliesthat S = S" ! (resp. S, = S" ' ). Furthermore, (2) of
Lemma 2.3 implies that, for any x 2 S(p), Jx = J, for someuniquev 2 S
becauseof ' ,(t) 2 S(p) \ R" for sucient larget with t'Iir+n1 () = p.

Therefore

S = [ v fpg(resp. T(p)= [ JIv[ Tpg).
That is, S(p) (resp. T(p)) is an open coneover S (resp. S.) with vertex
p.

Summarizing, at a critical point p2 ¢,

(1) the ow lines that growingto p (ast ! 1) form an open cell of
dimension| nd(p) = r certered at p which lies below the critical level Ly ;

(2) those ow linesthat growing out of from p (ast! 1 ) form an open
cell of dimensionl nd(p) = n r certered at p which lies above the critical
level Ls (p) -

2-4. Decomp osition of a manifold

Our proof of Theorem?2 indicatesthat the setof descendingellsf S(p)
M jp2 ¢gofaMorsefunction on M furnishesM with the structure of a
cell complex.

Pro of of Theorem 2. Letf : M ! [a;b be a Morse function on a
closedmanifold M with critical set ; andindexfunctionIind: ¢! Z. By
Lemma 2.1 the set ; is nite and we can assumethat elemens in ; are

orderedasfp:; ;pmg by its valuesunder f
a=f(p)<f(p)< <f(pm 1) <f(pm)= b[My, section4].
Takeacg 2 (f(p);f(p+1)), i m 1. Then ¢ is a regular value of f .

As aresult M; = f a;g] M is a smooth submanifold with boundary
@ = L. Moreover we get a ltration on M by submanifolds

Ml M2 Mm 1 Mm =M.
We establishtheorem 2 by shawing that
1) M, =D";

2) For ead k thereis an embeddingg: S" 1! @ sothat

Mi [ S(pk+1) = M [ D", r=Ind (px+1);
3) M1 = M [ D" D" " with coreMy [ 4D".

1) Let R" be an Euclidean neighborhood around p; sothat
f(xy;  iXp)=a+ X?
herewe have madeuseof the fact I nd(p,) = 0 (becausd attains its absolute
minimal value a at p;) aswell asLemma2.2. Sincec; = a+ " we have
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f a;c]=fx2 R"jkxk? "g=D".
2) With the notation introducedin the proof of Lemma 2.4 we have
(D) S(Pkea) = o vl T

whereS = S" 1 r = Ind(pk+1), and whereJ, is the unique ow line ' ,(t)
with ' ,(0) = v and with tIIi[rn1 "v(t) = Pyt

Foravz2 S, t'Iilm "v(t) 2 fp; ipkg I nt(My) by (4) and (3) of
Lemma 2.3. SoJ, must meet @1, at some unique point. The map g :

S I @Ik sud that g(v) = J,\ @ is now well de ned and must be an
embeddingby (2) of Lemma2.3. WegetMy[ S(pk+1) = M [ ¢D" form (D).

3). In [My, p.33-34], Milnor demonstrated explicitly two deformation
retractions
[ Mt FEM[ DT D" "R My [ S(prst)
whereR; doesnot changethe di eomorphism type of My.; and whereD"
D" " is a thickening of the r-cell correspnding to S(pk+1)-

3 Morse functions via Euclidean geometry

Our main theme is the e ective computation of the additive homology or
the multiplicativ e cohomologyof a given manifold M. Recall from sectionl
that if M is furnished with a cell decomposition, the homologyH (M) can
be accessedby repeatedly application of Theorem1. We have seenfurther in
section2 that a Morse function f on M well indicates a cell-decompsition
on M with ead critical point of index r correspnds to an r-cell in the
decomposition. The questionremainsto usis
How to nd a Morse function on a given manifold?
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3-1. Distance function on a Euclidean submanifold

By a classicalresult of Whitney, ewery n-dimensionalsmaooth manifold
M can be smoothly enbeddedinto Euclidian spaceof somedimensionless
than 2n + 1. Therefore,it su ces to assumethat M is a submanifoldin an
Euclidean spaceE.

A point a2 E givesriseto afunction f,: M ! R by fa(x) = kx ak?,

Let . bethe setof all critical points of this function. Two questionsare:
(a) How to specify the critical setof f,?
(b) For which choiceof the point a2 E, f, is a Morse function on M ?

For a point x 2 M let TuM E be the tangert planeto M at x (an

ane planein E with dimensionn). Its orthonormal complemenm
«x=fTv2E|jv? Mg

is calledthe normal planeto M at x. We state the answersto questions(a)
and (b) in

Lemma 3.1. Letf,: M ! R beasabove.

1) a=fx2Mja x2 g

(2) For almostall a2 E, f, is a Morse function.

Proof. The function g, : E! R by x! kx ak? hasgradiert eld
grad, g, = 2(x a). Sincef,=g,JM,forax2 M,

grad, f, =the orthonormal projection of 2(x a) to TyM.
Sox 2 4 (i.e. grad, f, = 0)isequivalert to 2(x a) ? TxM. This shows
(1).

Let E be the focal set of the submanifoldM  E. It canbe shown
that f, is a Morsefunction if andonly if a2 En. (2) follows from the fact
that hasmeasure0in E (cf. [M,, p.32-38]).
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3-2. Examples of submanifolds in Euclidean spaces

Many manifolds important in geometry are already sitting in Euclidean
spacesn someready-madefashion. We presen sud examples.

Let F beoneof R (the eld of reals) C (the eld of complex)or H (the
division algebraof quaternions). Let E be one of the following real vector
spaces:

the spaceof n  n matricesover F: M (n; F);

the spaceof complexHermitian matrices:

S(n;C)=1fx2 M(n;C) jx = Xg;
the spaceof complexsymmetric matrices
S*(n;C)=fx2M(n;C)jx = Xg;
the spaceof real skew symmetric matrices:
S 2n;R)=fx2M(@2n;R)jx = Xg.
Their dimensionsasreal vector spacesare respectively
dim M(n;F) = dim F n?
dim S(n;C) = n(n+ 1);
dim S*(n;C)=n(n 1)
dm S (2n;R) = n(2n 1).
Further, E is an Euclideanspacewith the metric speci ed by
h;yi = Re[Tr(x y)], x;y 2 E,
where meanstransposefollowed by conjugation.

Considerin E the following submanifolds
O(n;F)=fx2M(n;F)jx x= 1,9
Ghk = fx2 S*"(n;C) jx?=1,, I(x) = Kkg;
LG, =1fx 2 S(n;C) j XX = I,0;
CS,=fx2S (2n;R)jx?>=I,0,
where [(X) means\the number of negative eigervalues of x"and where |,
is the idertity matrix. The geometricinterestsin these manifolds may be

illustrated in 8
< O(n) if F = R: the real orthogonal group of rank n;

O(n;F) = U(n) if F = C: the unitary group of rank n;
Sp(n) if F = H: the symplectic group of rank n;

Ghk: the Grassmannianof k-subspacesn C";

LG,: the Grassmannianof Largrangian subspacesn C";

CS,: the Grassmannianof complexstructures on R?";

3-3.Morse functions via Euclidean geometry

Let0< ;< < , be asequenceof n reals,and let a 2 E be the
point with
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8
< diagf 1; ; ngif M 6 CS;;
2.0 2, J = (1) 01 Jif M = CS,.

With respect to the metric on E speci ed in 3-2, the function
fa:M ! R, fa(x)=kx ak?

admits a simple-looking expression

fa((Xj)) = xi + hsai 2ha;xi
i Re(xji) if M = Gk, O(n;F), LG,; and

const 2 i X2 1:2i if M = CSn
For a subsequencé = [i;; ;i;] [1; ;n], denoteby |, 2 E the point
diagf"y; ;"ngif M 6 CS;;
T "oJ if M = CS,,

where", = 1if k21 and" = 1 otherwise.

Theorem 3. In ead of the above four casesf, : M ! R is a Morse
function on M . Further,
(1) the set of critical points of f , is
_ fo i 2Mjl [ ;n]gif M & Gny;
@ f, 2MijI [ ;n]withjlj= kgif M = Gp.
(2) the index functigns are given respectively by
< dm F (ip+ +i,) rif M = 0O(n;F);
Ind( i, 4,)=. 2(1+ +i, r)ifM = CS;;
Tt +i, if M = LGy;
Ind( i,. 4,)= 21 . k(is s) if M = G-

3-4. Pro of of Theorem 3

We concludeSection3 by a proof of Theorem 3.
Lemma 3.28 Forax 2 M onehas
< fu2Ejxu= uxgforM = Gpy; CS,
M= fu2Ejxu= uxgforM = O(n;F)
fu2 Ejxu= TuxgforM = LG,.
Consequetly g
< fu2 Ejxu=uxgforM = G,g; CS,
«M = fu2Ejxu=uxgforM = O(n;F)
fu2 E jxXu=TuxgforM = LG,.
Pro of. We verify Lemma 3.2 for the caseM = G, asan example.
Considerthe maph:S*(n;C)! S*(n;C) by x! x2. Then

1 - .
(1) h (In) - 1 ttn lGn;t,

(2) the tangert map of h at a point x 2 S*(n; C) is
Teh(u) = !i,n%w = UX + XU.

16



It followsthat, for ax 2 G,
T«Gnk KerTyth=fu2 S"(n;C)jux+ xu = 0g.
On the other handdim KerTsh = k(n k) (= dim T,G,k). Sothe dimen-
sion comparisonyields
TyGnk = fu2 S*(n;C) jxu = uxg.
For any x 2 G« the ambient spaceE = S*(n; C) admits the orthogonal
decompsition
S*(n;C)=fujxu= uxg fujxu= uxg
in which the rst summand has beenidentied with T,G.x in the above
computation. It followsthat ;Gnx = fujXxu = uxg.
The other casescan be veri ed by the samemethod.

Lemma 3.3. Statemer (1) of Theorem 3 holds true.
Pro of. Considerthe caseG,x S*(n;C).
X2 a4, X a2 «Gpk (by (1) of Lemma3.1)
, (x ax=x(x a)(by Lemma3.2)
, Xa= ax.
Sincea is diagonalwith the distinguished diagonal ertries ; < < o, X
is alsodiagonal. Sincex? = I, with I(x) = k, we must havex = . , for
somefi;; ik [ ;nl.
Analogouscomputations verify the other cases.

To prove Theorem 3 we need examining the Hessianoperator Hy,(f,) :
T,M ! T,,M at a critical point Xo 2 4. The following formulae will be
usefulfor this purpose. 8

< (ua au)xg forM = G,k; CSy;
Lemma 3.4. Hy,(fa)(u)= . (ua au)xeforM = O(n;F),
(Ua au)xo for M = LG,,.

Pro of. As a function on the Euclidean spaceE, f, has gradiert eld
2(x a). Howewer, the gradiert eld of the restricted function f, j M is the
orthogonal projection of 2(x @) in TyM.

In general,for any x 2 M, avectoru 2 E hasthe \canonical" decomyo-
Sltlon 8 U  XuX u+ Xux - . .

< S+ B M = Gy, CSy;
u=_ 54 “"XZUX if M = O(n; F);
4 4 B if M = LG,
with the rst componert in the TyM and the secondcomponent in M by
Lemma3.2. Agplying theseto u = 2(x a) yields respectively that
< (xax a)forM = Gnx; CSp;
grad, fo,= (x ax a) forM = O(n;F);
" (Xax a) forM = LG,.
Finally, the Hessianoperator can be computedin term of the gradiert as
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grady ..+ 1y fa grady fa

Hyo(fa)(U) = lim ; U2 TM.
As an examplewe considerthe caseM = Ghk. We have
lim grady,+w fa grady,fa _ lim [(xo+tu)a(xo+tu) a] [xoaxo a]

t! 0 t tl 0 t
= uaxp + Xpal = uaxg + axoeu (becausea and x, are diagonal)

= (ua au)Xo
(becausevectorsin Ty,Gnk anti-commute with xo by Lemma 3.2).

Pro of of Theorem 3. In view of Lemma 3.3, Theorem 3 will be com-
pleted oncewe show

(a) f4 is non-degenerateat any xo 2 ,; and

(b) the index functions on , is given asthat in (2) of Theorem 3.
Thesecan be doneby applying Lemma 3.2 and Lemma 3.4. We verify these
for the casesM = G, O(n) and LG, in detail, and leave the other cases
to the reader.

Case 1. M = Gy« S*(n;C).

(1) The most corveniert vectorsthat spanthe real vector spaceS™ (n; C)
are

fbhyejl st ngtfeejl st ng,

where by; hasthe ertry 1 at the places(s;t), (t;s) and O otherwise, and
wherecs; hasthe pureimaginary i at (s;t), i at the (t; s) and O otherwise.

(2) Foraxg = | 2 4, those b, ¢t that \anti-commute" with Xxg
belongto Tyx,Gn.x by Lemma3.2, and form a basisfor Ty,Gn

TuoGnk = fhyicsej (s;) 21 Jg;

whereJ is the complemen of | in [1; ;n].

(3) Applying the Hessian(Lemma 3.4) to the bs; Gt 2 Tx,Gnk Yields

Hyo(Fa)(bse) = ( ¢ )bt
Hxo(fa)(Csit) = ( ¢ s)Csit.-

That is, the bs; Gt 2 Ty,Ghk are preciselythe eigervectorsfor the operator
Hy,(fa). Theseindicate that Hy,(f,) is nondegeneratgsince 6  for all
s 6 t), hencef , is a Morse function.

(4) 1t follows from the formulasin (3) that the negative spacefor Hy, (f »)
is spannedby fhy, Gt j (S;t) 21 J;t < sg. Consequetly

Ind( )= 2#f(s;t) 21 Jjt<sg= 21 . k(is S).

Case 2. M = 0O(n) M(n;R).
(1) A natural setof vectorsthat spansthe spaceM (n;R) is
fbyyjl s t ngtf sjl s<t ng,
where by is as casel, and where . is the skew symmetric matrix with
ertry 1 at the (s;t) place, 1 at the (t;s) placeand O otherwise;
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(2) Foraxp= | 2 ,thosebs, st that \anti-commute" with X, yields
preciselya basisfor
T, OMn) =1 g j(s;t)21 1,3 J;s<tgt fhj(sit)21 Jg
by Lemma3.2, whereJ is the complemen of | in [1; ;n].

(3) Applying the Hessianoperator (Lemma 3.4) to b, st 2 Tyx,O(N)

tells
(t+ o) stif(s;t)21 I;s<t;

on(fa)( S;t) - ( ¢+ s) sit if (S,t) 2] J, s< t.

Hxo(fa)(bse) = (¢ o)bseif (sit) 21 J.
This impliesthat the by, <t 2 Tx,Gnk arepreciselythe eigervectorsfor the
operator Hy,(f4), and the f, is a Morse function.

(4) 1t follows from the computation in (3) that

Ind( )= #f(s;t)21 1 js<tg+#f(s;t)21 Jjt<sg

=1+2+ +(r D+[(is D+ (2 2+ + (i 1)

= g .

Case 3. M = LG, S(n;C).
(1) Over reals, the most natural vectorsthat spanthe spaceS(n;C) are
fhejl st ng[ fibsjl sit  ng,
whereb;; is asthat in Casel and wherei is the pure imaginary;
(2) Foraxg= | 2 4 those\anti-commute" with X, yields preciselya
basisfor Ty, LG,
TxolGn=fhyj(s;t)21 JgJd gt
fibstj(s;t)21 1tJ Jg
whereJ is the complemen of | in [1; ;n].
(3) Applying the Hessianto b, ibs: 2 Tx,LG, (cf. Lemma 3.4) tells
. B (t+ oibgif(s;t)21 1 .
on(fa)(lbs;t) - ( t+ s)ibs;t |f (S,t) 2] J
= (o dbyif(sit)21
Hal®0= ¢ 0 ngit(sin 29
It follows that the by, ibst 2 T4,Gnk are preciselythe eigervectors for the
operator Hy,(f5), and f, is a Morse function.
(4) 1t follows from (2) and (3) that
Ind( ) =#f(s;t)21 1jt sg+ #f(s;t)21 Jjt sg
= i]_ + + ir-

Remark. Let E be one of the following matrix spaces:
the spaceof n  k matricesover F: M(n k;F);
the spaceof symmetric matricesS*™ (n;F) = fx 2 M(n;F) j x = Xg.
Considerin E the following submanifolds:
Vik(F) = fx2 M(n Kk;F)jX x=10;
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Ghk(F) = fx2 S*(n;F) jx? = I,, I(x) = kg.

Theseare known respectively asthe Stiefel manifold of orthonormal k-frames
on F" (the n-dimensionalF-vector space)and the Grassmannianof k-dimen-
sional F-subspacesn F". Resultsanalogousto Theorem 3 hold for thesetwo
family of manifolds aswell [D4], [D5].

Remark. In [VD, Theorem 1.2], the authors proved that the function
faonM = G (F), LGy, CS, is perfect Morse function (without specifying
the set , aswell asthe index function Ind: ,! Z).

4 Morse functions of Bott-Samelson type

Werecallthe original construction of Bott-Samelsoncyclesin 4-1and explain
its generalizationdue to Hsiang-Falais-Terng [HPT] in 4-2.

In fact, the Morsefunctions concernedn Theorem3 areall Bott-Samelson
type (cf. Theorem®6). The induced action of Bott-Samelsoncyclesenables
one to resohe the multiplication in cohomologyinto the multiplication of
symmetric functions of various types(Theorem 7).

4-1. Morse functions on ag manifolds (cf. [BS;,BS;]).

Let G be a compactconnectedsemi-simpleLie group with the unit e2 G
and a xed maximal torus T  G. The tangert spaceL(G) = TG (resp.
L(T) = T.T) is canonically furnished with the structure of algebras,known
asthe Lie algebra(resp. the Cartan subalgebra of G. The exponertial map
inducesthe comnutativ e diagram

L(T) ! L(G)
exp# # exp
T ! G

where the horizontal maps are the obvious inclusions. Equip L(G) (hence
L(T)) aninner product invariant under the adjoint action of G on L(G).

Forav 2 L(T) let C(v) be the certralizer of exp(v) 2 G. The set of
singular points in L(T) is the subspaceof the Cartan subalgebral (T):

=fv2 L(T)jdimC(v) > dimTag.

Lemma 4.1. Letm = %(dimG dimT). There preciselym hyperplanes
Li;  ;Lm L(T) through the origin 02 L(T) sothat = . L mLi.

The planesLq; ;Lm are known as the singular planesof G. It di-
vide L(T) into nite many corvex hulls, known asthe Weyl chambers of G.
Re ections in theseplanesgeneratethe Weyl group W of G.
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Fix aregularpoint a2 L(T). The adjoint represetation of G givesrise
toamapG! L(G)byg! Adg(a), which inducesan embedding of the ag
manifold G=T = fgT j g2 Gg of left cosetsof T in G into L(G). In this way
G=T becomesa submanifoldin the EuclideanspaceL (G).

Considerthe function f, : G=T! R by f,(x) = kx ak?. The following
result was shavn by Bott and Samelsonin [BS;,BS;].

Theorem 4. f, is a Morsefunction on G=T with critical set

a=fw(@) 2 L(T)jw2 Wg
(the orbit of the W-action on L(T) through the point a2 L(T)).
The index function Ind: 5! Z is given by
Ind(w(a)) = 2#fL; jLi\ [a;w(a)] 6 ;],
where[a;w(a)] is the segmehin L(T) from a to w(a).

Moreover, Bott and Samelsonconstructed a set of geometric cyclesin
G=T that realizesan additive basisof H (G=T; 2).

For a singular planeL; L(T) let Ki G bethe certralizer of exp(L;).
The Lie subgroup K; is very simple in the sensethat T K; is also a
maximal torus with the quotient K;=T di eomorphic to the 2-sphereS?2.

For aw 2 W assumethat those singular planesthat meet the directed

segmets [a;w(a)] are givenin the orderL q; Ly. Put w=K; 7 T
K., wherethe action of T T (r-copies)acts on K ; K, from
the left by
(ki;  sk)(t 5t) = (Katyty Tkata; 5t Tikety).
The map K, Ki ! G=Tby (ki; k) ! Ady « (W(a)) clearly
factors through the quotient manifold ,, henceinducesa map
Ov: w! G=T.

Theorem 5. The homologyH (G=T;Z) is torsion freewith the additive
basisfgy [ w]2 H (G=T;Z) jw 2 Wg.

Proof. Lete2 Ki( G) bethe groupunit andpute=1[e; ;€2 .
It wereactually shovn by Bott and Samelsornthat

(1) g,'(w(a)) consistsof the singlepoint &;

(2) the composedfunctionf, g, : w! R attains its maximum only at
€

(3) the tangert map of g,, at e mapsthe tangert spaceof ,, at eisomor-
phically onto the negative part of H,)(f 2).
The proof is completedby Lemma4.2in 4.2.

Remark. It wasshown by Chewlley in 1958[Ch] that the ag manifold
G=T admits a cell decompsition G=T = LWXW indexedby elemens in W,
w

with ead cell X,, an algebraicvariety, known asa Scubert variety on G=T.
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Hansen[Han] proved in 1971that g,( w) = Xw, W2 W. Sothe map g, is
currently known asthe \ Bott-Samelsonresolution of X ,".

4-2. Morse function of Bott-Samelson type

In di erential geometry the study of isoparametricsubmanifoldsbeganby
E. Cartan in 1933. In order to generalizeBott-Samelson'sabove cited results
these spacesHsiang, Palais and Terng introduced the following notation in
their work [HPT]?.

De nition. A Morsefunctionf : M ! R onasmooth closedmanifold
is said to be of Bott-Samelsontype over Z,(resp. Z) if foreacrp2 ; there
is a map (called a Bott-Samelsoncycle of f at p)

O :Np! M
whereN,, is a closedoriented (resp. unorierted) manifold of dimensionl nd(p)
and where

(1) g,*(p) = fpg (a single point);

(2) f gy attains absolute maximum only at p;

(3) the tangert map Tpg, : ToN, ! TpM is an isomorphismonto the
negative spaceof Hy(f ).

The advantage that one can get from a Morse function of Bott-Samelson
type can be seenfrom the next result [HPT].

Lemma 4.2. If f : M ! R is a Morsefunction of Bott-Samelsontype
with Bott-Samelsoncyclesfg, : N, ! M jp2 g, thenH (M;Z) (resp.
H (M;Z,)) hasthe additive basis

fogp [NjJ2H (M;Z)jp2 g
(resp.fgp [Np22 H (M;Z2)jp2 +0),

In fact, the embedding G=T L (G) describedin 4-1de nes G=T asan isoparametric
submanifold in L(G) [HPT].
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whereg, :H (Ny;Z) ! H (M;Z) is the inducedhomomorphismand where
[Np] 2 H (Np; Z) (resp. [Npl2 2 H (Np;Z)) is the oriertation class(resp.
Z,-oriertation class).

Pro of. Without loss of generality we can assume(as in the proof of
Theorem2)that ¢ = fp;; ;pmgandthat f (px) < f(Pk+1), 1 k2 m 1.
Considerthe lItration onM: M; M, Mmn = M dened by f and

¢ sud that My, nM cortains p, foreveryl k m 1.

It suces to shaw, if we put p= px+1, m = I nd(p), then

. H(M;Z2)ifr 8 m;
A Hi(Mes2) = H (My;Z) Zifr=m,
wherethe summandZ is generatedby g, [N].

The Bott-Samelsoncycleg, : N, ! M (cf. the De nition) is clearly
amapinto Mygsy. Letr @ Mg ! Mg [ D™ be the strong deformation
retraction from the proof of Theorem 2, and considerthe composedmap

g:Np P M 1" M [ D™
The geometricconstrairts (1)-(3) on the Bott-Samelsoncycle g, imply that
there is an Euclideanneighborhood U D™ certeredat p= 02 D™ sothat
if oneputs g (U) = V, then g restricts to a di eomorphismgjV : V! U.
The proof of (A) (henceof Lemma4.2) is clearly done by the exact ladder
inducedby the \ relative homeomorphismi g : (Np; NpnV) ! (Mi[ D™; M|
D™nU)
Z Z
k k
0! Hn(Np) & Hpn(NpNpnV) ! Hy 1(NpnV) !
g # g #=
0! Ha(My)! Ha((M[ D™) ! Hg((Mc[ D™;My) ! Hg 1(My) !

4-3. Bott-Samelson cycles and resolution of Schubert varieties

Let M be oneof the following manifolds
O(n; F): orthogonal (or unitary, or symplectic) group of rank n;
CS,: the Grassmannianof complexstructures on R?";
Gnk: the Grassmannianof k-linear subspace®n C"
and
LG,: the Grassmannianof Lagrangian subspace®n C".
Letf,:M ! R bethe Morsefunction consideredin Theorem 3 of x3.
Theorem 6. In eat casef , is a Morse function of Bott-Samelsontype
which is
(1) over Z for M = U(n); Sp(n); CSy; Gnk;
(2) over Z, for M = O(n) and LG,,.
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Instead of giving a proof of this result I'd like to shov the geometric
construction of the Bott-Samelson cyclesrequired to justify the theorem,
and to point out the consequencewhich follow up (cf. Theorem?7).

Let RP" ! be the real projective spaceof lines through the origin 0 in
R": CP" ! the complexprojective spaceof complexlines through the origin
0in C", and let G,(R?") be the Grassmannianof oriented 2-planesthrough
the origin in R?",

Construction 1. Resolutionh:f1 ! M of M.

(1) If M = SO(n) (the special orthogonal group of order n) we let #1 =
RpP" 1 RP" 1 (n%copies,wheren®= 2[3]) and de ne the map h :
f11 M to be

h(l;  5ln0) = 10 noR(l),
wherel; 2 RP" ! and whereR(l;) is the re ection on R" in the hyperplane
|7 orthogonalto I;.
2) If M = Gk welet
f1=f1,; ;l)2cpn? CP" 1j1; ? I;g (k-copies)
and de ne the map h : 1 M tobe h(ly; 1) = Hy; ki, wherel; 2
CP" 1 and whereHy; ; Ixi meansthe k-plane spannedby the I;; .
() If M = CS,, welet
M=f(Ly Ln)2 Go(R™M) Go(R™) j L; ? L;g (n-copies)
anddene themaph:#M ! M tobeh(L;; ;Li)= 1 n (L), where
Li 2 G»(R?) and where (L;) : R™ | R? is the isometry which xes
points in the orthogonal complemets L7 of L; and is the 5 rotation on L;
in accordancewith the oriertation.

Construction 2. Bott-Samelsoncyclesfor the Morsefunctionf, : M !
R (cf. [section3, Theorem 3]).

(1) If M =S0(n)then ,=f o; 2Mjl [1, ;n};jlj n%. For
eahr | = (iy; ;i) [1,  ;n] weput

RP[I]= RP° RPY RP: RP' (n%copies).

SinceRP[l] f1 we may seth, = hjRPJl].

The map h, : RP[I]! SO(n) is a Bott-Samelsoncyclefor f, at .

@2)fM=Gpthen ;=1f  2Mjl =(iy; ;i) [1 ;n]g. For

eah | = (i1; ;ik) [1,  ;n]wehave
Cpis cPix;fn  cpn ! CP" 1(k-copies).
Sowe may form the intersectionCP[l]= CP' CPik\ # incpn !

CP" Yandseth, = hjCPJ[l].
The map h, : CP[lI]! Gy is a Bott-Samelsoncyclefor f, at .
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4-4. Multiplication  in cohomology
-Geometry encourers with conbinatorics

Up to now we have plenty examplesof Morse functions of Bott-Samelson
type. Letf : M ! R besud afunction with critical set ¢ = fp;; ;pm0.
From the proof of Lemma 4.2 we seethat eat descendingcell S(p;)) M
forms a closedcycleon M and all of them cortribute an additive basisfor
the homology

fIS(P)12H,(M;ZorZy)j1 i m,r;=Ind(p)g,
wherethe coe cien ts in homologydepending on whether the Bott-Samelson
cyclesorientable or not.

Many perviouswork on Morsefunctions stopped at this stage,for people
were cortent by nding Morse functions on manifolds whosecritical points
cortribute to an additive basis for homology (such functions are normally
called perfect Morse functions).

Howewer, the di cult task that we have experiencedin topologyis not to
nd an additive basisfor homology but is to understandthe multiplicativ e
rule amongbasiselemens in cohomology More preciselywe let
flCP]2HT(M;ZorZy)j1 i m,ri=1nd(p)g
be the basisfor the cohomologyKronedker dual to the [S(p;)] as
(L ISE)i = .
Then we must have the expression
[CP)] [Cp)I= & [( Pl
in the ring H (M;Z or Z,), where a}} 2 Z or Z, depending on whether
the Bott-Samelsoncyclesorientable or not, and where meansintersection
product in Algebraic Geometry and cup product in Topology.
Problem 4. Find the numbersa}} for ead triple 1 i;j; k  m.

To emphasisProblem 4 we quote from N. Steenra [St, p.98]:

\the cup product requiresa diagonalapproximation dz :M! M M.
Many di culties experiencedwith the cup product in the past arosefrom the
great variety of choicesof d;, any particular choice giving rise to arti cial
looking formulas".

We advisethe readerto consult[La], [K], and [S]for details on multiplicativ e
rulesin the intersectionring of G« in algebraicgeometry and their history.

Bott-Samelsoncyclesprovide a way to study Problem 4. To explain this
we turn bad to the constructionsin 4-3. We obsene that

(i) The resolution f1 of M are constructedfrom the most familiar mani-
folds as

RP" 1 =the real projective spaceof lines through the origin in R";
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CP" ! =the real projective spaceof linesthrough the origin in C";
G,(R?") =the Grassmannianof oriented 2-dimensionalsubspacesn R?"
and whosecohomologyare well known as
H (RP" 1:Z,) = Z,[t]=t"; H (CP" 1;Z) = Z[x]=x";
ov. o Z[Y;VIEXT  2x vivZioifn 1mod2;
H (G(RT); 2) = Zly;vl=h"  2x v;vZ x" ! viifn Omod2
where

(a) t(2 HY(RP" %;Z,)) isthe Euler classfor the canonicalreal line bundle
over RP" 1;

(b) x(2 H?(CP" %;Z)) is the Euler classof the real reduction for the
canonicalcomplexline bundle over CP" 1;

(€) y(2 H?(G»(R?"); 2)) is the Euler classof the canonicalorierted real
2-bundle over G,(R?"), and whereif s 2 H?" 2(G,(R?"); Z) is the Euler
classfor the orthogonal complemen of in G,(R?") R?", then

v=2(y" 1+ 5) 2 H? 3(Gy(R™M); 2)2

(i) the manifolds 1 aresimplerthan M either in terms of their geometric
formation or of their cohomology

H (;2) = Z,[t;;  tel=ht™1 i nbif M = SO(n);

H (;2)= Z[x:; :xJ=tpi;l i kiif M = Guy; and

H (M;2)= Qlys: yal=ha(yy  5y2:i1 i n Lyr v
if 1 = CS,, Wgere pi is the componen of the formal polynomial

(1+xs) !
1 s i
in degree2(n i + 1) (cf. [Ds, Theorem1]), and whereg (y?;,  ;y?) is the
j™ elememary symmetric function in the y?;  ;y2.

(i) Bott-Samelsoncycleson M can be obtained by restricting h : f1 1
M to appropriate subspace®f 1 (cf. Construction 2).

We infer from (iii) the following result.
Theorem 7. The inducedring map
h :H (M;Zorzy)! H (f1:Zorzy)
Is injective. Furthermore
(1) if M = SO(n), then
h ((1))=m(ty 5t
where m, (ty; :tho) is the monomial symmetric function in ty; tho as-
scciated to the partition | ([D3));
(2) it M = Gy, then
h ((1))= S (X  Xk)

2The ring H (G2(R?"); Z) is torsion free. The classy” !+ s is divisible by 2 because
ofwon 2o( ) s y" !mod2, wherew; is the i Stiefel-Whitney class.

26



where S, (X1; ; Xk) Is the Schur S Symmetric function in xq; : Xk aSSo-
ciated to the partition 1 ([D4]);
(3)if M = CS,, then
h ((1)=Pys ;yn),
whereP, (y1;  ;Yn) isthe Scur P symmetric function in y;; ;Y. ass@i-
ated to the partition 1.
(For de nitions of thesesymmetric functions, see[Ma]).

Indeed, in ea caseconcernedby Theorem7, it can be shavn that the
( 1) arethe Scubert classedCh, BGG].

It was rst pointed by Lesieurin 1947that multiplicativ e rule of Schubert
classesn G,k formally coincideswith that of Scur functions [L], and by
Pragaczin 1986that multiplicativ e rule of Scubert classesn CS, formally
agreewith that of Scwur P functions [P, x6]. Many peopleasked why sut
similarities could possibly occur [S]. For instanceit was said by C. Lenart
[Le] that

\No good explanation has been found yet for the occurrenceof Sdur

functions in both the cohomologyof Grassmanianand represetation theory
of symmetric groups".
Theorem 7 provides a direct linkage from Sdwubert classesto symmetric
functions. It is for this reasoncombinatorial rulesfor multiplying symmetric
functions of the indicated types (i.e. the monomial symmetric functions,
Sdur S symmetric functions and Scur P symmetric functions) correspnd
to the intersection products of Scubert varietiesin the spacesv = SO(n),
Gnk and CS,.

4-5. A concluding remark

Bott is famous for his periodicity theorem, which gives the homotopy
groupsof the matrix groupsO(n;F) with F = R; C or H in the stablerange.
Howewer, this part of Bott's work wasimproved and extendedsoon after its
appearance[Ke], [HM], [AB].

It seemghat the ideaof Morsefunctions of Bott-Samelsontype appearing
nearly half certury ago[BS,;, BS;] desenresfurther attention. Recertly, an
analogueof Theorem 7 for the induced action

g, H (G=T)! H (W)
of the Bott-Samelsoncycleg, : ! G=T (cf. Theoremb5) is obtained in
[D4, Lemma5.1], from which the multiplicativ e rule of Scubert classesand
the Steenral operations on Scubert classesn a generalized ag manifold
G=H [Ch, BGG] have been determined [D4], [DZ1], [DZ;], where G is a
compact connectedLie group, and whereH G is the certralizer of a one-
parameter subgroupin G.
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