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A C* algebra (or a Banach algebra)
with unit 14

Grothendieck group of finitely
Ko(A) := generated (left) projective
A-modules

n=123,...

Mp(A) = {n x n matrices [a;;] : a;; € A}

My (A) is a C* algebra (or a Banach algebra)
with unit

1, O ... O
0 14 ... O

0 0 ... 14



GL(1,A) Cc GL(2,A) Cc GL(3,4) C ...

GL(A) := fj GL(n, A)

n=1

GL(A) is topologized by the direct limit topol-
ogy i.e. U C GL(A) is open iff UNGL(n,A) is
open in GL(n,A) for alln=1,2,3,...

j=1,2,3,...

K](A) =T

Bott periodicity

1(GL(A))

Q2 GL(A) ~ GL(A)

Kj(A) ~ K,12(A),

Ko(4),

i=1,2,3,...

K1(A)



X locally compact Hausdorff topological space

Xt =XxU {pc} ONne point compactification of
X
X loacally compact Hausdorff topological space

Xt=Xu one point compactification of
Co(X) ={a: XT = C: ais continuous a(ps) = 0} {poo} P )

X
Co(X) is a C*-algebra
+ Ko(Co(X)) = k O™ = Koo) =2
= ker
v X+, a0eCox), AeC o(Co B dime(Fy.
(a+ B)x = ax + Bx
(af)z = (ax)(Bz) E C vector bundle on X7
(Aa)z = Aax)
la|l = sup |a(z)]
reXt

ofr = azx



_ Chern character
X locally compact Hausdorff topological space

. _ . X locally compact Hausdorff topological space
K« (Co(X)) is Atiyah-Hirzerbruch K-theory

This is topological K-theory with compact sup-

ports ch: K;(Co(X)) — PHIT(X;Q), j=0,1
l

Atiyah-Hirzerbruch notation for this K-theory
is K*(X)

~

Q @7 K;(Co(X)) = PHITZ(X;Q)
l

. = KJ -
K,;(Co(X)) = KI(X) e Cech cohomology

X compact Hausdorff = _
e Alexander Spanier cohomology
Grothendieck group of

— 0 _
Ko(Co(X)) = KI(X) = C vector bundles on X

(with compact supports)



X locally compact Hausdorff topological space
" discrete (countable) group
T x X — X continuous action of I on X

Cx(Ir, X) = Co(X) %I is the reduced crossed-
product C*-algebra for the action of ' on X

Definition of C¥(I', X)
Extend the given action T'xX — X toMrx Xt —
X7t by

VYPoo = Poo VY ET

" then acts on Cy(X) by C* algebra automor-
phisms I x Co(X) — Cp(X)

(vfz=f(ytz) feCo(X),vel zeX

Form the purely algebraic crossed-product al-
gebra Co(X) xgg

finite formal sums > cr fy[7] :

CO(X)X]ak_I]I— — { f’y c CO(X)

(Z fﬂv]) + (Z hv[v]) = > (fy+h)M]

yel yelr yel

AeC

A (z fml) =3 (D]

yel yel

(fIyD(RlgD) = (F) (v vl

7,9 €T, f,h e Co(X)

}



Complete Cp(X)x4)g to obtain Cr (M, X)

PN ={u:T—=C: Y u)uly) < oo}
yel

12(I") is a Hilbert space

(u+v)y = uy + vy
(Au)y = AM(wy)

(u, v) = Y u(x)v(v)

veGa

£2(12(I)) is the C*-algebra of all bounded op-
erators T: 12(I") — 12(") with operator norm

IT = sup ((Tw, Tu)?)

(u,uy=1

10

Each =z € X determines a homomorphism of
algebras

et Co(X) Xgig T — LT
(r=(fIvDw)(g) = f(gz)u(v 1g)
wel?(MN), z€X, v,g €, feCo(X)

Cr (I, X) is the completion of Co(X) xgg [ in
the norm

>

yel

= Sup
re

(o)

yel

11



ch: K,;(CH(, X)) =7

[ finite =

K«(Cx(IM, X)) is Atiyah-Segal equivariant K-theory,
denoted Ky (X)

Theorem 1 (Slominska). I finite

ch: Kj(X) = @PHIT(X/r;C)
l

KS (X) @7 C = @HIT2(X/r;C)
l

12

If [ is not finite, then K,;(Cy(I",X)) can be
viewed as the natural extension of Atiyah-Segal
equivariant K-theory to the case when I is not
finite

ch: Ki(Ci(r, X)) —7

13



M C° manifold, OM = ()

" discrete (countable) group
Theorem 2 (J. Raven). If BC for I’ with co-
I x M — M smooth action of T on M efficient algebra Cqo(M) is true, then there is a
Chern character

"smooth” = each ~ € I acts by a diffeomor- = :
| 7 Y ch: K;(Cr (T, M)) = @ Hj (T 25(M)), j = 0,1
phism l
and
Cx(Iy, M) = Co(M) I is the reduced crossed- . ~ .
product C* algebra for the action of I on Co(M) K (Cr (T, M) @7 C — @ Hjq00(T; Q2(M))

ch: K;(Cr(r, M)) —7?

14 15



—~

M
yel, MYV :={pe M :vyp=rp}

If order(v) = oo, then M7 can be anything
e.g. M7 can be a Cantor set

Lemma 3. If order(y) < oo, then M7 is a C*°
submanifold of M.

Proof. order(y) < co == The subgroup J
of I generated by ~ is a finite (cyclic) group
——

Can choose on M a C° Riemannian metric
which is J-invariant. Then ~ acts by an isom-
etry and M7 is a totally geodesic C*° subman-
ifold of M. []

16

M = 1T M7
yel
order(vy)<oo

= {(v,p) €T X M : vp = p}

—~

M is a C°° manifold

92(1\7) = the de Rham complex of C-valued
compactly supported C°° differential forms on
M

0— QO Ll L ... L o) —0

17



I x M — M smooth action of I on M

g(v,p) = (979~ L, 9p), g€T, (7,p) € M

M x QE(M) — Q5(M)
Q*(M) is a complex of M-modules

H,(I; Q%(M)) is the I-th cohomology of I" with
coefficients %(M)

18

C[r]
C[Ir] is the purely algebraic group algebra

C[r] .= {Finite formal sums Z M)Ay € (C}
yel

Algebra homomorphism ¢: C[I'] — C

& (Z AV[V]) =2 N

yel yel

A (left) M-module is a C vector space V with
a given group homomorphism I — GL¢(V)

Equivalently a (left) MT-module is a unital (left)
C[r]-module

19



V I'-module

H;(I"; V) = I-th cohomology of I with coeffi- 0 V< CM®cV <= CM ®c ClMNec <=
cients V,1=0,1,2,3, ... s(a)v—%<—G®v

acC[lN,veV, yel

H (V) = Toré:[r](C, V) Ho(; V) = V/(e(a)v — av)

= V/(v—v)

=V
0—v&cmecvLcraccNee < i

Vi is the ['-coinvariants
0(ag®a1®...Q0anQv) =

e(apl)a1 @ - @an Qv Vr::{UEVZ’yUIUV’VEV}

n—1
—|— _1 J+1a[ ® . .®a-_ ®a-a. ®a. ® . .®a ®rv
j;o( : 0 JARRIA T2 " VT is the M-invariants
+(—1)n+1a0 Q- ap—1 W anv H;(I"; V') is the [-th derived functor of
ag,ai,...,an €C[I, veV Vi Ve
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Let

d d d -
V= {0 Sv0svts } Totalize this bicomplex {A%7} by setting
be a complex of (left) M-modules D= P A 1e7
i—j=I

To define H)(I"; V), I € Z form (first quadrant
bicomplex) {A%J}

A =C[M@CM®...eC[r eV

]

Dy is a complex of C vector spaces

A’L,j—l—l a0®---®ai_1®dv

Ai—1,j 0 Al,j (T30 = RilDe)
e(an)a1 ® -+ R ap Qv
l—1)itlay @ ... M
+Z]_0( )Y ag ap®--Qa;_1Qv Hl(r; Qz(M))> leZ

aj—1 ®ajaj4+1 X aj42® - QK ap Qv
+(-1)"Mar® - ®an_1 @ anv

22

Dy={...D_1+ Do« Dy — ...

23



Two extreme cases

1. The acton of ' on M is proper
action of I on M is smooth and proper —

2. M=~ M/F is an orbifold

Ad. 1 action of ' on M is smooth and proper —
" proper’ = The map Fx M — Mx M, (y.p) — action of ' on M is smooth and proper ——
(vp, p) is proper (i.e. the preimage of any com- .

pact set in M x M is compact) M /T is an orbifold

Equivalently, if A C M is any compact subset
of M, then {y el : AnN~yA # 0} is finite

24 25



When the action of I is smooth and proper,
Ha (T Q5 (M) =7

Answer: When the action of T on M is smooth
and proper

Ha(; QE(M)) = HE(M/T; C)

Why 7 action of I on M is smooth and proper
=

H,; (" Q(M)) =0 for j >0, r=0,1,2 =

H;(I; 25(M)) is the homology of

0 — (2 L (QLM))r L (Q2(M))r % ...

26

Moriyoshi’s lemma

" (countable) discrete group

W C°° manifold

I x W — W smooth proper action of I on W

w € QF(W) smooth compactly supported C-
valued differential form on W

Notation: For v € I', v«w denotes w translated
by ~

Terminology: A closed set A C W isIl-compact
if YA = A forallyel and A/I' is compact

27



Then Y crvsw makes sense and > cr yxw IS
a -invariant differential form with '-compact

support

-
Z Txw € [QF—compact(W)}
yel

28

Consider the map
. * * r
n: Qe(W) — [ I‘—compact(W)]

nw) = > yw

yel

For all g € I n(gxw) = n(w), so n factors through
[Q:(w)]"

(W) —— [QF—compact(W)] ]

|

[S2c(W)]r

29



Lemma 4.

[QZ(W)}FA[ T‘—compact(W)}r

Lemma 5.

H. ([ F_compact(W)] r) = HX(W/I; C)

I%

Proof. this is a slight extension of the de Rham
theorem i.e.

0— [QP—ComDaCt(W)}r - [Q%—compact(W)}r
— {Q%_compact(Wﬂr ..

is a resolution of the constant sheaf on W/I".

[]

30

Corollary 6. If the action of [T on M is smooth
and proper then

Ha (I QE(M)) = HE(M/T; C)

Corollary 7. (Since BC for I' with coefficient
algebra Cqo(M) is true when the action of I is
proper) The Chern character

ch: K;(Cx(M, M)) — @ HIT2(M/r; C)
l

exists.

31



M = %
Let ST = {y €T :order(y) < oo}
* =S
Ql(x)=0forr>0
Q%) = Fr

FI = {Finite formal sums Y  A[4] : A, € C}
yeST

FT is a T-module

( > Mh])-i-( > Awh]) = > (yFpy)b]

yeST veST veST

A( S )vy[’y]) = 3 MM, reC

~veST yeST

g( > M[v]) = > Mlgvg ), ger

yeST yeST

32

Problem: Forget about BC and give a direct
construction of the Chern character

ch: K;(Cr(r, M)) — @@ HIT2(M/T;C)
{

(Assuming action of ' on M is smooth and
proper)

33



The direct construction is done as follows

For simplicity, shall assume j = 0 and M/l
compact

Remark: M/l compact = J\/Z/I‘ compact

Theorem 8 (W. lick and R. Oliver). Let W
be a C*° manifold with a given smooth proper
and co-compact action of . Then
Grothendieck group
Ko(Cr(IF,W)) = of -equivariant
C vector bundles on W

34

Localized Chern character

W as in the Lueck-Oliver theorem

chiocany: Ko(Ci(M, W) — B H!(W/r;C)

is constructed as follows

Let F be a IN-equivariant C*° C vector bundle
on W

Choose a N-equivariant connection D for F'

Consider the [M-equivariant differential form

ch(K) =TTr (exp <%))
K = curvature(D)

35



Local Chern character
Alternate (more topological) construction of

ch(iocan: Ko(Cr(T, W) — P H(W/T; C)

W as in the Lueck-Oliver theorem
ch(K) € [*(W)]F =

ch(K) determines an element in @HQZ(W/F.(C) Let F' be a N-equivariant C vector bundle on
%%
This is Ch(|oca|)(F) Er X F
ET Xr %74

¢ = classifying map for EI" xp F
w: EIr xr W — BU(r)

r = fiber dimension of EI X F

36 37



Ch(universal) S H HQZ(BU(T);@)
=0

90*(Ch(universal)) S H HQl(Er xr W;Q)

=0
El X %74
/ \
Bl w/r

H*(W/I; Q) = H*(ET xr W,; Q)

o0
f*(ch(universal))l S H HQl(Er xr W, Q)
this is chgocan(F) 0

38

ch: Ko(CH(r, M)) — @HZ(M/T;C)
l

Action of ' on M assumed to be smooth,
proper, and co-compact

M= {(v,p) €T x M : vp = p}
FXMHM

g(v,p) = (g7 L, 9p), g€, (v,p) €M

Let F' be a N-equivariant vector bundle on M

Define §: FF — F for v € F(%p)

O(v) =~v € F(’y,p)

39



F is any M-equivariant C vector bundle on M
0 is an automorphism of F'

0 is of finite order, 0™ = Id for some positive
integer m

F=FLdFF®...0 F
~~ =~ ~~
¢1 ¢2 Gt

Each (; € C is a root of unity

Ko(CE(T, M) — PH>(M/T;C)
z

t
Fe ) G Ch(local)(FV)

r=1

40

M2 M

(v,p) —p
Ko(C (I, M)) — Ko(Cj (T, M))

E+— p*E

Ko(Ci (I, M)) — @D H2(M/r;C)
l

t
i Z C’/Ch(local)(FV)

r=1

ch: Ko(CH(r, M)) — @HZ(M/T;C)
l

~

Ko(CE(, M)) ®7 C = @PH?(M/T; C)
l

41



I x M — M smooth action
? —
ch: K;(CrH(M, M) 5 @ H (T QE(M))
l
H (M Qi) =H) (M Fr) 1=0,1,2,...

X locally compact Hausdorff topological space

Kg(ﬂ)g)p(j(c;f(r)) [ x X — X continuous action
PD; Hl(ll‘; FI) ch: K;(Cr (M, X)) 5 @ H,jq01(T; CH(X))
Alexander-Spanier cochains
KT (BT) 0 C = @ .o FT) CHX) = \c/)vri]tr)l(\compact supports

X = {(v,z) €T x X : order(v) < oo, yx = x}
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