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INDEX?
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" discrete (countable) group
M C°-manifold, OM = ()

<M — M smooth, proper, co-compact action
of T on M

"smooth” = each v €[ acts on M by diffeo-
morphisms
"proper’ = if A is any compact subset of M,

then {v e : AnN~A # 0} is finite

"co-compact’ = the quotient space M/l is
compact



REMARKS

1. If pe M, then {y €T : vp = p} is a finite
subgroup of I

2. M/T" is a compact orbifold

3. M is compact < [ is finite

<M — M smooth, proper, co-compact action
of T on M

Let D be a IM-equivariant elliptic differential op-
erator (or vDO) on M

What is the (equivariant) index of D 7

Indexr(D) =7



EXAMPLE

M =R —i4 is essentially self-adjoint i.e.
M=% q
ZxR—R —i——: C°(R) — CZ°(R) C L*(R)
(n,t) »n+t has a unique self-adjoint extension
d
D= —1—
dx

What is the (equivariant) index of —i& ?
C(R) C L2(R)
d

—i% iS an unbounded operator on the Hilbert d
space L2(R) Indexy <—z—) =7
dx
d
i CP(R) — CX(R) C L?(R)



H a Hilbert space

An unbounded operator on H is a pair (D, T)
such that

1. D is a vector subspace of H (D,T) is symmetric <=
(Tu, v) = (u, Tv) Yu,v €D
2. Dis dense in H
CAUTION
3. T: D— H is a C-linear map symmetric # self-adjoint

symmetric <= self-adjoint

4. (D, T) is closable (i.e. the closure of graphT
in H® H is the graph of a C-linear map

P(graphT) — H
where P: H® H — H, P(u,v) = u)



If (D,T) is an unbounded operator on H, then
CZ(R) C L*(R)

(C(R), —i%) has a unique self-adjoint exten-
v — (u, Tv) extends sion (D, —i%)
from D to H
to be bounded
linear functional

D(T*) :=<{u€ H:

. d o .

o the distribution

D= L2(R) : ‘dz M
{u € L7(R) sense is in L2(R)

For w € D(T*) and v € H, (u, Tv) = (T*u, v)

u = the Fourier transform of wu

(D, T) is selfadjoint if (D,T) = (D(T*),T*) z:R—R, z(t)=t VteR



Fix 6 € [0, 1]

C5°([0,1]) := {u € C*([0,1]) : u(1) = 2™u(0)}
7 xR —=R

(n,t) —n+t L2([0,1]) D C§°([0,1]) D C5°((0,1))

fundamental domain is |0, 1 .
10 1] e2mint0z o — 0 +1, 42 ...

o 2
Cz-((0,1)) c L=([0, 1]) is an orthonormal basis for L2([0, 1])

2mi(n+0)x 00
(C2°((0,1)), —i+L) has one self-adjoint exten- € € Cg ([0,1])
sion for each A € € with ‘M =1 _Z-dieQm'(n-f-@)m — 271_(” i 9)627Ti(n+9)m
Xr
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627”;(”4_9)“", n=0,+1,4+2,...

is an orthonormal basis for L2([0, 1]) consisting

of eigen-vectors of the operator —z'%

The eigen-values are 2n(n+60), n = 0,+1,+2, ...

Set

Dy 1= { S Ae?™ 0 ¢ 12(10,1]) -

n——oo

> 2n(n+ Q)Anezm(”+9)m c L2([o, 1])}

n=——oo

12

L3([0,1]) D Dy > C5°([0, 1]) D C>((0, 1))

(DQ,—i%) is an unbounded self-adjoint opera-
tor on L2([0,1])

For 8 = 0 and 6 = 1 we have the same un-
bounded self-adjoint operator

Except for this, the unbounded self-adjoint op-
erators (Dg,—z'%) are all distinct

Spectrum of ('Dg,—i%) is {2r(n+0) : n =
0,+1,+2,...}.
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We shall now convert (Dy, —i%) to a bounded
operator on L2([0, 1])

Functional calculus. Apply the function —%

V14a?
to (Dy, —i-L) to obtain Ty: L2([0, 1]) — L3([0, 1]).

0 — Ty is a loop of bounded self-adjoint oper-

ators on L2([0,1]).
Spectrum of Tj is (f0,11)

oz (Sp (De, _ii» U{-1,1} This loop 0 ~— Tj should be viewed as giving
1+ 22 dzx the index of
d d 5

2 D, —i— —i—: D — LR

_ m(n +0) U{-1.1} (D, —i——) o (R)
V14 @n(n+6))?
WHY ?
T9(627m'(n-|-9)x) — 2n(n +0) 627rz'(n—|-9):c
V14 (2r(n+06))2
n=0,%+1,£2,...
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H Hilbert space

T: H— H bounded operator on H

1
IT|| = sup (Twv, Tv)2

(v,v)=1

operator norm

A bounded operator T: H — H is Fredholm if

dimg(kerT) < oo
and
dimg(cokerT) < oo

16

Let T" be a Fredholm operator on H
Index(T) := dimg(ker T") — dimg(coker T')

L(H) := {bounded operators T': H — H}
F(H):={T € L(H) : T is Fredholm}

F(H) is topologized by the operator norm topol-
ogy

mo(F(H)) =7
T — Index(T)

S, T € F(H) are in the same connected com-
ponent of F(H) <= Index(T) = Index S

17



F(H) is a classifying space for K°
KO = Atiyah-Hirzerbruch K-theory

Let X be any compact Hausdorff topological
space

0 . Grothendieck group of
KE(X) = C-vector bundles on X

18

Notation: X,Y topological spaces

(X.Y] = Homotopy classes of continuous
7 ] maps f: X =Y

= {Continuous maps f: X - Y}/ ~

~= homotopy

Theorem 1 (Atiyah, Janich). Let X be any
compact Hausdorff topological space. Then

KO(X) = [X, F(H)]

19



Foo (H) 1= {T € £(H) T is Fredholm }

and selfadjoint

Fs.a.(H) has three connected components

Fsa.(H) = Foo (H) U Fsa(H)# UFS, (1)
Essential spectrum

ﬁinV(H) — {T € L(H): igiﬁquHiV\?zh }

Id(lv) =v VYveH

L(H) D F(H) D L™(H)

20

T € £(H)

Spectrum(T) :={ e C: (A\[d—T) ¢ L™ (H)}

Essential spectrum(7T) :={\ e C: (\[d-T) ¢ F(H)

Essential spectrum(T) C Spectrum(T)

T € F(H) <= 0 ¢ Essential spectrum(T')

_ Essential spectrum (T’
Foa = {T € Foa(H) : P (T) }

C (—o00,0)

Essential spectrum (T’
f;_a_ = {T I~ fs.a,(H) : P ( ) }

C (0,00)
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Theorem 2 (Atiyah, Singer). Let X be any
compact Hausdorff topological space. Then

T € Foa(H) : KL(X) = [X, FZa ()]
F = Essential spectrum(T) N (—o0,0) #= 0

Essential spectrum(T) N (O, 0 o
P (T) N (0,00) 7# Bott periodicity

o
FZ% (H) is a classifying space for K1 QF(H) ~ F5 (H)

QF, (H) ~ F(H)
K1 = Atiyah-Hirzerbruch K-theory

Let X be any compact Hausdorff topological
space

Z, j even
(F(H)) =
™ (F(H)) {o j odd

KL(X) = lim _[X, GL(n, C)]

O j even
(F (H)) =
7r]( 5. (H)) {Z j odd
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EXAMPLE

dp L%(R)
dx
7 xR —R
(n,t) —mn+t
st — FZ (L3([0,1]))

eQﬂ'i@ — TQ

This loop is the generator of

m1 (F& (L2([0,1]))) = Z = K1(S1)
S1 is the Pontrjagin dual of Z

24

GG abelian locally compact Hausdorff topologi-
cal group

Pontrjagin dual G is again an abelian locally
compact Hausdorff topological group

G := Hom(G,SYH)

~

G is compact < G is discrete
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T x M — M smooth proper co-compact action
of T on M

D T-equivariant elliptic differential (or ¥DO)
operator on M

Assume:

1. [ is abelian

2. D is essenitally self-adjoint

Let A be a fundamental domain for the action
of T on M

Each ¢ € [ determines a boundary condition
for D|a

26

Using this boundary condition, construct a bounded

self-adjoint operator T,

r— 77 (H)
w Ty,

Indexr(D) € KY(T)

Remark: T is viewed here as a compact Haus-
dorff topological space. The group structure
of I is not being used.
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FrxM— M
D

Assume:

1. [ is abelian

2. D has no self-adjoint property

Indexr(D) € KO(F)
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EXAMPLE
r=7Ze%Z, M=R?

(Z®7Z) x R? — R?

((n1,n2), (t1,t2)) — (n1 +t1,n2 + t2)

D=0= 0 + 4 0
or1

O0xo
Zao7=-S!xs!

KOSt xsh =z 7z
1 L

1=(StxshHxc

L = Hopf line bundle

Indexyq7(d) € K9Z ® Z) = KO(S! x s1)

IndexZ@Z(E) =L-1
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Application: Dirac operato formulation of Baum-

Connes conjecture

" is a (countable) discrete group

Cx(I") denotes the reduced C*-algebra of I
Cx(IM) is the completion of the purely algebraic

group algebra C[I'] via the (left) regular repre-
sentation of I

30

K;(Cr (")) denotes the j-th K-theory group of
Cx(r), 7=0,1,2,...

Bott periodicity: K;(Cr(IM)) = K;1o(Cx(TM)),
3 =0,1,2,...

If I is abelian, then K;(C; (")) £ KI(I") where

KJI(F) is the Atiyah-Hirzerbruch K-theory of
the Pontrjagin dual T

31



Moral: If " is not abelian, then K;(Cr(IM)) re-

places KJ(T)

We shall now define an abelian group KEOD(I_),

j=0,1

32

Definition of K}Op, i=0,1
Consider pairs (M, E) such that
1. M is a C*°-manifold, OM = 0, with a given
smooth, proper co-compact action of Ir
Frx M — M

2. M has a given M-equivariant Spin®-structure

3. F is a [-equivariant vector bundle on M

33



KIP (M) & KIP(M) = {(M, E)}/ ~

Addition will be disjoint union

(M,E)+ (M,E =(MuUM' ,EUE"

Each fiber of F is a finite dimensional vector
space over C

dime(Ep) <oco peM

The equivalence relation
Isomorphism (M, E) is isomorphic to (M’, E')
iff 3 a M-equivariant diffeomorphism

v M — M

preserving the [M-equivariant Spin®-structures
on M, M’ and with

V(BN =B

34

The equivalence relation ~ will be generated
by three elementary steps

e Bordism

e Direct sum - disjoint union

e Vector bundle modification

35



Bordism (Mg, Eg) is bordant to (Mq, Eq) iff 3
(W, E) such that:

1. W is a C*° manifold with boundary, with a
given smooth proper co-compact action of

r Direct sum - disjoint union
FxW—-W Let E,E’ be two M-equivariant vector bundles
on M
2. W has a given equivariant Spin®-structure (M, E) U (M E’) ~ (M,E & E’)

3. E is a -equivariant vector bundle on W

4. (OW, Elg,,) = (Mo, Eg) U (—M3, Eq)
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Vector bundle modification

(M, E)
S(Fé1l
Let F be M-equivariant Spin® vector bundle on ( ﬁ )
M M
This is a fibration with even-dimensional spheres
Assume that as fibers

dimp(Fp) =0 mod2 peM
F @1 is a M-eqgivariant Spin® vector bundle on

M with odd dimensional fibers. Let > be the
spinor bundle for F ¢ 1

for every fiber F, of F

Cliffc(Fp o R) ® Xy — X
1=MxR ~(p,t) = (yp,t) P P P

v I— P G-
~el (pt)el F+ @0

MaE ~ S F ]_ , *E
S(F @ 1) := unit sphere bundle of F® 1 ( )~ (S(F@l),8L@n"E)
(M,E) ~ (S(F®1),84 ®7"E)
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{(M, E)}/ ~= KPP(M) @ KI°P(M) Notation: for (M, E) Dy is the Dirac operator

KEOP(r) =

of M tensored with FE

F' = spinor bundle of M
subgroup of {(M,E)}/ ~ P

consisting of all (M, E) such that
every connected component of M Dp: C(M,FRFE) — C*(M,FQFE)

has dimension =35 mod 2, 7=0,1
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KEP(M) — K(CR(M)  j=0,1
(M, E) — Index(Dg)

Conjecture (BC). (P. Baum, A. Connes) For
any (countable) discrete group

KEP(M) — K;(CR(M)  j=0,1

iS an isomorphism

42

Corollary. If BC conjecture is true for I, then

1. Every element of K;(Cy(IN)) is of the form
Index(Dp) for some (M, E) (surjectivity)

2. (M,E) and (M', E") have
Index(Dp) = Index(Dpyr)
if and only if it is possible to pass from
(M,E) to (M',E") by a finite sequence of
the three elementary moves
e Bordism
e Direct sum - disjoint union
e Vector bundle modification

(injectivity)
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Corollaries of BC

e Novikov conjecture

e Stable Gromov-Lawson-Rosenberg conjec-
ture

e Idempotent conjecture

e Kadison-Kaplansky conjecture

e Mackey analogy

e Construction of the discrete series via Dirac
induction (Parthasarathy, Atiyah-Schmid)

e Homotopy invariance of p-invariants (Keswani,
Piazza-Schick)

a4

Theorem.(N. Higson, G. Kasparov) If I is
a discrete group which is amenable (or a-t-
menable), then BC is true for I'.

Theorem.(I. Mineyev, G. Yu, V. Lafforgue) If

" is a discrete group which is hyperbolic (in
Gromov's sense), then BC is true for I'.
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