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Lie algebroids

Definition

E vector bundle of rank n over Q, dimQ = m
τ : E → Q the vector bundle projection

A Lie algebroid structure on E :
[[·, ·]] : Γ(E)× Γ(E) → Γ(E) Lie bracket
ρ : E → TQ bundle map, the anchor map
(ρ : Γ(E) → TQ homomorphism of C∞(Q)-modules)

such that
[[X , fY ]] = f [[X , Y ]] + ρ(X )(f )Y

for X , Y ∈ Γ(E) and f ∈ C∞(Q)

(E , [[·, ·]], ρ) Lie algebroid over Q ⇒ ρ is a homomorphism
between the Lie algebras (Γ(E), [[·, ·]]) and (X (Q), [·, ·])
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Lie algebroids

Examples
1 τQ : TQ → Q, Q a differentiable manifold ⇒ (TQ, [·, ·], Id)

2 A real Lie algebra g of finite dimension ⇒ (g, [·, ·]g, 0)

3 π : Q → M = Q/G principal bundle with structural group G

- TQ/G is a vector bundle over M = Q/G
τQ|G : TQ/G → Q/G the vector bundle projection
Γ(TQ/G) ≡ {X ∈ X (Q)|X is G − invariant}

- τQ|G : TQ/G → Q/G is a Lie algebroid
X , Y ∈ Γ(TQ/G) ⇒ [X , Y ] ∈ Γ(TQ/G)

X ∈ Γ(TQ/G) ⇒ X is π-projectable
ρ : Γ(TQ/G) → X (M)

τQ|G : TQ/G → Q/G the Atiyah Lie algebroid associated with π
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Lie algebroids

B (E , [[·, ·]], ρ) Lie algebroid

• the differential of E dE : Γ(∧kE∗) −→ Γ(∧k+1E∗)

(dEµ)(X0, . . . , Xk ) =
k∑

i=0

(−1)iρ(Xi)(µ(X0, . . . , X̂i , . . . , Xk ))

+
∑
i<j

(−1)i+jµ([[Xi , Xj ]], X0, . . . , X̂i , . . . , X̂j , . . . , Xk )

µ ∈ Γ(∧k E∗), X0, . . . , Xk ∈ Γ(E) (dE)2 = 0

• X ∈ Γ(E), the Lie derivate with respect to X

LE
X : Γ(∧kE∗) −→ Γ(∧kE∗)

LE
X = iX ◦dE + dE ◦ iX
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Lie algebroids

• E∗ admits a linear Poisson structure

{·, ·}E∗ : C∞(E∗)× C∞(E∗) → C∞(E∗) R-bilinear map

i) Skew-symmetry: {F , G}E∗ = −{G, F}E∗

ii) The Leibniz rule: {FF ′, G}E∗ = F{F ′, G}E∗ + F ′{F , G}E∗

iii) The Jacobi identity:

{F , {G, H}E∗}E∗ + {G, {H, F}E∗}E∗ + {H, {F , G}E∗}E∗ = 0

for F , F ′, G, H ∈ C∞(E∗) and, in addition,

P, P ′ linear functions on E∗ ⇒ {P, P ′}E∗ linear function on E∗
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Lie algebroids

• (x i) local coordinates on Q

{eα} local basis of Γ(E)
⇓

(x i , yα) local coordinates on E

the structure functions of the Lie algebroid Cγ
αβ , ρi

α ∈ C∞(Q)

[[eα, eβ]] = Cγ
αβeγ ρ(eα) = ρi

α

∂

∂x i

satisfy the structure equations

ρj
α

∂ρi
β

∂x j − ρj
β

∂ρi
α

∂x j = ρi
γC

γ
αβ∑

cyclic(α,β,γ)

(
ρi

α

∂Cν
βγ

∂x i + Cν
αµC

µ
βγ

)
= 0

Diana Sosa Vakonomic Mechanics on Lie algebroids



Lie algebroids

B f ∈ C∞(Q) : dE f =
∂f
∂x i ρ

i
αeα

where {eα} is the dual basis of {eα}

B θ = θγeγ ∈ Γ(E∗) : dEθ = (
∂θγ

∂x i ρ
i
β −

1
2
θαCα

βγ)eβ ∧ eγ

B F , G ∈ C∞(E∗) : (x i , yα) local coordinates on E∗

{F , G}E∗ = ρi
α

(
∂F
∂x i

∂G
∂yα

− ∂F
∂yα

∂G
∂x i

)
− Cγ

αβyγ
∂F
∂yα

∂G
∂yβ
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Lie algebroids

• (E , [[·, ·]], ρ) (E ′, [[·, ·]]′, ρ′) Lie algebroids over Q and Q′

(F , f ) morphism of vector bundles

Q f -Q′

τ
?

τ ′
?

E
F -E ′

φ′ ∈ Γ(∧k (E ′)∗) ⇒ (F , f )∗φ′ ∈ Γ(∧kE∗)

((F , f )∗φ′)x(a1, . . . , ak ) = φ′f (x)(F (a1), . . . , F (ak ))

x ∈ Q, a1, . . . , ak ∈ Ex

(F , f ) is a Lie algebroid morphism iff

dE((F , f )∗φ′) = (F , f )∗(dE ′
φ′), φ′ ∈ Γ(∧k (E ′)∗)

• (F , f ) Lie algebroid morphism, f injective immersion and
F|Ex : Ex → E ′

f (x) injective
⇓

(E , [[·, ·]]E , ρE) is said to be a Lie subalgebroid of (E ′, [[·, ·]]E ′ , ρE ′)
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The prolongation of a Lie algebroid over a fibration

(E , [[·, ·]], ρ) Lie algebroid, τ : E → Q rank E = n, dim Q = m
π : P → Q fibration, dim P = m′

T EP =
⋃
p∈P

T E
p P ⊂ E × TP:

T E
p P = {(b, vp) ∈ Eπ(p) × TpP | ρ(b) = (Tpπ)(vp)}

where Tπ : TP → TQ is the tangent map to π

τπ : T EP → P, τπ(b, vp) = τP(vp) = p

τP : TP → P being the canonical projection

⇓

T EP is a vector bundle over P of rank n + m′ −m with vector
bundle projection τπ : T EP → P
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The prolongation of a Lie algebroid over a fibration

• X̃ ∈ Γ(T EP) is said to be projectable if
∃ X ∈ Γ(E), ∃ U ∈ X (P) π-projectable to ρ(X ) s.t.

X̃ (p) = (X (π(p)), U(p)), ∀p ∈ P
X̃ ≡ (X , U)

τπ : T EP → P admits a Lie algebroid structure ([[·, ·]]π, ρπ):

[[(X1, U1), (X2, U2)]]
π = ([[X1, X2]], [U1, U2])

ρπ(X1, U1) = U1

(T EP, [[·, ·]]π, ρπ) is called the prolongation of E over π or the
E-tangent bundle to P
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The prolongation of a Lie algebroid over a fibration

PARTICULAR CASE 1: (E , [[·, ·]], ρ) Lie algebroid
τ : E → Q the vector bundle projection

⇓
the E-tangent bundle to E :

T EE = {(e, v) ∈ E × TE | ρ(e) = (T τ)(v)}

(T EE , [[·, ·]]τ , ρτ ) Lie algebroid over E of rank 2n

• (x i) local coordinates on Q and {eα} local basis of Γ(E)
⇓

{Xα,Vα} local basis of τ τ : T EE → E :

Xα(e) = (eα(τ(e)), ρi
α

∂

∂x i |e
) Vα(e) = (0,

∂

∂yα
|e

)
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The prolongation of a Lie algebroid over a fibration

[[Xα,Xβ]]τ = Cγ
αβXγ [[Xα,Vβ]]τ = [[Vα,Vβ]]τ = 0

ρτ (Xα) = ρi
α

∂

∂x i ρτ (Vα) =
∂

∂yα

- Two canonical objects on T EE :

• the Euler section ∆ ∈ Γ(T EE): ∆ = yαVα

• the vertical endomorphism S ∈ Γ((T EE)⊗ (T EE)∗):

S = Xα ⊗ Vα

{Xα,Vα} is the dual basis of {Xα,Vα}

• ξ ∈ Γ(T EE) is said to be a second order differential equation
(SODE) on E if

S(ξ) = ∆
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The prolongation of a Lie algebroid over a fibration

PARTICULAR CASE 2: (E , [[·, ·]], ρ) Lie algebroid
τ∗ : E∗ → Q the dual vector bundle projection

⇓
the E-tangent bundle to E∗:

T EE∗ = {(e, v) ∈ E × TE∗ | ρ(e) = (T τ∗)(v)}

(T EE∗, [[·, ·]]τ∗ , ρτ∗) Lie algebroid over E∗ of rank 2n

• (x i) local coordinates on Q, {eα} local basis of Γ(E) and {eα}
dual basis ⇒ (x i , yα) local coordinates on E∗

⇓

{Yα,Uα} local basis of τ τ∗ : T EE∗ → E∗:

Yα(e∗) = (eα(τ∗(e∗)), ρi
α

∂

∂x i |e∗
) Uα(e∗) = (0,

∂

∂yα |e∗
)
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The prolongation of a Lie algebroid over a fibration

[[Yα,Yβ]]τ
∗

= Cγ
αβYγ [[Yα,Uβ]]τ

∗
= [[Uα,Uβ]]τ

∗
= 0

ρτ∗(Yα) = ρi
α

∂

∂x i ρτ∗(Uα) =
∂

∂yα

- Two canonical objects on T EE∗:

• the Liouville section λE ∈ Γ((T EE∗)∗): λE(e∗)(ẽ, v) =<e∗, ẽ>

λE(x i , yα) = yαYα

• the canonical symplectic section ΩE ∈ Γ(∧2(T EE∗)∗):

ΩE = −dT
E E∗

λE

ΩE = Yα ∧ Uα +
1
2
Cγ

αβyγYα ∧ Yβ

{Yα,Uα} the dual basis of {Yα,Uα}
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Lagrangian Mechanics on Lie algebroids

(E , [[·, ·]], ρ) Lie algebroid, τ : E → Q the bundle projection
(T EE , [[·, ·]]τ , ρτ ) the E-tangent bundle to E
L : E → R a Lagrangian function

• the Cartan 1-section θL ∈ Γ((T EE)∗): θL = S∗(dT
E EL)

θL =
∂L
∂yα

Xα

• the Cartan 2-section ωL ∈ Γ(∧2(T EE)∗): ωL = −dT
E EθL

ωL=
∂2L

∂yα∂yβ
Xα∧Vβ+

1
2

(
∂2L

∂x i∂yα
ρi

β −
∂2L

∂x i∂yβ
ρi

α +
∂L
∂yγ

Cγ
αβ

)
Xα∧X β

• the Lagrangian energy EL ∈ C∞(E): EL = LT E E
∆ L− L

EL =
∂L
∂yα

yα − L

Diana Sosa Vakonomic Mechanics on Lie algebroids



Lagrangian Mechanics on Lie algebroids

• A curve t → c(t) on E is a solution of the Euler-Lagrange
equations for L if

- c is admissible (i.e., (c(t), ċ(t)) ∈ T E
c(t)E , for all t)

- i(c(t),ċ(t))ωL(c(t))− dT
E EEL(c(t)) = 0, for all t .

or, locally, if c(t) = (x i(t), yα(t))
ẋ i = ρi

αyα

d
dt

( ∂L
∂yα

)
+

∂L
∂yγ

Cγ
αβyβ − ρi

α

∂L
∂x i = 0
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Lagrangian Mechanics on Lie algebroids

• L is said to be regular if ωL is a symplectic section
⇓

there exists a unique solution ΓL verifying

iΓLωL − dT
E EEL = 0

⇓

ΓL is a SODE section

Thus, the integral curves of ΓL (that is, the integral curves of the
vector field ρτ (ΓL)) are solutions of the Euler-Lagrange
equations for L. ΓL is called the Euler-Lagrange section
associated with L.

Diana Sosa Vakonomic Mechanics on Lie algebroids



Lagrangian Mechanics on Lie algebroids

Locally,

L is regular ⇔ (Wαβ) =
( ∂2L

∂yα∂yβ

)
is regular

⇓
The local expression of ΓL is

ΓL = yαXα + W αβ
(
ρi

β

∂L
∂x i − ρi

γyγ ∂2L
∂x i∂yβ

+ yγCν
γβ

∂L
∂yν

)
Vα

(W αβ) being the inverse matrix of (Wαβ)

• If ωL is not symplectic (i.e. (Wαβ) =
( ∂2L

∂yα∂yβ

)
is non regular)

the Lagrangian is called singular or degenerate Lagrangian
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Constraint algorithm for presymplectic Lie algebroids

(τ : E → Q, [[·, ·]], ρ) Lie algebroid

Assume that:

- Ω ∈ Γ(∧2E∗) presymplectic 2-section (dEΩ = 0)
- α ∈ Γ(E∗) closed 1-section (dEα = 0)
- the kernel of Ω vector subbundle of E

[Ω : E → E∗ vector bundle morphism over the identity of Q
[Ω(e) = i(e)Ω(x)

Fx a subspace of Ex , with x ∈ Q,

F⊥
x = {e ∈ Ex | Ω(x)(e, f ) = 0,∀f ∈ Fx}

B [Ωx (Fx) = (F⊥
x )◦, where [Ωx = [Ω|Ex and (F⊥

x )◦ is the

annihilator of the subspace F⊥
x
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Constraint algorithm for presymplectic Lie algebroids

I The dynamics of the presymplectic system defined by (Ω, α)
is given by a section X ∈ Γ(E) satisfying the dynamical
equation

iX Ω = α
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Constraint algorithm for presymplectic Lie algebroids

B Q1 = {x ∈ Q | ∃e ∈ Ex : i(e)Ω(x) = α(x)}

= {x ∈ Q |α(x)(e) = 0, ∀e ∈ KerΩ(x) = E⊥
x }

If Q1 is an embedded submanifold of Q
⇓

∃ X : Q1 → E a section of τ : E → Q along Q1: iX Ω = α

But ρ(X ) is not, in general, tangent to Q1

Thus, we have that to restrict to E1 = ρ−1(TQ1)

If E1 is a manifold and τ1 = τ|E1 : E1 → Q1 is a vector bundle
⇓

τ1 : E1 → Q1 is a Lie subalgebroid of τ : E → Q
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Constraint algorithm for presymplectic Lie algebroids

B Q2 = {x ∈ Q1 |α(x) ∈ [Ωx ((E1)x) = [Ωx (ρ
−1(TxQ1))}

= {x ∈ Q1 |α(x)(e) = 0, ∀e ∈ (E1)
⊥
x = (ρ−1(TxQ1))

⊥}

If Q2 is an embedded submanifold of Q1
⇓

∃ X : Q2 → E1 a section of τ1 : E1 → Q1 along Q2: iX Ω = α

But, ρ(X ) is not, in general, tangent to Q2

Thus, we have that to restrict to E2 = ρ−1(TQ2)

If E2 is a manifold and τ2 = τ|E2 : E2 → Q2 is a vector bundle
⇓

τ2 : E2 → Q2 is a Lie subalgeborid of τ1 : E1 → Q1
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Constraint algorithm for presymplectic Lie algebroids

If we repeat the process, we obtain a sequence of Lie
subalgebroids:

. . . ↪→Ek+1 ↪→Ek ↪→. . . ↪→E2 ↪→E1 ↪→E0 = E

τk+1
6 τk

6 τ2
6 τ1

6 τ0 = τ6

. . . ↪→Qk+1 ↪→Qk ↪→. . . ↪→Q2 ↪→Q1 ↪→Q0 = Q

where
Qk+1 = {x ∈ Qk |α(x)(e) = 0, ∀e ∈ (ρ−1(TxQk ))⊥}

Ek+1 = ρ−1(TQk+1)

If ∃ k ∈ N: Qk = Qk+1 ⇒ we say that the sequence stabilizes
⇓

Qf = Qk+1 = Qk Ef = Ek+1 = Ek = ρ−1(TQk )

τf = τk : Ef → Qf is a Lie subalgebroid of τ : E −→ Q
⇓

∃ X ∈ Γ(Ef ): iX Ω = α
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Constraint algorithm for presymplectic Lie algebroids

Moreover, every arbitrary solution is of the form

X ′ = X + Y , Y ∈ Γ(Ef ) and Y (x) ∈ ker Ω(x), x ∈ Qf

In addition, if we denote by Ωf and αf the restriction of Ω and α,
respectively, to the Lie algebroid Ef −→ Qf , we have that:

- Ωf is a presymplectic 2-section

- X ∈ Γ(Ef ): iX Ω = α ⇒ iX Ωf = αf

but in principle, there are solutions of iX Ωf = αf which are not
solutions of iX Ω = α (since ker Ω ∩ Ef ⊂ ker Ωf )
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Vakonomic Mechanics on Lie algebroids

τ : E → Q Lie algebroid of rank n, dim Q = m
L : E → R Lagrangian function on E
M ⊂ E embedded submanifold, the constraint submanifold
τM = τ|M : M → Q surjective submersion, dim M = n + m − m̄

E∗ ⊕ E

E∗

�
�

�	

@
@

@R

E

pr1 pr2 �
�

�	

@
@

@R

W0 = pr−1
2 (M) = E∗ ×Q M

E∗ M

π1 π2

π1 = (pr1)|W0 π2 = (pr2)|W0

ν : W0 = E∗ ×Q M → Q the canonical projection

Diana Sosa Vakonomic Mechanics on Lie algebroids



Vakonomic Mechanics on Lie algebroids

(T π1, π1) Lie algebroid morphism

T π1 = (Id , Tπ1) W0
π1 - E∗

τν
?

τ τ∗

?

T EW0
T π1 - T EE∗

Ω0 = (T π1, π1)
∗ΩE is a presymplectic section on T EW0

ΩE being the canonical symplectic section on T EE∗

• The Pontryagin Hamiltonian HW0 : W0 = E∗ ×Q M → R

HW0(e
∗, ě) = 〈e∗, ě〉 − L̃(ě), L̃ = L|M

⇓

(T EW0,Ω0, dT
E W0HW0) is a presymplectic hamiltonian system
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Vakonomic Mechanics on Lie algebroids

Definition
The vakonomic problem on Lie algebroids is find the solutions
for the equation

iX Ω0 = dT
E W0HW0

i.e., to solve the constraint algorithm for (T EW0,Ω0, dT
E W0HW0)
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Vakonomic Mechanics on Lie algebroids

• (x i) local coordinates on an open subset U of Q
{eα} local basis of Γ(E) on U

M ∩ τ−1(U) ≡ {(x i , yα) ∈ τ−1(U) |ΦA(x i , yα) = 0, A = 1, . . . , m̄}
where ΦA are the local independent constraint functions for the submanifold M

(yα) = (yA, ya), 1 6 α 6 n, 1 6 A 6 m̄, m̄ + 1 6 a 6 n
⇓

∃ open subset Ṽ of τ−1(U), open subset W ⊆ Rm+n−m̄ and
smooth real functions ΨA : W → R, A = 1, . . . , m̄, s.t

M ∩ Ṽ ≡ {(x i , yα) ∈ Ṽ | yA = ΨA(x i , ya), A = 1, . . . , m̄}
⇓

(x i , ya) are local coordinates on M
⇓

(x i , yα, ya) local coordinates for W0 = E∗ ×Q M
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Vakonomic Mechanics on Lie algebroids

{Yα,Uα,Va} local basis of Γ(T EW0):

Yα(e∗, ě) = (eα(x), ρi
α

∂

∂x i |e∗
, 0)

Uα(e∗, ě) = (0,
∂

∂yα |e∗
, 0) Va(e∗, ě) = (0, 0,

∂

∂ya
|ě

)

where (e∗, ě) ∈ W0 and ν(e∗, ě) = x

([[·, ·]]ν , ρν) the Lie algebroid structure on T EW0:

[[Yα,Yβ]]ν = Cγ
αβYγ

ρν(Yα) = ρi
α

∂

∂x i ρν(Uα) =
∂

∂yα
ρν(Va) =

∂

∂ya
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Vakonomic Mechanics on Lie algebroids

{Yα,Uα,Va} the dual basis of {Yα,Uα,Va}:

Ω0 = Yα ∧ Uα +
1
2
Cγ

αβyγYα ∧ Yβ

HW0(x
i , yα, ya) = yaya + yAΨA(x i , ya)− L̃(x i , ya)

dT E W0HW0 = (yA
∂ΨA

∂x i −
∂L̃
∂x i )ρ

i
αYα+ΨAUA+yaUa+(ya+yA

∂ΨA

∂ya −
∂L̃
∂ya )Va

B If we apply the constraint algorithm

W1 = {w ∈ E∗ ×Q M |dT E W0HW0(w)(Y ) = 0, ∀Y ∈ Ker Ω0(w)}

Ker Ω0 = span{Va} ⇒ W1 is locally characterized by

ya =
∂L̃
∂ya − yA

∂ΨA

∂ya , m̄ + 1 ≤ a ≤ n
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Vakonomic Mechanics on Lie algebroids

A solution of the vakonomic problem is of the form

X = yaYa+ΨAYA+
[( ∂L̃

∂x i −yA
∂ΨA

∂x i

)
ρi

α−yaCβ
αayβ−ΨACβ

αAyβ

]
Uα+ΥaVa

Therefore, the vakonomic equations are

ẋ i = yaρi
a + ΨAρi

A

ẏA =
( ∂L̃

∂x i − yB
∂ΨB

∂x i

)
ρi

A − yaCβ
Aayβ −ΨBCβ

AByβ

d
dt

(
∂L̃
∂ya − yA

∂ΨA

∂ya

)
=
( ∂L̃

∂x i − yA
∂ΨA

∂x i

)
ρi

a − ybCβ
abyβ −ΨACβ

aAyβ
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There exist solution sections X of T EW0 along W1, but they
may not be sections of (ρν)−1(TW1) = T EW1

⇓
we obtain a sequence of embedded submanifolds

. . . ↪→ Wk+1 ↪→ Wk ↪→ . . . ↪→ W2 ↪→ W1 ↪→ W0 = E∗ ×Q M

• If the algorithm stabilizes
⇓

∃ a final constraint submanifold Wf

∃ X ∈ Γ(T EWf ): (iX Ω0 = dT
E W0HW0)|Wf
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B We analyze the case Wf = W1

Denote Ω1 the restriction of Ω0 to T EW1

Theorem

If Ω1 is a symplectic 2-section on the Lie algebroid T EW1 → W1
then there exists a unique section ξ1 of T EW1 → W1 whose
integral curves are solutions of the vakonomic equations for the
system (L, M). In fact, if HW1 is the restriction to W1 of the
Pontryagin Hamiltonian HW0 then ξ1 is the Hamiltonian section
of HW1 with respect to the symplectic section Ω1, that is,

iξ1Ω1 = dT
E W1HW1
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Definition
The vakonomic system (L, M) on the Lie algebroid τ : E → Q is
said to be regular if Ω1 is a symplectic 2-section of the Lie
algebroid T EW1 → W1.

Proposition

Ω1 is a symplectic section of the Lie algebroid T EW1 if and only
if for any system of coordinates (x i , yα, ya) on W0 we have that

det

(
∂2L̃

∂ya∂yb − yA
∂2ΨA

∂ya∂yb

)
6= 0, for all point in W1.

Denote

Rab =
∂L̃

∂ya∂yb − yA
∂2ΨA

∂ya∂yb , for all a and b
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Definition
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• If the vakonomic system (L, M) is regular
⇓

det (Rab) 6= 0
⇓

(x i , yα, ya) are local coordinates on an open subset of W0 s.t.
(x i , yα) are local coordinates on W1 (ya = µa(x i , yα))
{Yα1,Uα1} is a local basis of Γ(T EW1)

If ν1 : W1 → Q is the canonical projection and ([[·, ·]]ν1 , ρν1) is
the Lie algebroid structure on T EW1 → W1:

[[Yα1,Yβ1]]
ν1 = Cγ

αβYγ1

ρν1(Yα1) = ρi
α

∂

∂x i ρν1(Uα1) =
∂

∂yα
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{Yα
1 ,Uα

1 } the dual basis of {Yα1,Uα1}:

Ω1 = Yα
1 ∧ Uα

1 +
1
2
Cγ

αβyγYα
1 ∧ Y

β
1

⇓

ξ1(x j , yβ) = µa(x j , yβ)Ya1 + ΨA(x j , µa(x j , yβ))YA1

−
[
Cb

αaybµa(x j , yβ) + Cb
αAybΨA(x j , µa(x j , yβ))

+ρi
α

(
yA

∂ΨA

∂x i |(x j ,µa(x j ,yβ))
− ∂L̃

∂x i |(x j ,µa(x j ,yβ))

)]
Uα1
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• The vakonomic bracket associated with the system (L, M)

{·, ·}(L,M) : C∞(W1)× C∞(W1) → C∞(W1)

{F1, G1}(L,M) = Ω1(HΩ1
F1

,HΩ1
G1

) = ρν1(HΩ1
G1

)(F1)

HΩ1
F1

being the Hamiltonian section of F1 with respect to Ω1

Theorem
The vakonomic bracket {·, ·}(L,M) associated with a regular
vakonomic system is a Poisson bracket on W1. Moreover, if
F1 ∈ C∞(W1) then the temporal evolution of F1, Ḟ1, is given by

Ḟ1 = {F1, HW1}(L,M)

Note that ξ1 = HΩ1
HW1
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Locally,

{F1, G1}(L,M) = ρi
α

(
∂F1

∂x i
∂G1

∂yα
− ∂F1

∂yα

∂G1

∂x i

)
− Cγ

αβyγ
∂F1

∂yα

∂G1

∂yβ

Corollary
If (L, M) is a regular vakonomic system on a Lie algebroid E
then the restriction (π1)|W1 : W1 → E∗ of π1 : W0 → E∗ to W1 is
a local Poisson isomorphism.
Moreover, if T (π1)|W1 : T EW1 → T EE∗ is the corresponding
prolongation then the pair (T (π1)|W1 , (π1)|W1) is a local
symplectomorphism between the symplectic Lie algebroids
(T EW1,Ω1) and (T EE∗,ΩE).
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τ : E → Q a Lie algebroid and L : E → R a Lagrangian function

E. Martı́nez, preprint arXiv:math-ph/0603028.

B The set of E-paths:

Adm([t0, t1], E) = {a : [t0, t1] → E | ρ ◦a = d
dt (τ ◦a)}

• a0, a1 ∈ Adm([t0, t1], E) are E-homotopic if there exists a Lie
algebroid morphism

Φ : T [0, 1]× T [t0, t1] → E

such that if a(s, t) = Φ(∂t |(s,t)) and b(s, t) = Φ(∂s|(s,t)), then

a(0, t) = a0(t), a(1, t) = a1(t), b(s, t0) = 0, b(s, t1) = 0

P([t0, t1], E) ≡ Adm([t0, t1], E) with the second differentiable
Banach manifold structure induced by the E-homotopy classes
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For a ∈ P([t0, t1], E):

TaP([t0, t1], E) = {ηc ∈ TaAdm([t0, t1], E) | η(t0) = 0, η(t1) = 0}

• If {eα} is a local basis of Γ(E) and η is a time-dependent
section locally given by η = ηαeα, then the complete lift of η

ηc = ηαρi
α

∂

∂x i + (ρi
β

∂ηγ

∂x i − ηαCγ
αβ)yβ ∂

∂yγ

Fix x , y ∈ Q:

P([t0, t1], E)y
x = {a ∈ P([t0, t1], E) | τ(a(t0)) = x , τ(a(t1)) = y}

I The action functional δS : P([t0, t1], E) → R

δS(a) =

∫ t1

t0
L(a(t))dt
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• (L, M) vakonomic system on the Lie algebroid τ : E → Q
⇓

infinitesimal variations are complete lifts ηc tangent to M
⇓ (M locally defined by yA −ΨA(x i , ya) = 0)

ηc(yA −ΨA(x i , ya)) = 0
or, equivalently,

dηA

dt
= ρi

αηα ∂ΨA

∂x i +
dηa

dt
∂ΨA

∂ya + Ca
βαyβηα ∂ΨA

∂ya − CA
βαyβηα

P(M) =
{

a : I → M |a(t) = (x i(t), yA(t)) s.t. ẋ i(t) = ρi
AyA(t)

}
I The action δS : P(M) → R

a(t) 7→
∫

L(a(t))dt
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We look for the critical points of the action δS:
d
ds |s=0

∫
L(as(t))dt = 0

⇓

ẋ i = yaρi
a + ΨAρi

A

ẏA =
( ∂L̃

∂x i − yB
∂ΨB

∂x i

)
ρi

A − yaCβ
Aayβ −ΨBCβ

AByβ

d
dt

( ∂L̃
∂ya − yA

∂ΨA

∂ya

)
=
( ∂L̃

∂x i − yA
∂ΨA

∂x i

)
ρi

a − ybCβ
abyβ −ΨACβ

aAyβ

with ya =
∂L̃
∂ya − yA

∂ΨA

∂ya , that is, the vakonomic equations for the

vakonomic system (L, M) on the Lie algebroid τ : E → Q
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Example (The tangent bundle to a manifold)
Q a differentiable manifold
τQ : TQ → Q is a Lie algebroid with the structure ([·, ·], Id)

(qi) local coordinates on Q
{ ∂

∂qi } local basis of τQ : TQ → Q
⇓

ρi
j = δij and Ck

ij = 0
⇓

The classical vakonomic equations
q̇A = ΨA(qi , q̇a)

ṗA =
∂L̃
∂qA − pB

∂ΨB

∂qA

d
dt

( ∂L̃
∂q̇a − pA

∂ΨA

∂q̇a

)
=

∂L̃
∂qa − pB

∂ΨB

∂qa
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Example (Lie algebras of finite dimension)
(g, [·, ·]g, 0), being g a Lie algebra of dimension n
C affine subspace of g modelled over the vector space C

dim C = n − m̄ and e0 ∈ C, e0 6= 0

• {eα} = {ea, e0, eā} = {ea, eA} basis of g such that
{ea} basis of C and [eα, eβ] = Cγ

αβeγ

(ya, y0, y ā) = (ya, yA) coordinates on g

C given by the equations: y0 = 1, y ā = 0
(ya, y0, yā) = (ya, yA) dual coordinates on g∗

L : g → R Lagrangian function

L̃ : C → R the restriction of L to C
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Example (Lie algebras of finite dimension)

σ : t 7→ (ya(t), y0(t), y ā(t)) = (ya(t), 1, 0, . . . , 0) a curve in C is a
solution of the constrained system (L,C) if and only if

d
dt

( ∂L̃
∂ya

)
= − ∂L̃

∂yc (ybCc
ab + Cc

a0)− yB(ybCB
ab + CB

a0)

ẏA = − ∂L̃
∂yc (ybCc

Ab + Cc
A0)− yB(ybCB

Ab + CB
A0)

The curve in g∗ γ : t 7→ (
∂L̃
∂ya

|σ(t)
, yA(t)) =

∂L̃
∂y

(σ(t)) + λ(t)

λ(t) = (0, yA(t)) ∈ C◦

Then γ satisfies the Euler-Poincaré equations
d
dt

(∂L̃
∂y

+ λ
)

= ad∗σ
(∂L̃

∂y
+ λ
)

“Optimization Theorem for Nonholonomic Systems on Lie groups”
W-S. Koon, J.E. Marsden, SIAM J. Control Optim. 35 (1997) 901-929.
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Example (Atiyah Lie algebroids)
π : Q → M principal bundle with structural group G
τQ |G : TQ/G → M the associated Atiyah Lie algebroid

⇓
“The reduced Lagrangian Optimization Theorem for Nonholonomic
Systems”
W-S. Koon, J.E. Marsden, SIAM J. Control Optim. 35 (1997) 901-929.
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