Reduction of Lie bialgebroids

David Iglesias Ponte

IMAFF, CSIC

David Iglesias Ponte (IMAFF, CSIC) Reduction of Lie bialgebroids 20 August 2007 1/27



@ Lie groupoids and algebroids

e Actions on Lie groupoids and algebroids
e Poisson groupoids and Lie bialgebroids

0 Actions on Poisson groupoids and reduction

© Actions on Lie bialgebroids and reduction
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(Hamiltonian) Poisson reduction

(M, ) Poisson manifold G (connected) Lie group

G x M — M action with infinitesimal ¢ : g — X(M)
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(Hamiltonian) Poisson reduction

(M, ) Poisson manifold G (connected) Lie group

G x M — M action with infinitesimal ¢ : g — X(M)

Poisson action <= Ly =0, (E€9)
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(Hamiltonian) Poisson reduction

(M, ) Poisson manifold G (connected) Lie group

G x M — M action with infinitesimal ¢ : g — X(M)

Poisson action <= Ly =0, (E€9)

= M/G Poisson manifold

{fi.wgop={hop.op},  (h.hcC¥(M/G)=C*(M)°
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J: M — g* equivariant and
midde) = (),  (E€a),

(Je € C(M), m— (J(m),£))
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J: M — g* equivariant and

midde) = v(€), (€ €a),
(Je € C(M), m— (J(m),£))

A € g* regular value of J

iJTTN=M  pJdTTON) = JT(N)/Gy
G\={g¢€ G/Adg_1)\ = A} (isotropy group)
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J: M — g* equivariant and
midde) = v(€), (€ €a),
(Je € C°(M), m— (J(m),£))

A € g* regular value of J

iJTTN=M  pJdTTON) = JT(N)/Gy
G\={g¢€ G/Adg_1)\ = A} (isotropy group)

= J~1()\)/ Gy Poisson manifold.

{fi.k}y1ny6, 0P ={Fi,Feloi,  (fi,lhe C(J(N)/G)))
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Lie groupoids

G= M
es:G— Myt:G— Msource and target map

G2 ={(x,y) € G xG|s(x) =y)}

e m: Go> — G multiplication

- s(xy) = s(y) and t(xy) = t(x), for any (x, y) € Go,

- x(yz) = (xy)z,forany x,y,z€ G
e ¢ : M — G identity section

- xe(s(x)) = x and ¢(t(x))x = x, forany x € G.
e . : G — G inversion

- xx~ T = e(t(x)) and x~x = ¢(s(x)), for any x € G.
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Examples of Lie groupoids

1.- Lie groups (Lie groupoid over a single point)
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Examples of Lie groupoids

1.- Lie groups (Lie groupoid over a single point)

2.- Banal groupoid

M smooth manifold = M x M = M Lie groupoid
s:MxM—M P (G y)—y
t:MxM—-M (X)) e x
m:(Mx My —MxM ;. ((x,y),(y,2)) — (x,2)
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Examples of Lie groupoids

1.- Lie groups (Lie groupoid over a single point)
2.- Banal groupoid
M smooth manifold = M x M = M Lie groupoid

s MxM—M (Y)Y
t:MxM—M (X)) e x
m:(MxM)—MxM ; ((x,y),(y,2)) — (x,2)

3.- Atiyah groupoid (Q x Q)/G — M

p: Q — M, principal G-bundle with action ¢ : Gx Q — Q
5:(QxQ)/G—M D G p(y)
t:(QxQ)/G—M [ )] = p(x)
m:((QxQ)/Gz2—(QxQ)/G ; ([(x,¥)][(9y,2)]) — (9%, 2)]
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Morphism of Lie groupoids

G=M G —-M Lie groupoids

® : G — G’ smooth map over &y : M — M’
s'(®(x)) = Po(s(x)),
U(®(x)) = Po(s(x)),  x€G,
O(xy) = o(x)®(y),  (x,¥) € Ga.

X € g,
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Lie algebroids

A — M vector bundle
(F(A), [, ]) Lie algebra
p: A— TM anchor map
[X. Y] = fIX. Y]+ (o(X)()Y.
for X, Y € [(A) and f € C*(M,R).

Coordinate Expressions

(x',...,x™) local coord. on M, {e,} local basis of sections of A

{ p(€a) = P’a%

[ea, es] = C, 584
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Lie algebroid associated with Lie groupoid G

G = M Lie groupoid = 7 : AG — M Lie algebroid
(AG)m := Kerdy,,s
M(AG) = xR(g)

Y e T(AG) = VX = dyx)Rx(Yi(x)), forany x € G
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Lie algebroid associated with Lie groupoid G

G = M Lie groupoid = 7 : AG — M Lie algebroid
(AG)m := Kerdy,,s
M(AG) = xR(g)

Y e T(AG) = VX = dyx)Rx(Yi(x)), forany x € G

([-,-], p) Lie algebroid on AG — M
{ [Ys, Yol = [V4, Y2l

p(Y)(m) = d1,t(Ym)
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Examples of Lie algebroids

1.- Lie algebras of finite dimension
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Examples of Lie algebroids

1.- Lie algebras of finite dimension
2.- Tangent bundle TM — M

Id: TM — TM
=01

p
[

.=.||
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Examples of Lie algebroids

1.- Lie algebras of finite dimension
2.- Tangent bundle TM — M

Id: TM — TM
=01

p
[

.=.||

3.- Atiyah algebroid TQ/G — M
p: Q — M, principal G-bundle with action ¢ : Gx Q — Q

70|G: TQ/G — M = Q/G Atiyah algebroid
r(7TQ/G) = x(M)C

p(X) = Tp(X)
[X, Y] =1[X,Y]
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Morphism of Lie algebroids

Exterior Differential: d: T'(AKA*) — [(AKHTA*)
k . A
da(Xo, ..., Xk) = Z(—U'P(X‘)( (X5 Xy - oo, X))

+Z Y Ha([Xi, X1, Xos -, Xy, Xy o, Xk,

i<j
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Morphism of Lie algebroids

Exterior Differential: d: T'(AKA*) — [(AKHTA*)

k
da(Xo, - .-, Xk) = Z(—U’p(x-)( (Xos---» Xiv o, Xk))
+ Z DHa([Xi, X1, Xos -, X -, X5, Xk,

i<j

Morphism of Lie algebroids
T:A—-M 1AM Lie algebroids
¢ : A— A vector bundle morphism over &y : M — M'.
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Morphism of Lie algebroids

Exterior Differential: d: T'(AKA*) — [(AKHTA*)
k . A
da(Xo, ..., Xk) = Z(—U'P(X‘)( (X5 Xy - oo, X))

+Z Y Ha([Xi, X1, Xos -, Xy, Xy o, Xk,

i<j

Morphism of Lie algebroids
T:A—-M 1AM Lie algebroids
® : A — A’ vector bundle morphism over &g : M — M.

¢*d'9 = do*0, for every 6 € T(AK(A)*)

(d>*6)(m)(a1 ey ak) = 9(¢0(m))(¢(a1 ), ceey d)(ak)), foray,...,ax € Am.
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Actions of Lie groups on groupoids

Definition An action of a Lie group G on a Lie groupoid G is a smooth
action ¥ : G x G — G such that for each g € G the map:

Vg:G—G, X— gX,

is an automorphisms of G.
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Actions of Lie groups on groupoids

Definition An action of a Lie group G on a Lie groupoid G is a smooth
action ¥ : G x G — G such that for each g € G the map:

Vg:G—G, X— gX,
is an automorphisms of G.
¥(&) : G — TG is a groupoid morphims from G = Mto TG = TM

P(E)(xy) = dxyym(¥(€)(X), w(€)(¥)),

Such a vector field is called multiplicative.
Consequence

[¥(€), X] is right-invariant, for all ¢ € g, X € [(A).
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Actions of Lie groups on algebroids

Definition An action of a Lie group G on a Lie algebroid A is a smooth
action ¥ : G x A — A such that for each g € G the map:

Vg:A— A ar ga,

is a Lie algebroid automorphism of A.

David Iglesias Ponte (IMAFF, CSIC) Reduction of Lie bialgebroids 20 August 2007 13/27



Actions of Lie groups on algebroids

Definition An action of a Lie group G on a Lie algebroid A is a smooth
action ¥ : G x A — A such that for each g € G the map:

Vg:A— A ar ga,

is a Lie algebroid automorphism of A.

¥(§) : A— TAis a Lie algebroid derivation
D([X, Y]) = [D(X), Y]+ [X,D(Y)], X,Y eTl(A).
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Inner Actions

Definition A Lie group action ¥ : G x G — G on a Lie groupoid G is
called an inner action if there exists a map ¢ : G x M — G such that:

W(g, x) = (g, t(x)) - x - &(g,s(x)) .
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Inner Actions

Definition A Lie group action ¥ : G x G — G on a Lie groupoid G is
called an inner action if there exists a map ¢ : G x M — G such that:

W(g, x) = (g, t(x)) - x - &(g,s(x)) .

Definition An infinitesimal action ¢ : g — Xnut(G) of a Lie algebra g on
a Lie groupoid g is called an inner action if there exists a Lie algebra

morphism ¢ : g — '(A) such that ¢)(¢) = g@ - %

Dﬁ(X) = I[d)(g)vx]]a §€ g, Xe r(A)
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Theorem Let ¢ : G x A — A be an inner action of the Lie group G over
the Lie algebroid A with respectto ¢ : g — '(A). Then,

®T (Gxg)x A=A T(g.£)(ax) = Pglax) + Pg($(€)x)

defines an affine action of TG = G x g over A.
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Poisson groupoids

Definition
A Poisson groupoid (G, ) is a Lie groupoid G = M together with a

Poisson structure I which is multiplicative, that is, the graph of the
groupoid multiplication

A= {06y, xp) |s(x) = (y)}

is a coisotropic submanifold of G x G x G
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Poisson groupoids

Definition

A Poisson groupoid (G, ) is a Lie groupoid G = M together with a
Poisson structure I which is multiplicative, that is, the graph of the
groupoid multiplication

A= {06y, xp) |s(x) = (y)}

is a coisotropic submanifold of G x G x G

Proposition If (G, M) is a Poisson groupoid, then it induces a Poisson
bivector = on M, such thats: G — Mis a Poisson map andt: G — M
is anti-Poisson.

(G, N) Poisson groupoid

dag- X = —[X,1], (X €x(A).

David Iglesias Ponte (IMAFF, CSIC) Reduction of Lie bialgebroids 20 August 2007 16/27



Examples of Poisson groupoids

1.- Symplectic groupoids

(G,NM = w~") Poisson groupoid = (G,w) symplectic groupoid
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Examples of Poisson groupoids

1.- Symplectic groupoids

(G,NM = w~") Poisson groupoid = (G,w) symplectic groupoid

2.- Poisson Lie groups

(G, M) with A coisotropic <= m: G x G — G Poisson map

- Particular situation: g Lie algebra = g* Poisson Lie group
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Examples of Poisson groupoids

1.- Symplectic groupoids

(G,NM = w~") Poisson groupoid = (G,w) symplectic groupoid

2.- Poisson Lie groups

(G, M) with A coisotropic <= m: G x G — G Poisson map

- Particular situation: g Lie algebra = g* Poisson Lie group
3.- Exact Poisson groupoids

G = M Lie groupoid 74 € T(A2A)  [ra,ma] =0

= (G, s — 74) Poisson groupoid

(M, ) Poisson manifold = (M x M, m & —x) Poisson groupoid
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Lie bialgebroids

Definition
Suppose that p: A — M is a Lie algebroid such that its dual bundle

A* — M also carries a Lie algebroid structure. Then (A, A*) is a Lie
bialgebroid if for any X, Y € X(A),

da[X, Y] = Lxda Y — Lyda X.
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Lie bialgebroids

Definition

Suppose that p: A — M is a Lie algebroid such that its dual bundle
A* — M also carries a Lie algebroid structure. Then (A, A*) is a Lie
bialgebroid if for any X, Y € X(A),

da[X, Y] = Lxda Y — Lyda X.

Proposition Let (A, A*) be a Lie bialgebroid over M. Then, there
exists a Poisson structure 7y, on M characterized by

wm(dfy, db) = p(da-f)(B) = (dafi,dal),  (f,fo € CF(M)).
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Examples of Lie bialgebroids

1.- Poisson groupoids and Lie bialgebroids

(G, M) Poisson groupoid = (AG, AG*) Lie bialgebroid
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Examples of Lie bialgebroids

1.- Poisson groupoids and Lie bialgebroids

(G, M) Poisson groupoid = (AG, AG*) Lie bialgebroid

2.- Exact Lie bialgebroids
A — M Lie algebroid 74 € T(N2A)  [ra,ma] =0
= A* — M Lie algebroid (A, A*) Lie bialgebroid
o, Bla = Lz (0)(8) = Ly 5)(0) — da(ale. B).
p = pomh

(M, ) Poisson manifold = (TM, T*M) Lie bialgebroid
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Actions on Poisson groupoids

(G = M, ) Poisson groupoid G (connected) Lie group

G x G — G Poisson action with infinitesimal ¢ : g — Xui(9)

Y* g — Der(AG™)
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Actions on Poisson groupoids

(G = M, ) Poisson groupoid G (connected) Lie group

G x G — G Poisson action with infinitesimal ¢ : g — Xui(9)

Y™ 1 g — Der(AG")

G/G = M/ G Poisson groupoid
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Actions on Poisson groupoids

(G = M, ) Poisson groupoid G (connected) Lie group
G x G — G Poisson action with infinitesimal ¢ : g — Xui(9)
Y™ 1 g — Der(AG")

G/G = M/ G Poisson groupoid

4
A(G/G) = (AG)/G Lie bialgebroid
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Jxy) =J(x) +J(y), ((x,y) € Ga),

J: G — g" equiv. such that { N
N(dJe) = ¢(€), (€ € ).
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Jxy) =J(x) +J(y), ((x,y) € Ga),

J: G — g" equiv. such that { N
N(dJe) = ¢(€), (€ € ).

Lie algebroid morphism,

j:=AJ: AG — g" such that { _
€)= (€):las (E€9)
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0 € g* regular value of J

i-J'0)—-¢ p:JN0)—J(0)/G
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0 € g* regular value of J

i-J'0)—-¢ p:JN0)—J(0)/G

J~1(0)/G = M/G Poisson groupoid
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0 € g* regular value of J

i-J'0)—-¢ p:JN0)—J(0)/G

J~1(0)/G = M/G Poisson groupoid

.
A(J71(0)/G) = j~'(0)/G Lie bialgebroid

David Iglesias Ponte (IMAFF, CSIC) Reduction of Lie bialgebroids 20 August 2007



Hamiltonian actions on Lie bialgebroids

Definition

Let (A, A*) be a Lie bialgebroid over M and G be a Lie group acting on
A, with infinitesimal map .. : g — Der(A). The action is Hamiltonian if
there exists a Lie algebroid morphism j : A — g*, called the momentum
map, such that

P =T (6, 1a  (E€9),
Pr(€)oj =] cade  ((€g)

20 August 2007 23/27
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Reduction of Lie bialgebroids

Theorem Let (A, A*) be a Lie bialgebroid over M, G be a Lie group
and p : g — X(A) be Hamiltonian action with momentum map

j:A— g*. Then, Aq := Kerj/G — M/G is endowed with a Lie
algebroid structure. Moreover, the dual bundle A7, is also equipped
with a Lie algebroid structure and (Areq, Areq) is a Lie bialgebroid over
M/G. Moreover, the Poisson structure on M/G induced by the Lie
bialgebroid coincides with the reduction of .

dAr*edX = p(dA*)N()v (X € x(Ared))a

where X is a G-invariant section of Ker J associated with X.
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1.- (A, A*, m4) exact Lie algebroid + ¢ :g— (A)

Lygyma=0

j: A — g* Lie algebroid morphism

(€)= ¢(6), (€€ g).
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1.- (A, A*, m4) exact Lie algebroid + ¢ :g— (A)

Logma =0

j: A — g* Lie algebroid morphism

(€)= ¢(6), (€€ g).

2.- Symplectic groupoids and reduction of Poisson manifolds

G x (M, 7) — (M, ) Poisson action with infinitesimal ¢ : g — X(M)

= G x T*M x T*M Hamiltonian action on (T*M, TM) with momentum
map j:=v¢*: T"M — g*
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Inner actions with coboundary momentum map

Definition

Let (A, A*) be a Lie bialgebroid over M and ¢ be an inner action of a
Lie group G on A with associated map ¢ : g — '(A). Moreover,
suppose that 1 : M — g* is a smooth equivariant map with respect to
the action ¢y on the base space M. We say that ¢ is an inner
Hamiltonian action if

¢(§) = dape,  (E€g)

Remark
(¢, i) Inner Hamiltonian action = (®, du o p) Hamiltonian action
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o7 TGx A — A
((9:€).ax) — ®Pg(ax) + Pg(d(&)x)
WTIA & Tg g xg'
a — p'(ax) = ((dpop)(ax), u(x))
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dT:-TGxA — A
((9:€).ax) — ®Pg(ax) + Pg(d(&)x)

ptA - Tg-=g*xg*
a — pl(ax) = ((dpop)(ax), mx))

Theorem
Let (A, A*) be a Lie bialgebroid over M and ¢ be an inner Hamiltonian
action of a Lie group G on A with momentum map p : M — g*. Then,
(i) A= (u")"1(0,))/TGx — = '())/Gj is a Lie algebroid.
(i) The dual bundle ((z")~1(0,))/TGy)* — u~'()\)/G, is endowed
with a Lie algebroid structure.
(iii) (Ax,A%) is a Lie bialgebroid over 1~ '(\)/Gx.
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