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(Hamiltonian) Poisson reduction

(M, π) Poisson manifold G (connected) Lie group

G ×M → M action with infinitesimal ψ : g→ X(M)

Poisson action ⇐⇒ Lψ(ξ)π = 0, (ξ ∈ g)

⇒ M/G Poisson manifold

{f1, f2}M/G ◦ p = {f1 ◦ p, f2 ◦ p}, (f1, f2 ∈ C∞(M/G) ∼= C∞(M)G)
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J : M → g∗ equivariant and

π](dĴξ) = ψ(ξ), (ξ ∈ g),

(Ĵξ ∈ C∞(M), m 7→ 〈J(m), ξ〉)

λ ∈ g∗ regular value of J

i : J−1(λ)→ M p : J−1(λ)→ J−1(λ)/Gλ

Gλ = {g ∈ G/Ad∗g−1λ = λ} (isotropy group)

⇒ J−1(λ)/Gλ Poisson manifold.

{f1, f2}J−1(λ)/Gλ ◦ p = {F1,F2} ◦ i , (f1, f2 ∈ C∞(J−1(λ)/Gλ))
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Lie groupoids

G ⇒ M

• s : G → M y t : G → M source and target map

G2 = {(x , y) ∈ G × G | s(x) = t(y)}

• m : G2 → G multiplication
- s(xy) = s(y) and t(xy) = t(x), for any (x , y) ∈ G2,
- x(yz) = (xy)z, for any x , y , z ∈ G

• ε : M → G identity section
- xε(s(x)) = x and ε(t(x))x = x , for any x ∈ G.

• ι : G → G inversion
- xx−1 = ε(t(x)) and x−1x = ε(s(x)), for any x ∈ G.
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Examples of Lie groupoids

1.- Lie groups (Lie groupoid over a single point)

2.- Banal groupoid
M smooth manifold⇒ M ×M ⇒ M Lie groupoid

s : M ×M → M ; (x , y) 7→ y
t : M ×M → M ; (x , y) 7→ x
m : (M ×M)2 → M ×M ; ((x , y), (y , z)) 7→ (x , z)

3.- Atiyah groupoid (Q ×Q)/G→ M
p : Q → M, principal G-bundle with action Φ : G ×Q → Q
s̃ : (Q ×Q)/G→ M ; [(x , y)] 7→ p(y)
t̃ : (Q ×Q)/G→ M ; [(x , y)] 7→ p(x)
m̃ : ((Q ×Q)/G)2 → (Q ×Q)/G ; ([(x , y)], [(gy , z)]) 7→ [(gx , z)]
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Morphism of Lie groupoids

G ⇒ M G′ → M ′ Lie groupoids

Φ : G → G′ smooth map over Φ0 : M → M ′

s′(Φ(x)) = Φ0(s(x)), x ∈ G,

t′(Φ(x)) = Φ0(s(x)), x ∈ G,

Φ(xy) = Φ(x)Φ(y), (x , y) ∈ G2.
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Lie algebroids

A→ M vector bundle (Γ(A), [[ , ]]) Lie algebra

ρ : A→ TM anchor map

[[X , fY ]] = f [[X ,Y ]] + (ρ(X )(f ))Y ,

for X ,Y ∈ Γ(A) and f ∈ C∞(M,R).

Coordinate Expressions
(x1, . . . , xm) local coord. on M, {eα} local basis of sections of A ρ(eα) = ρi

α
∂
∂x i

[[eα,eβ]] = Cγ
αβeγ
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Lie algebroid associated with Lie groupoid G

G ⇒ M Lie groupoid⇒ τ : AG → M Lie algebroid

(AG)m := Ker d1m s

Γ(AG) ∼= XR(G)

Y ∈ Γ(AG)⇒
−→
Y x = dt(x)Rx (Yt(x)), for any x ∈ G

([[·, ·]], ρ) Lie algebroid on AG → M
−−−−−→
[[Y1,Y2]] = [

−→
Y 1,
−→
Y 2]

ρ(Y )(m) = d1m t(Ym)
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Examples of Lie algebroids

1.- Lie algebras of finite dimension

2.- Tangent bundle TM → M

ρ = Id : TM → TM
[[ , ]] = [ , ]

3.- Atiyah algebroid TQ/G→ M

p : Q → M, principal G-bundle with action Φ : G ×Q → Q

τQ|G : TQ/G→ M = Q/G Atiyah algebroid

Γ(TQ/G) ∼= X(M)G

ρ(X ) = Tp(X )
[[X ,Y ]] = [X ,Y ]
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Morphism of Lie algebroids

Exterior Differential: d : Γ(∧kA∗)→ Γ(∧k+1A∗)

dα(X0, . . . ,Xk ) =
k∑

i=0

(−1)iρ(Xi)(α(X0, . . . , X̂i , . . . ,Xk ))

+
∑
i<j

(−1)i+jα([[Xi ,Xj ]],X0, . . , X̂i , . . , X̂j , . . ,Xk ),

Morphism of Lie algebroids
τ : A→ M τ : A′ → M ′ Lie algebroids
Φ : A→ A′ vector bundle morphism over Φ0 : M → M ′.

Φ∗d′θ = dΦ∗θ, for every θ ∈ Γ(∧k (A′)∗)

(Φ∗θ)(m)(a1, . . . ,ak ) = θ(Φ0(m))(Φ(a1), . . . ,Φ(ak )), for a1, . . . ,ak ∈ Am.
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Actions of Lie groups on groupoids

Definition An action of a Lie group G on a Lie groupoid G is a smooth
action Ψ : G × G → G such that for each g ∈ G the map:

Ψg : G → G, x 7→ gx ,

is an automorphisms of G.

ψ(ξ) : G → TG is a groupoid morphims from G ⇒ M to TG ⇒ TM

ψ(ξ)(xy) = d(x ,y)m(ψ(ξ)(x), ψ(ξ)(y)),

Such a vector field is called multiplicative.

Consequence

[ψ(ξ),
−→
X ] is right-invariant, for all ξ ∈ g,X ∈ Γ(A).
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Actions of Lie groups on algebroids

Definition An action of a Lie group G on a Lie algebroid A is a smooth
action Ψ : G × A→ A such that for each g ∈ G the map:

Ψg : A→ A, a 7→ ga,

is a Lie algebroid automorphism of A.

ψ(ξ) : A→ TA is a Lie algebroid derivation

D([[X ,Y ]]) = [[D(X ),Y ]] + [[X ,D(Y )]], X ,Y ∈ Γ(A).
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Inner Actions

Definition A Lie group action Ψ : G × G → G on a Lie groupoid G is
called an inner action if there exists a map Φ : G ×M → G such that:

Ψ(g, x) = Φ(g, t(x)) · x · Φ(g, s(x))−1.

Definition An infinitesimal action ψ : g→ Xmult(G) of a Lie algebra g on
a Lie groupoid G is called an inner action if there exists a Lie algebra
morphism φ : g→ Γ(A) such that ψ(ξ) =

−−→
φ(ξ)−

←−−
φ(ξ).

Dξ(X ) = [[φ(ξ),X ]], ξ ∈ g, X ∈ Γ(A).
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Theorem Let Φ : G× A→ A be an inner action of the Lie group G over
the Lie algebroid A with respect to φ : g→ Γ(A). Then,

ΦT : (G × g)× A→ A, ΦT (g, ξ)(ax ) = Φg(ax ) + Φg(φ(ξ)x )

defines an affine action of TG ∼= G × g over A.
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Poisson groupoids

Definition
A Poisson groupoid (G,Π) is a Lie groupoid G ⇒ M together with a
Poisson structure Π which is multiplicative, that is, the graph of the
groupoid multiplication

Λ = {(x , y , xy) | s(x) = t(y)}

is a coisotropic submanifold of G × G × Ḡ

Proposition If (G,Π) is a Poisson groupoid, then it induces a Poisson
bivector π on M, such that s : G → M is a Poisson map and t : G → M
is anti-Poisson.

(G,Π) Poisson groupoid

−−−−→
dAG∗X = −[

−→
X ,Π], (X ∈ X(A)).
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Examples of Poisson groupoids

1.- Symplectic groupoids

(G,Π = ω−1) Poisson groupoid⇒ (G, ω) symplectic groupoid

2.- Poisson Lie groups

(G,Π) with Λ coisotropic ⇐⇒ m : G ×G→ G Poisson map

- Particular situation: g Lie algebra⇒ g∗ Poisson Lie group

3.- Exact Poisson groupoids
G ⇒ M Lie groupoid πA ∈ Γ(∧2A) [[πA, πA]] = 0

⇒ (G,−→πA −←−πA) Poisson groupoid

(M, π) Poisson manifold⇒ (M ×M, π ⊕−π) Poisson groupoid
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Lie bialgebroids

Definition
Suppose that p : A→ M is a Lie algebroid such that its dual bundle
A∗ → M also carries a Lie algebroid structure. Then (A,A∗) is a Lie
bialgebroid if for any X , Y ∈ X(A),

dA∗ [[X ,Y ]] = LX dA∗Y − LY dA∗X .

Proposition Let (A,A∗) be a Lie bialgebroid over M. Then, there
exists a Poisson structure πM on M characterized by

πM(df1,df2) = ρ(dA∗ f1)(f2) = 〈dA∗ f1, dAf2〉, (f1, f2 ∈ C∞(M)).
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Examples of Lie bialgebroids

1.- Poisson groupoids and Lie bialgebroids

(G,Π) Poisson groupoid⇒ (AG,AG∗) Lie bialgebroid

2.- Exact Lie bialgebroids
A→ M Lie algebroid πA ∈ Γ(∧2A) [[πA, πA]] = 0
⇒ A∗ → M Lie algebroid (A,A∗) Lie bialgebroid

[[α, β]]A∗ = L
π]A(α)

(β)− L
π]A(β)

(α)− dA(πA(α, β)),

ρ∗ = ρ ◦ π]A.

(M, π) Poisson manifold⇒ (TM,T ∗M) Lie bialgebroid
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Actions on Poisson groupoids

(G ⇒ M,Π) Poisson groupoid G (connected) Lie group

G × G → G Poisson action with infinitesimal ψ : g→ Xmult(G)

ψ∗ : g→ Der(AG∗)

G/G ⇒ M/G Poisson groupoid

⇓

A(G/G) ∼= (AG)/G Lie bialgebroid
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J : G → g∗ equiv. such that

{
J(xy) = J(x) + J(y), ((x , y) ∈ G2),

Π](dĴξ) = ψ(ξ), (ξ ∈ g).

j := AJ : AG → g∗ such that

{
Lie algebroid morphism,

ψ∗(ξ) = [[j∗(ξ), ·]]A∗ , (ξ ∈ g).
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0 ∈ g∗ regular value of J

i : J−1(0)→ G p : J−1(0)→ J−1(0)/G

J−1(0)/G ⇒ M/G Poisson groupoid

⇓

A(J−1(0)/G) ∼= j−1(0)/G Lie bialgebroid
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Hamiltonian actions on Lie bialgebroids

Definition
Let (A,A∗) be a Lie bialgebroid over M and G be a Lie group acting on
A, with infinitesimal map ψ∗ : g→ Der(A). The action is Hamiltonian if
there exists a Lie algebroid morphism j : A→ g∗, called the momentum
map, such that

ψ∗(ξ) = [[j∗(ξ), ·]]A∗ , (ξ ∈ g),

ψ∗(ξ) ◦ j∗ = j∗ ◦ adξ (ξ ∈ g).
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Reduction of Lie bialgebroids

Theorem Let (A,A∗) be a Lie bialgebroid over M, G be a Lie group
and ρ : g→ X(A) be Hamiltonian action with momentum map
j : A→ g∗. Then, Ared := Ker j/G→ M/G is endowed with a Lie
algebroid structure. Moreover, the dual bundle A∗red is also equipped
with a Lie algebroid structure and (Ared,A∗red) is a Lie bialgebroid over
M/G. Moreover, the Poisson structure on M/G induced by the Lie
bialgebroid coincides with the reduction of πM .

dA∗red
X = p(dA∗X̃ ), (X ∈ X(Ared)),

where X̃ is a G-invariant section of Ker j associated with X .
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Examples

1.- (A,A∗, πA) exact Lie algebroid + φ : g→ Γ(A)

Lφ(ξ)πA = 0

j : A→ g∗ Lie algebroid morphism

π]A(j∗(ξ)) = φ(ξ), (ξ ∈ g).

2.- Symplectic groupoids and reduction of Poisson manifolds

G × (M, π)→ (M, π) Poisson action with infinitesimal ψ : g→ X(M)

⇒ G × T ∗M × T ∗M Hamiltonian action on (T ∗M,TM) with momentum
map j := ψ∗ : T ∗M → g∗
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Inner actions with coboundary momentum map

Definition
Let (A,A∗) be a Lie bialgebroid over M and Φ be an inner action of a
Lie group G on A with associated map φ : g→ Γ(A). Moreover,
suppose that µ : M → g∗ is a smooth equivariant map with respect to
the action Φ0 on the base space M. We say that Φ is an inner
Hamiltonian action if

φ(ξ) = dA∗ µ̂ξ, (ξ ∈ g).

Remark
(φ, µ) Inner Hamiltonian action⇒ (Φ,dµ ◦ ρ) Hamiltonian action
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ΦT : TG × A → A
((g, ξ),ax ) 7→ Φg(ax ) + Φg(φ(ξ)x )

µT : A → Tg∗ ∼= g∗ × g∗

a 7→ µT (ax ) = ((dµ ◦ ρ)(ax ), µ(x))

Theorem
Let (A,A∗) be a Lie bialgebroid over M and Φ be an inner Hamiltonian
action of a Lie group G on A with momentum map µ : M → g∗. Then,

(i) Ãµ = (µT )−1(0, λ)/TGλ → µ−1(λ)/Gλ is a Lie algebroid.
(ii) The dual bundle ((µT )−1(0, λ)/TGλ)∗ → µ−1(λ)/Gλ is endowed

with a Lie algebroid structure.
(iii) (Ãλ, Ã∗λ) is a Lie bialgebroid over µ−1(λ)/Gλ.
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