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Motivations

Quantum Information Theory

Quantum Computing

Quantum Teleportation

structure of composite states in QM !!!
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Quantum entanglement — pure states

Htotal = HA®HB

Definition:

1) € Hiotal IS separable iff

Y = Ya®yp
with Y4 € Ha & Yp € Hp.

Definition:

1 € Hiotal is entangled (inseparable) iff it is NOT separable.
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Test

YR ?

YVRIX+ Qw4+ Y Rw+pRx 7

= (¥ +e)o(x+w) !
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Quantum entanglement — pure states

Schmidt decomposition
1/} € Htotal
e1,e2,... € Ha & fi,f2,... € Hp

>0, Y N=1

1) € Hiotal is separable iff ONLY ONE M\, #0
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Mixed states

Density matrixin H: p>0, Trp=1 J

A set of mixed states is CONVEX. J

It possesses very nontrivial geometrical structure:

J. Grabowski, M. Kus$, G. Marmo, J. Phys. A (2006)
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Quantum entanglement — mixed states

Definition: (Werner 1989)
A bipartite state p is separable (classically correlated) iff

A
p =Y moMep
k

=0, > p=1
k
p,gA) state in H4

p,(CB) state in Hp

A set of separable states is CONVEX. J
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O4 & Op observablesin Hy & Hp

p = mpV e
k

(OAa®0B), = Zpk apby
%

ap = Tr (OA : pg“)) & bp=Tr (OB : p(kB))
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Separability problem

p — mixed state in Hiotal = HAQ Hp

Is p separable or entangled ?

To be separable is not a spectral property!!! J

p= Zpkh/;k)<1/1k| spectral decomposition
k

p may be separable even if |¢;) are not
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How to check for separability 777
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Positive Partial Transpose (PPT)

Definition:
A state p in Hqa @ Hp is PPT iff

(I®7)p > 0.

Theorem: (Peres 1996)
Any separable state is PPT.

p =Y moep?
k

1er)p = ZpkpgcA)@)(P;B))T > 0
k
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Separability vs. PPT

SEPARABLE STATES C PPT STATES

Theorem: (HHH 1996)

For
C?®C?, C?eC3, C3xC?

SEPARABLE STATES = PPT STATES

If dimHy-dimHp > 6
SEPARABLE STATES & PPT STATES
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3®3 PPT but entangled

a - |- a - . : a |00
ca e . . . |01

al - . . . |02
a - - . . . |10
a - |- a - . . a |11
a . : . |12
J1+a) - FV1-a? 120
B . . 121
a - |- a - |3V1-a® - (1+4a) | |22

—~— ~— — T~ T —
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Separability vs. positive maps

A & B — (C*-algebras

*

A>a>0 <— a=uzaz". J

Definition:

A linear map
ANt A— B

is positive iff




Symmetries and Quantum Entanglement

Separability vs. positive maps

Theorem: (HHH 1996)

A mixed state p in Hiotal is separable iff
(I®AN)p >0

for all positive maps

N : B(Hg) — B(Ha) .
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Separability vs. positive maps

Theorem: (HHH 1996)

A mixed state p in Hiotal is separable iff
(I®AN)p >0

for all positive maps

A : B(Hp) — B(Ha) .

Unfortunately, the structure of positive maps is poorly known! |

17th Hilbert problem |
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“Symmetry is one idea by which man
through the ages has tried to
comprehend and create order, beauty,
and perfection.”
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Symmetric states

Htotal = HA@HB

G —  compact Lie group

D4 & Dp unitary IRREPs

Dalg) : Ha — Ha

©p(g) : He — Hp

forall ¢ € G
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Symmetric states

Definition:

A state p in Hiotal i1s D4 @D p—invariant iff

DA(9)®D5(9), p| = 0

for any g € G.

p € (Da@Dp)
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Example — Werner state

D 4 = Dp = defining representation

Werner state: — [U®U, p]=0

p e (U(d) ® U(d))/
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Werner state
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Werner state

Q= JU°24F), Q' = LO°%-F)

Q0+Q1 _ ]I®2

p=q@Q+aQl; Q¥=Q/TrQ",

¢G>0, go+qa=1

p —separable <— p-PPT <— 2%
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SU(2) Symmetry

two particles «+— spin—ja ® spin—jp (UB = ja)

Ha = C" & Hp = C%»
da=2ja+1 & dp=2jp+1

G=SU(2) — dUgpls)

JjatiB
lia) g plr) — @ (7

J=jp—ja
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SU(2) Symmetry

CHatl o Jja,maA); ma = —ja,..., A

c¥stl  —  |jg,mp); mp=—jp,...,+JiB
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SU(2) Symmetry

CHatl o Jja,maA); ma = —ja,..., A
c¥stl  —  |jg,mp); mp=—jp,...,+JiB
Htotal = C2jA+1 & C2jB+1 — ‘jAa mA> X UBv mB>

| lama)®lisme) — [LM) |

J = jB_jA7"')jA+jB

M = —J,...,+J
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SU(2) symmetry
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SU(2) symmetry

Q" = ) [IMY(JIM|, J = jg—ja,....ja+Js
M

[@(]A)@@ JiB) QJ} _

ja+im
~J
P = Z qJQ )
J=jp—ja

q; >0, ZQle
J

2jp dimensional simplex
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SU(2) symmetry vs. separability

@ j4 = 1/2 and arbitrary jp > ja

dy@dg = 20k; k=23,...

p is separable <= p is PPT J

@ ja =1 and arbitrary integer jp > ja

da®ds = 3@(2k+1); k=1,2,...

p is separable <= p is PPT J
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One may investigate other groups G C U(d)

@ orthogonal group
@ symplectic group
@ discrete groups
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One may generalize construction of symmetric states to
multipartite case

Htotal - H1® ®HN
e T. Eggeling & R. Werner, PRA (2001)

e DC & A. Kossakowski, PRA (2006)
e DC & A. Kossakowski, OSID (2007)
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Let us look for PPT states

It is very hard to characterize a set of separable states J

SEPARABLE STATES C PPT STATES J

Let us try to characterize a set of PPT states J
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How to construct PPT states?

A state p in Ho® Hp is PPT iff
(Ie7)p > 0. J
PPT is easy to check! J
But, it is not easy to construct p which is PPT!!! J

There is NO general method to do it J
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Symmetry vs. PPT

HAZ'HB:(Cd
G =Ul)x...xU(1l) =2 T(d) c U(d)
[UU, p] = 0, for Uec T(d)

Isotropic state

[URU, p] = 0, for U< U(d)
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Abelian symmetry

General form

d—1 d—1
p = Z Q5 €45 & €45 + Z bij €ii & €55
i,j=0 i#j=0

p is positive iff

o [ai;] >0
obz-jZOforaIIiyéj

Trp=1 <+ Trla]=1 J
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Example: d =

2 2
p = Z Qjj €55 D eqj + Z bij €ii ® €j;

i,j=0 i#j=0

B (]‘OO . . . (]/01 . . . (1/02 T
bo1
bo2
b1o

p = aio - : N : ©a

b12

b2o
b21

[ axo - : < a1 - : < ax
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ao T . —tr T
bo1
bo2
b1o
p=|ao - - - ann - - ap
b12
b2o
b21
| ap - - - ap - © - ax
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(17)p

aoo ao1 ap2
bo1
bo2
b1o
ao ai aio
b12
b2o
b21
| ao a1 a |
apo
bo1 ao1
bo2 ag2
aio b1o
ai
b12 a2
azo b2o
an b21
L an |
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(1@7)p

aoo

bo1

bo2

ao1

ao2

alo

b1o

a1

b12

a12

a0

a21

boo
bo1

a2 |
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(1@7)p

a2

aoo
bo1 ao1
bo2 ag2
aio b1o
= ai
b12 a2
ano b2o
a1 bo1
L az?
ago i
bo1 ao1
bo2 ag2
aio b1o
ai
])12 aip
azo b20
az1 b21
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(I®7)p

bo1
aio

ago
bo1 ao1
bo2 ap2
aio b1o
ail
b12 a2
ano b2o
any bo1
ax |
ao1 > < bo2 ap2 ) ( bio ai )
b1o azo b a» bo1




Symmetries and Quantum Entanglement

(I®7)p

< bo1
aio

[ aoo
bo1 ao1
bo2 ao2
a1o b1o
a1
b12 a2
a0 boo
a1 bo1
L a |
ao1 bo2 ag2 bio ai
b1o ’ az bao ar1  bor
o is PPT iff

boibio > aoiaio

,  boaboo > agzaxo

Y

b12b21

> a12a21
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General result

Theorem: D.C. & A. Kossakowski, PRA (2006)

d—1 d—1
p = Z a;j €ij  ejj + Z b@'j €i; ® €55
i,j=0 i#j=0

is PPT iff

2 . .
bijbji > aijaji = lai|”, i <
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General result

Theorem: D.C. & A. Kossakowski, PRA (2006)

d—1 d—1
p = Z aij €ij @ €5 + Z bij €ii @ €5
i,j=0 i7#j=0
is PPT iff
bijbi > aijagi =lagl*, @ < j

Many examples of PPT states belong to this class!
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New class in d®d

Now we construct a wide class of states in Hioral = C¢® C? which
is based on symmetric decompositions of Hiotal-

It generalizes the previous class invariant under T(d) C U(d).

Let us consider d = 3.
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Circulant decomposition of C3® C3

(C3 A €0, €1, €2
s:.cd — ¢
Se; = ey mod 3

>0 = Span{€0®€0,€1®61,€2®62} € (C3®(C3
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Circulant decomposition of C3® C3

C® «— eg,e1,e
S:C — C
Se; = ey mod 3
Yo = span{eg®ep,e1®e1,e2®ex} € C3eC3
Y1 = (I®95xo

Yo = (155,
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Circulant decomposition of C3® C3

Yo = span{eg®ep,e1®e1,e2®en}

Y1 = span{eg®e1,e1®en,e2@€0}
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Circulant decomposition of C3® C3

Yo = span{eg®ep,e1®e1,e2®en}

Y1 = span{eg®e1,e1®en,e2@€0}

Yy = span{eg®er,e1®@e€p,e2@e1}

CRC = L0050, ‘
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Circulant state — construction

a,b,c 3x3 matrices

app Go1 Q02 boo bo1 bo2 Coo Co1  Co2
aio a1 a2 | , bio b1 b2 |, €10 €11 C12
axo Gp1 a2 b b21 b2 C20 €21 €22
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Yo = span{eg®ep,e1®e1,e2® €2}

(]OO . . . a01 . . . a02

PO = aip - |- Q@1 -|- - a2

(]20 . . . a21 . . . (L22
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Y1 = spanf{eg®e1,e1®e2,e2RDeg}

boo - |- - bo1 | bo2
P1 =

bio |- - b1 | b1

by |- - bo1| b
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Y, = span{eg®en,e1®ep,ex®e1}

Coo | Co1 L - Co2
C10 C11 . . + C12

€20 | Co1 - |- €22
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Circulant state

p = pot+p1+p2
aoo ao1 ao2
boo bo1 | bo2
oo | co1 02
c10 | c11 12
p = aio ail a2
b1o bi1 | b12
b2o bo1 | b22
Co0 | C21 C22
a0 az1 az?
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ago - : a1 : © 402
bo1
bo2
b1o
Pold = aip - : a1 : ©an
b12
b2o
b21
| axo - : < apr - : - ax |
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Pold

[ aoo ao1 ag2
bo1
bo2
b1o
aio ai a»
b12
b2o
b21
[ azo a1 az |
aoo ao1 ao2
boo bo1 | bo2
oo | Co1 o2
c1o | c11 12
ao ai a2
b1o b1 | b12
b2o bo1 | bao
c20 | C21 22
a0 a1 an




aoo

Symmetries and Quantum Entanglement

Partial transposition

p" = (1®7)p — a MIRACLE!

B B a1 ay
boo bo1 bo2
€00 Co1 C02
b1o b11 b12
10 c11 C12
aio a1 ai
€20 €21 €22
axo N a1 az
b2o b21 b2
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Partial transposition p” = (1®7)p — a MIRACLE!

ap - - | -+ aoi| - Gp2
boo - |bo1 - : . -« bo2
- Coo| * Co1 -+ | Co2
bio - |[b11 - : . - b
T -~ -~ -~
p = : - Co| - 1 - | C12
aip - - - -oan | - an
Co| + ¢ - |C2
a20 : : : Toazn © a2
bo - |ba - : : < b

pT = po+p1+p2
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Circulant decomposition of C3® C3

Yo = span{eg®eg,e1®er,e2®er}
Y1 = span{eg®e1,e1®ep,e2@en}
Yo = span{eg®en,e1®eq,eaRep}

il = (]]®S)§0, ig = (H@Sz)io

C3pC? = ioﬂéil@iz
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Yo = span {eo®ep,e1®e2,e2®er}

app - |+ - ap1 |- ap2
po =

ap - |- - @ |- am

ax - |- - a2 |- ax
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fl = span{eg®e1,e1Re0,e2®en}

500'501“"502

bio - |bux - |- - b1
pL =

b -|bax - -] - b
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Yo = spanf{eg®en,e1®e1,e2Reg}

p2 = - - Clo| - 1 | c2
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app co1  bo2 boo ao1 co2 coo bo1 ap2
cio b ax |, aip c11 b |, bio a1 ci2
by a21 22 c0 bo1 ax ax c21 b
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app co1  bo2 boo ao1 co2 coo bo1 ap2
cio b ax |, aip c11 b |, bio a1 ci2
by a21 22 c0 bo1 ax ax c21 b

Circulant state p is PPT iff

@>0, b>0, ¢>0
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~

Yo VS, 2,

Yo = span{eg®ep,e1®e1,e2® e}

| Y. = (19S55, |

fo = span{eg®eg,e1Vex,e2®eq}

Yo = (1055,
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~

Yo VS, 2,

Yo = span{eg®ep,e1®e1,e2@en}

€0 @ €x(0) €1 D en(1),€2 X er(2)

Yo = span{eg®ep,e1®en,e2@e1}

€0 @ €ex(0) » €1 ® €5(1) , €2 © €5(2)
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m & 7 are “complementary”

m(i)+7 () =3 i=12
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apo co1  bo2 boo ao1 co2 coo bo1 ap2
cio b arp |, aip c11 b |, bio ai1 c12
by @21 22 c0 ba1 ax ax c21 b
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app co1  bo2 boo ao1 co2 coo bor ap2
cio b arp |, aip c11 b |, bio ai1 c12
by a1 c c0 bo1 anx ax c21 b

i@ = aol+bo(NS)+co(MS?)

b = boﬁ+co(ﬁS)+ao(ﬁS2)

¢ = col+ao(NS)+bo(MS5?)
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This construction works for any d !!!

There are (d —1)! circulant decompositions labeled by
permutations m € Sg_1
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Examples

Werner state

Isotropic state

DiVincenzo et al. BE state
Stgrmer state

Ha state

. and many others
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Examples

Werner state

Isotropic state

DiVincenzo et al. BE state
Stgrmer state

Ha state

. and many others

Known PPT states which are not circulant

Horodecki 3 ® 3 state
BE states constructed via UPB
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Open problems

separability

“circulant” entanglement witnesses

generalization to d®d® ... ®d

o

o

@ “circulant” positive maps

o

@ do there exist other characteristic decompositions?



