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Summary. We prove some properties of Mahler coefficients of a class of compatible
functions on Z,. Contractive mappings and isometric transformations are included in this
class.

1. Introduction. Let Z, be the group of p-adic integers where every
x € Zy has the p-adic representation = Yo% x;p’ with z; € {0,...,p — 1}
for each ¢ > 0. The p-adic valuation v(x) of x is defined as the least nonneg-
ative integer ¢ such that z; > 0. We recall that the p-adic absolute value |z|
of z is given by |z| = p~¥(*),

Specific classes of functions are described in terms of their Mahler coefli-
cients in many papers [4, 2l 3], 5, [6, [7, §]. In this work we study the class of
compatible functions satisfying the congruence below. It can be seen
that it includes contractive mappings as well as isometric transformations.
Additional congruence properties of Mahler coefficients of these functions
are described in Theorem [L.1k

THEOREM 1.1. Let (a;); be the Mahler coefficients of a compatible func-
tion f : Zy, — Z, satisfying the conditions of Lemma . For any nonnega-
tive integers n and r < p™ we have

apnt1_p_1 = 0 (mod P,

Our techniques are mainly based on convolution properties and Lem-
ma 2.3
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2. Preliminary results. It is known that every continuous function f :
Z, — Z, can be represented by means of its Mahler expansion [9, Theorem 1,

p. 173]
flz) = iai (f)

i=0
The notion of discrete convolution on the set of positive integers and its

impact on Mahler expansions of continuous functions on Z, were explored
in [9].

DEFINITION 2.1 (|9, §1.4, p. 166]). Let A be a commutative ring. The
discrete convolution of the functions f,g: N — A is defined by

n—1
frgn)=> fli)gln—1-1i), V¥n>1,
1=0

f*g(0)=0.
LEMMA 2.2 (|9, Proposition 1, p. 169]). Let f : N — N be defined by
fn) =32 gai(}). Then

f*1(n)=§ai(iﬁl>.

i=0
Lemma [2.2] can be easily proved using the hockey-stick identity
" (x n+1
2.1 = .
2 > (1)-(0)
Tr=1
Formula (2.1)) will be used several times throughout the paper.

The following result is easily deduced from [9 Proposition 1, p. 169, and
Theorem 1, p. 173]:

LEMMA 2.3. Let (a;); be the Mahler coefficients of a continuous function

f:Zy — Zy. Then
T > x
f*<r) _;ai<i+r+1)'

0
It can also be verified by means of the following version of the Vander-
monde identity:

(2.2) > @ @ - <z I . 1)'

T+y=m
A mapping f : Z, — Zy is called compatible if it preserves all the congru-
ences of Z,. The following result provides necessary and sufficient conditions
for compatibility in terms of Mahler coefficients.
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LEMMA 2.4 ([I, Theorem 3.53, p. 78|). A function f : Z, = Z, is com-
patible if and only if its Mahler coefficients (a;); satisfy a; = 0 (mod pllogy Z'J)
for every positive integer 1.

Sufficient conditions for isometricity of transformations in terms of their
Mahler coefficients are given by

LEMMA 2.5 (JI, Theorem 4.40, p. 111]). A function f : Z, — Zy, is
isometric if its Mahler coefficients (a;); satisfy

(1) a1 #0 (mod p);
(2) a; =0 (mod pl°& F1Y for every positive integer i > 2.

3. Main results. We begin with the following technical result which
facilitates many parts of our proofs.

LEMMA 3.1 (|5, Lemma 2.3|). Let | and i be positive integers such that
i < p', where p is a prime number. Then

()10

LEMMA 3.2. Let f : Zy, — Zy, be a compatible function satisfying

p—1
(3.1) S FE+1p") = f(t) =0 (mod p"), Vn>1.
=0

Let v and n be positive integers such that n > [log,r| + 2. Let F, be the
1-Lipschitz periodic function related to f by

Eo(t+up™ 1) = f(t), vte{o,....p" ' —1},ucZ,.
Then

e (D)em =Foe (7)) mod ),

REMARK 3.3. It can be easily seen that every isometric function
f:Z, - Zy, p > 3, satisfies (3.1). Indeed, for every positive integer n
we have

p—1 p—1
S Ft+p") = f(t) =p* ) 1 (mod p*) = 0 (mod p").
1=0 =0

Proof of Lemma[3.3. Since f is 1-Lipschitz, we can easily deduce that
F,, is also 1-Lipschitz. In order to see that it is periodic, we notice that for
all z € 7Z,, there exist unique t € {0,... ,p" 1 —1} and u € Z,, such that
r=1t+up" . Hence, z + p" ' =t + (u+ 1)p" ! and

Fu(z) = Fu(t +up™™") = f(t) = Fa(t + (u+ 1)p" ") = Fu(z +p" ).
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(3.2)  fx (‘f) (") = p:i; £0) (p" _7‘1 - z>

pr Tl -1p-1 1
1 —t—p"
_ S rt+ zp"—l)(p Y )
t=0 (=0
prl-1p-1 n n—1
n— p = 1—-1—- lp
- L B )] A
t=0 (=0
pnfl_lp_l _1
m—1—t—Ip"
+ o (p . )
t=0 (=0
p Tl -1p-1 n n—1 n
e pt—1—t—lIp pt—1—t
- rte i) = o) )-( )
r r
t=0 (=0
p"7171 p—1
n_1—t o
55 DN GO DOV BRES B
t=0 1=0
p"71—1p—1 _1
1 —t—Ip"
+ £(t) (p ) b )
t=0 (=0

Since f is compatible, we have
(3.3)  ft+Ip™ Y — f(t) =0 (mod p"Y), Vte{o,...,p"t —1}.

Moreover, from Lemma we find that pllog»7) (jf) is 1-Lipschitz. This
means that

no__ 1 _ 4 _ n—1 n__ 1 _
s ({711 (1) L ),
r

which implies that
n__ 1 _+__ Jn—1 n_1—
(3.4) <p L-i=ip > — (p t> =0 (mod p" g 7))
r r
=0 (mod p).

Combining (3.3]) and (3.4)) we can see that the first sum on the right-hand
side in (3.2) vanishes modulo p™. The same holds for the second sum due

to (3.1)). It follows that
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T A p”flftflp"_1
r(r)en=% lZéf(ﬂ( ) nod gt
pni_lflpil n n—1
- > Fn(t+lp”‘1)<p _1_i_lp )(modp”)
pntfl() =

0
Fai) (") mod 1) = (7)) (mo 7).

r

1=
THEOREM 3.4. Let f : Z, — Zy be a function that satisfies the assump-
tions of Lemma 3.2 Then

f*<f>(p”+1):p§:l<ifl> irf

=1

<+¥+> () (Ve e

T
o+ (1)) (mod )
for any positive integers n and r < p".

Proof. Let F, be the 1-Lipschitz periodic function introduced in Lem-
ma For any positive integers | < p, 7 < p" and ¢ > Ip", we have

(3.5)  Fpy1* (f) (i) = <Fn+1 * (r f 1) * 1) (i) = anﬂ * <T f 1> ()
Ipn—1 . = . ‘
— Jz:% Fpi1 <r - 1>'(j) —i—j_zl};n Fry1 % (r B 1) (4)

= Foq1 x (i) (Ip") + gﬂ Frprx <r i 1) (J)-

Similarly, for every positive integer k < p,

RN RICEED SR NI o ol I (LN 18

71=0 =0 ji=lp™

k—1 (I+1)p"—1 k—1 (+1)p"—1 j;—1 "
P> Fs(, 7 )0 DY vy P, 7, ) (i)
=0 j=lp" =0 j=lp™ jo=Ip"
where the last identity follows from (3.5]).
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Continuing this way, we can easily prove recursively on m € {1,...,r—1}
that

. k—1 (I+1)p"— "
Fn+1*<r) Z Z Fn+1*<7"_1>(lp )+

=0 ji=lp"
k=1 (+1)p"—1 j;—1 Jm—1—1 .
Y Y S ()
=0 ji=lp™ jo=lp™ Jm=lp™
k-1 (+1)p"—1 j1—1 Jm—1 T
+> > > > Fnﬂ*(r_(mﬂ))(jmﬂ).

=0 gi=lp™ jo=lp™  jmi1=lp"
Applying this formula with m =r — 1, we get

(3.6)  Fpyix ( ) kzl(m ] _an+1 * ( N 1) (ip")

Ji=lp™
r—1 k 1(l+ —1 ]1 1 ]m 1—1 T
F, Ip"™
ST Y Y Y m (7))o
m=21=0 ji=lp™ jo=lp™ Jm=lp™
k=1 (+1)p"—1 j1—1 Jr—1—1 "
DI VD DI DI (4 [E5!
=0 n=lp je=lpm  jr=lp"
The first sum in (3.6)) can be written in the form

k—1 (I+1)p"—1

(3.7) Z > Fn+1*<rf1)(lp”)

=0 j1=lpm
k—1 . (+1)pn—1
=> Fypi% <r B 1> (Ip") Z 1
=0 Ji=lp™
k—1 .
=" ) Fuii <T B >(lp”)
=0
In a similar way, for all m € {2,...,r — 1} we have

k—1 (I4+1)p"—1 j1-1 Jm—1—1

Z ]lzl; ]2% ]le Fn+1*< _xm>(lpn)
k

(+1)p"—1 j1—1 Jm—2—1 jm-1—1
Zw*( )ap) D SIS S St

=0 Ji=lp™  jo=lp™ Jm—1=lp™ jm=lp™
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Moreover, we will prove by recursion on ¢ € {0,...,m — 2} that

(+1)p"=1 j1-1 Jm-1—1

(3.8) ooy oY

Ji=lp™  jo=lp™ Jm=lp™

(+1)p"—1 ji1—1 Jm—t—1—1 it — Ip"
-y Tex (")

Ji=lp™  jo=lp™ Jm—t=Ilp"
Indeed, (3.8) obviously holds for ¢ = 0. Moreover, for all ¢ € {0,...,m — 3},

(I+1)p"—1 j1—1 Jm—t—2—1 fjm—t—1—1 Gt — Ip"
DD SIS SIS S Cahl

Ji=lp™  jo=lpm Jm—t—1=lp™ jm—t=lp™
((+1)p"—1 ji1—1 Jm—t—2—1 Jjm—t—1—lp"—1 ,.
_ E : E : 2 : } : Jm—t
. t
Ji=lp™  go=lp™  jm—t—1=lp"  Jm—t=0
((+1)p"—1 ji—-1 Jm—t—2—1 . n
_ E § E : Im—t—1 — lp
t+1 ’
Ji=lp™  je=lp™  jm—t—1=lp"

where the last equality follows from 1.} Thus, we have proved by induction
that (3.8) holds for all ¢ € {0,...,m — 2}. Using the same techniques we
obtain, for t = m — 2,

(I+1)p"—1 j1—1 Jm—1—1 (I+1)p™—1 j1-1 1
CUNE S SIS ST S S (e

Ji=lp™  go=lp™ Jm=lp™ Ji=lp™  go=lp™

(I4+1)p—1 j1 —Ip"—1 is (I4+1)pn—1 Ip
-3 X (W) 2 (L)

Jji=Ilp™ Jo=0 ji=lpn

G-, .
_ Z J1 _ b
, m—1 m)’

71=0
It follows that for all m € {2,...,r — 1}, we have

k-1 (4+1)p"—1 ji1—1 Jm—1—1 .
CRUNDSED DD SIS Fn+1*<r_m><lpn)

()5 (o= () 7)o

1=0
In order to analyze the last sum in (3.6)), we first notice that for all £ < p
and 7 > kp™, we have
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i—1 k— p™
Foy1x1(6) =) Faa(j) = Z Fos1() Z Foy1(j
§=0 =0 j=l j=kp"
k—1p"—1 i—kp™—1
:ZZFn—H]"‘lP Z Fri1(j + kp")
=0 j=
k—1p"—1 i—kp™—1
= (i Z FG) =kf*1(p") + f*1(i — kp™).
=0 j=0

It follows that

k-1 (+Dp"—1 j1—-1 Jr—1—1
(3.11) Z Z o> Fn+1*( )(Jr)

=0 ji=lp™ jo=lp™ Jr=Ilp™

Proceeding as in (3.9) we see that

E—1({+1)p"—1 j1-1 Jr—1—1

(3.12) Z DD D N S (o

Ji=lp™  jo=lp™ Jr=Ilp™
(+1)p"—1 j1—1 Jr—1—1

kz:llf*l(p") ooy oY

Ji=lp™  jo=lp™ Jr=Ilp™

l;o If + 1(p") (p:) - (p:> <§> Fx1(p") =0 (mod p™+1),

because f satisfies condition and hence

~
[e=]

Ed
—_

pn_1 n 1 1p 1
f*l(p”):z Z th+lp"1—0(modp)
7=0 t=0 [=0

and according to |5, Lemma 2.3], (pr ) =0 (mod p) when 1 < r < p".
Proceeding as in (3.9)) shows that the second part of (3.11]) can be written
in the form



Compatible functions on Zy 9

k—1 (+1)p"—1 j;—1 Jr—1—1
SN 3D SR S S R
=0 gj=lp" je=lpm  jr=Ip"
k=1 (+Dp"—1 j;—1 Jr—1—lp"—1

:Z DD DT W S (1

=0 gji=lp™ j2=lp™ Jjr=0
k-1 (+Dp"—1 ji—1 Jr—2—1

S VD DR SINEY by [PRED
=0 g=lp™ jo=lp™  jr_1=lp"

k—1 (I4+1)p"—1 .
=3 > f*<T_1>(j1—lp”)

=0 ji1=lp™

Y o, 7)) =k (D)o

=0 j51=0

Combining (3.6)), (3.7) and (3.10)—(3.13) we conclude that
r—1 n\ k-1
x o P x n
(3.14)  Fpyi* (7») (kp") = z_:l <m> Z(Fn+1 * (T N m))(lp )

=1
z n n+1
+kf <r>(p ) (mod p"™7).
Using (3.14) we will prove by induction on k € {1,...,p} that

(3.15)  Fqq % ( ) kzl (H_ 1> i r i 1 = (sl—&-isi_l)_l
(
+kf

s1=1 s9=1 s;i=1

Do) )

(1)) tmoa )

For k =1, (3.15) follows immediately from (3.14). Assume (3.15)) holds
for every I € {1,...,k}, where k > 1. We have, according to (3.14)),

B < (1) G+ 00
=S () (Fuae (7)) Yy s+ () ) moa

m=1 =1
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k+1
+1



Compatible functions on Zp 11

Replacing m by 51 and s; by 5;41 for all 1 < j <1 — 1, we obtain
— r—s1—1r—8;—82—1
x n E+1 D ~
Fn+1*<r>((k+1)p):Z<Z+1>Z<§> >y
i=2 5=1 o=1 3=1

r—3§1—(82++3;_1)—-1

Zl @:) () ( 31+32+...+§i)>(p”)

- <’€ —; 1) - <Z?)f * (T _:U§1>(p”) +(k+1)f <f) (") (mod p™*+1)
1

gi.l @711) <Z>f ’ <r — (B + §:+ N gi)> (")
+ (k4 1)f* <i> (p™) (mod p™+1),

which finishes the proof of (3.15)).
The result follows by combining (3.15)) for & = p with Lemma .

The following result can be obtained from Theorem [3.4] It can also be
proved by using Vandermonde’s identity.

COROLLARY 3 5. For any positive integers n and r < p™ we have
pn+1 - r—1 r—s;—1
()-S(1)Es
s1=1 so=1
r—(s1+-+si—1)—1

b (ZT)-~~(i’§)(r_<sl+?7.+si)+2)

pn n+1
+p<r+2> (mod p"™).

Proof. Since the function f(x) = x has Mahler coefficients a; = 1 and
a; = 0 for all i # 1, applying Theorem 8.4 and Lemma 2.3|for f(z) = z gives

pn+1 - . p—1 ror—si
_ n+
(Vo) =re()orn=2 (1) S X -
r—(s1++si—1)

> () ) ()0

+pf * (f) (p") (mod p"*1)
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-1

p—1 r—1 r—s;—1 r—(s1++si-1) pn
SEE ET)-

s1=1 s9=1 s;i=1

p" p" p" ) 41
. + mod
(8i><7“—(81+'--+8i)+2> p<7“+2 ( ).
Proof of Theorem[1.1. We first prove that

(3.16) v(aj) > [log,(j +1)].

According to [1, Theorem 3.53, p. 78|, we only need to prove formula (3
when |log,(j +1)] = [log, j] + 1, that is, for j = p’ — 1 with some posmve
integer 7. We prove by induction on ¢ > 1 that

v(ayi_1) > |log,(p")] = i.
According to Lemma [2:3] we have

p—1 p—1
p .
2 (j+1)aj = f*1(p) = £(j) =0 (mod p),

where the third equality is obtained from condition (3.1f). Since
p )
= d oD —2
(7)) =0 tmoan. vie..p-2

we obtain
p—2 P
ap—1 = — E <j+1> i =0 (mod p).

Formula ([3.16)) is proved for j = p — 1. Assume it holds for all j < p’ — 2
for some positive integer i. Since f satisfies condition (3.1)), from Lemma
we have

pi—1 i g pi~1-1p—1
Zo<ji1> = fx1(p Zf ; th—i—lpZ 1) = 0 (mod p").
= _

By our assumption and from Lemma we get

<(3i1>) i v+ 1) + vlay)

>i—v(j+1)+ [log,(j+1)] >i, Vje {0,...,p" —2}.
It follows that

i

p'—2
p i i
Api_g = — Z <j N 1>aj (mod p*) = 0 (mod p"),

=0
which finishes the proof of (3.16]).
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Combining Theorem [3.4] and Lemma [2.3] gives

517) P“gl(jf";;l)aj z( )X

§=0 s1=1 sp=1
r—(s1+-+si—1)—1
Sizl 81 Si

pr—r+(s14-4s;)—1 n
p
X a
jz:% (j+r—(31+---+5¢)+1>J
pt—r—1
+ - (mod p"*1).
P 3 (5o tmods

We prove the following congruences:

(3.18) (mejrl)a- §<2+1)§ri1

s1=1 so=1
r—(s14-+si_1)—1

5231 <];711>m<ij><j+7“—(81in-~-+5z‘)+l>aj

1 .
+p<]+r+1>aj (modp”+ ), Vi<p'—r-—1,
n—+1

(

n+1)

=0 (mod p

(3.19) (,p , Vje{p"—r,...,p""'l—r—l},

jr+1)Y 7
and

(3:20) (z i 1> <i?> <Zj> <j +r— (s in o s) 4 1>“j

=0 (mod p"™), Vie{l,...,p—1},s1+---+s5 <r—1,
VjE {pni’rv"'apnir+(sl+"'+5i)71}’

The result will follow immediately by combining (3.17)—(3.20)).
In order to prove (3.18), we will use Corollary and formula (3.16)).

According to Corollary for all j < p™ —r — 1 we have

pt r! JHr=2j+r—s1=2  jHr—(si+-Fsi-1)=2
3.21 —
s (U)X (0) X X >
1=1 s1=1 so=1 s;i=1
p" " p"
s1) \si)\J+r—(s1+-+s)+1

+p p ) (mod p

n+1)
jH+r+1
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p—1 r—1 j+r—s1—2  j+r—(si+--+si—1)-2

()T Y X

=1 s1=1 so=1 s;=1
p—1 JAr—2j+r—si—2  jtr—(s1+-+si—1)-2
S)EY Ty

1= S1=r so=1 s;=1

1
p" 1
+ (mod nt
p(] +r+ 1> p )
p—1 r—1 r— 81 1 j+7’—(81+"'+8i_1)—2
()2

= 2

i=1 s1=1 s9= 1 s;=1

p—1 r—1 j+r—s1—2 j+r—(s1+-+si—1)—2
D END D VIS

=1 s1=1 sg2=r—s1 s;i=1

p—1 jHr—2j+r—s1—-2 jHr—(s1+-+si—1)—2
DN END YD S >

i=1 s1=r so=1 si=1

" 1

+ . mod p"t

p(] TRt 1> (mod p™)

-1

p—1 r—1 r—s;—1 r—(s1++8i-1)
S(L)E X X

s1=1 s9=1 s;=1

p1< ) r—1 r—s;—1 JHr—(s14-+si-1)—2

2. D - 2.

s1=1 s2=1 si:r_(51+...+si71)

p—1 » r—1 r—si—1 Jtr—(s1t-+si—1)—2

1=1 s1=1s2=r—s1 si=1
jtr—2j5+r—s1—2 jHr—(si+-+si—1)—2

s1=r so=1 s;=1
p" 4
+ . mod p"" ).
p(] +r+ 1> (mod ™)

In this formula, except the first line, the sums are taken over s1+---4s; > r.

From Lemma [3.1| and (3.16|) we have
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V<<j+7”—(81 —T"‘i'si)*‘l)aj)

= n (e (s s) 1) 4 ue)
>n—v(+r—(si+---+s)+1)+|log,(j+1)]
>n—v(j+r—(si+--+s;)+ 1)+ [log,(j+r—(s1+--+si)+1)]
> n.

Hence, we must have

p" p"
3.22 v . a; | >n—+1,
522 <<Sl><3+7’—(31+"'+3i)+1)]>
Vsp -+ 5 >

The congruence (3.18) can be obtained by multiplying by a;, and then
applying .

Now we prove . Let j € {p"—r,...,p" ' —r—2}and t = v(j+r+1).
Then p"+1 < j+r+1 < p"* —1 and ¢t < n, which leads to j+r+1 > p™+p.
It follows that 5 > p" —r — 1 + p*! > p'. According to Lemma this
implies that v(a;) > t, because f is compatible. From Lemma we get

V((jT:I)aj) =n+1—-t+v(a;) >n+ 1. Formula (3.19) is thus proved.

Similarly, for i € {1,...,p— 1}, s1+ -+, <r—1,and j € {p" —r,
Pt —=r+(s1+---+s;) — 1}, we also have v(a;) > t. Here, we consider two
cases:t = v(j+r+1) <v(si+---+s;)and t =v(j+r+1) > v(si+---+s;).
In the first case we have v(j +r — (s1 +---+s;) + 1) = ¢, which implies

that
pn
N =n—t N > .
V((j—i—r—(sl%—‘--—i-si)—kl)a]) n—t+vle)zn

In this case |D follows from l/((’;?)) > 1, because 1 < s; < p”. Now, if
t>wv(sy+---+si), we get

>t > e N> mi
V(aj) >t>v(s + +85) > 1r£1112i1/(5l)’

T 7
I/((p ><p >> >n— min v(s;) >n—t.
s1 Si 1<I<i
3 T
V((p)“.(p )aj)Zn—t—i—t—n,
S1 S;

and ((3.20) is obtained from V((j+r—(81in~~+s-)+1)) > 1.

hence

Therefore,
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