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Abstract. Any natural number n ≥ 4 is representable as the sum n = m1+m2 where
the largest squarefree divisor of each of the numbers mj does not exceed 2 4

√
27

√
mj .

Many of the historic diophantine problems concern additive properties of
powers of natural numbers. Fermat’s Last Theorem, the Catalan conjecture
and problems of Waring’s type are among the most familiar representatives
in this class of questions. In his beautiful survey article Mazur [2] suggests to
consider rounded versions of these problems. Rather than insisting on work-
ing with perfect powers, one is then led to analyse the additive properties of
natural numbers m whose radical k(m), now more often referred to as the
kernel and defined as the largest squarefree divisor of m, is small in terms
of m. To make this precise, fix a real number θ ∈ (0, 1] and define the set

A (θ) = {m ∈ N : k(m) ≤ mθ}.

For θ = 1/l with l ∈ N this set constitutes the powered numbers, in Mazur’s
terminology. The motivation is that i(m) = logm/log k(m) measures the
multiplicities in the prime factorisation of m, and for all l ∈ N one has
i(ml) ≥ l so that the lth powers form a subset of A (1/l), and elements of
A (1/l) should then substitute for lth powers in Mazur’s rounded diophantine
problems. As demonstrated in our companion paper [1], the number Sθ(x)
of elements in A (θ) that do not exceed x satisfies the inequalities

(1) xθ ≪ Sθ(x) ≪ xθ+ε

whenever ε is a given positive real number and x is large in terms of ε. Hence,
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if one replaces lth powers by members of A (1/l), then the new set is roughly
of the same density.

In this short communication, we discuss the binary linear equation
u + v = n with the variables u, v restricted to A (θ). Thus, we are inter-
ested in the sumset

A (θ) + A (θ) := {u+ v : u, v ∈ A (θ)},

and in particular, we wish to determine the values of θ where this sumset
contains all but finitely many natural numbers. Our main result comes close
to the rounded version of representations by sums of two squares.

Theorem. Let C = 2 4
√
27. Then for all natural numbers n with n ≥ 4

there are natural numbers mj with mj ≥ 2 (j = 1, 2) and

(2) n = m1 +m2, k(mj) ≤ C
√
mj (j = 1, 2).

This conclusion has an immediate consequence for our initial question.

Corollary. Let θ > 1
2 . Then every large natural number is the sum of

two numbers in A (θ).

Since there are certainly no more than Sθ(x)
2 natural numbers below x

in the sumset A (θ)+A (θ), it follows from (1) that for all θ < 1
2 the sumset

A (θ)+A (θ) has density 0 in the natural numbers. Therefore, the conclusion
in the Corollary is certainly false for θ < 1

2 .
Our Theorem fails to settle the case θ = 1

2 . However, the set A
(
1
2

)
is somewhat denser than the set of squares, and it is very likely that the
condition on θ in the Corollary can be relaxed to θ ≥ 1

2 . It is worthwhile to
consider the vicinity of 1

2 on a finer scale. In [1] we established asymptotic
formulae for Sθ(x) and for related counting functions. As a consequence of
[1, (1.15)], whenever ε > 0 and x is large in terms of ε, one has

S 1
2
(x) ≫

√
x exp((2− ε)

√
log x/log log x).

Further, as a special case of [1, Theorem 3], for any real number γ one finds

(3) #{m ≤ x : k(m) ≤
√
m (logm)γ}

= (log x)γS1/2(x)(1 +O(
√

log log x/log x)).

In light of these estimates, it seems safe to conjecture that for any given
real number γ, a sufficiently large natural number n has a representation
n = m1 +m2 with

(4) k(mj) ≤
√
mj (logmj)

γ (j = 1, 2).

We expect the expansion (3) to persist if the role of the logarithm in the
factors logm and log x is played by a function that grows somewhat faster,
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and one may then hope to be able to tighten condition (4) to

k(mj) ≤
√
mj exp(−

√
logmj/log logmj)

or thereabout, and still conclude that n = m1 +m2 has solutions with this
condition in place, at least when n is large.

Proof of the Theorem. The argument is entirely elementary. We write
A = 1

2
4
√
27. Let a and b be the integers defined by

(5) 2a <
√
n/A ≤ 2a+1, 3b < A

√
n ≤ 3b+1.

Then a ≥ 1 and b ≥ 1 for n ≥ 7. Next, define U and V by

(6) U = [n/2a]− 1, n = 2aU + V.

Then 2aU = n− ξ2a for some real number ξ ∈ [1, 2), and so 2a ≤ V < 2a+1.
Since 2 and 3 are coprime, there are integers W and w with

(7) V = −2aW + 3bw.

The theory of linear diophantine equations shows that in (7) it can be ar-
ranged that 1 ≤ w ≤ 2a. With this choice for w we put

(8) u = 2a(U −W ), v = 3bw.

By (6) and (7), we have n = u + v. Further, the constraints on w and the
inequalities (5) ensure that

(9) 3b ≤ v ≤ 2a3b < n.

By (9), we first see that u ≥ 1, and then by (8) that u ≥ 2a. It only remains
to estimate the kernels of u and v. By construction, we have

k(v) ≤ 3k(w) ≤ 3w =
√
v

√
w

3b/2−1
.

By (5) and the range for w, we see

32−bw <
2a

3b−2
<

√
n/A

A
√
n/27

≤ 27

A2
.

This yields

k(v) <

√
27

A

√
v.

The treatment of u is similar. We use u = 2a(U −W ) = n− v. Then

k(u) ≤ 2k(U −W ) ≤ 2(U −W ),

and hence
k(u) ≤ 21−au =

√
u
√
n− v 21−a.

But 21−a ≤ 4A/
√
n, and so

k(u) ≤ 4A
√
u.
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Now choose m1 = u and m2 = v to confirm (2) whenever n ≥ 7. For
4 ≤ n ≤ 6 one may use m1 = 2 and m2 = n− 2.
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