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Fourier coefficients of Sp(4) Eisenstein series
by

S1u HANG MAN (Praha)

Abstract. We compute explicit formulae for the constant terms and Fourier coeffi-
cients for Eisenstein series on Sp(4, R), in terms of zeta functions and Whittaker functions.
We also develop a generalisation of Ramanujan sums to Sp(4,Z), which appear as coeffi-
cients in the Fourier expansion for the minimal Eisenstein series.

1. Introduction. In the theory of automorphic forms, Eisenstein series
are important building blocks of the spectral decomposition. The goal of the
article is to give a very explicit formulation of properties of Sp(4) Eisenstein
series in the classical language. Much of the theory was already worked out
implicitly in the works of Langlands [11 [I8]. However, applications in analytic
number theory often require explicit formulae. This applies in particular to
trace formulae and relative trace formulae (& la Kuznetsov) whose use in
analytic number theory is based on their explicit shapes [4]. Such formulae
are only worked out for few groups. Besides the classical case GL(2), such
explicit computations have only been done for GL(3) by Bump, Goldfeld
and others [2, 5] [6, [TT], 24], with hints on how to generalise to GL(n). The
group Sp(4) is a natural candidate as a first step for the generalisation of
these computations to a group other than GL(n). It is worth noting that
some work has been done on the exceptional group G [16], 26].

Eisenstein series find many applications in number theory. The Fourier
coefficients of Eisenstein series feature in the construction of automorphic
L-functions by the Langlands—Shahidi method [2I]. Eisenstein series are also
connected with algebraic objects, such as quadratic forms [3, 23] and alge-
braic varieties [§]. Through the construction of the Eisenstein series, we see
that their Fourier coefficients feature in a generalised version of exponential
sums and divisor-type functions, which are worthy of investigating in their
own right.
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Let G = Sp(4,R). We shall fix a maximal compact subgroup K and
a Borel subgroup B of G (see Section . Let I' = Sp(4,Z), the standard
arithmetic subgroup of G. Let Py, P,, Pg denote respectively the standard
minimal, Siegel and Jacobi parabolic subgroups, with respect to the chosen
Borel subgroup B. Then we have the Levi decompositions P; = N;M;,
J € {0, , B}, of the parabolic subgroups, where N; is unipotent and M; is
the Levi subgroup. The Eisenstein series for the minimal parabolic subgroup
Py is then defined as a function on G/K to be

Eo(g,v):= > Tolvgv),
YE(PoNI\I
for g € G/K of the form (2.1)), where v = (v1,12) € C?, and Io(g,v) =

vi+2 2v9—v1+1
Y Ya :

Let f be an automorphic form on GL(2). Denote by my : G/K —
M, /(K N M,) the projection map with respect to the decomposition G =
P,K = NoM.K. The map mg : G/K — Mpg/(K N Mg) is defined analo-
gously. The Eisenstein series for the Siegel parabolic subgroup P, is defined
to be

Eu(g,v. )= Y. f(ma(v9)Ia(vg,v),
YE(PuNI)\I

where v € C and I,(g,v) := y§+3/2y;+3/2. The Eisenstein series for the

Jacobi parabolic subgroup Pjs is defined to be
Bs(g,v, )= Y. f(mp(v9)Is(vg,v),

YE(PsNI\T

where v € C and I5(g,v) := y§ 2.

It is well-known (see [18| [19]) that these Eisenstein series, while originally
defined on an open subset of the complex space where the series converge,
can be extended meromorphically to functions defined on the whole complex
space.

Let U be the maximal unipotent subgroup of G, with respect to the
chosen Borel subgroup B. Let x = Xm,,m, be a character of U(Z) \ U(R)
(see ) Then the Fourier coefficient for an Eisenstein series F (or actually
any automorphic function) corresponding to x is given by (see [21])

Ex9):= |  EMmg)x(n) dn.
vE\U®)

Our main result is a completely explicit formula for the Fourier coeffi-
cients of the minimal Eisenstein series Fy(g, v).

THEOREM 1.1. Let X = Xm,,m, be a character of U(Z)\ U(R). Then the
Fourier coefficients of the minimal Eisenstein series Eo(g,v) are given as
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follows. For my = mg = 0 we have

C(2V1 — 21/2)
C(2V1 — 2U9 + 1)

EO,XO,O(Q? l/) = vvid(ga v, X0,0) + Wsa (gal/a X0,0)

C(2vp — 1)
(e =11 +1
¢(2v1 — 21y) C(1)
(v =202 +1) (1 +1
((2vp — 1) ¢(2uv9)
T D) (e 1)W5ﬁ8a (9,7, x0,)

¢(n1) C(2v1 — 2u9) (2vs)
Cr1+1) C(2v1 — 219 +1) (212 + 1)

¢(2v) C(2v9 — v1) )
CQ2r2+1) ((2v2 —v1+1) (1 +1)

C(2v1 — 219) C(2vp — 1) C() C(20s)
C(2v1 —2v9 + 1) C(2vp — vy +1) C(r1 +1) ((2v9 + 1)

X Wwo (gv v, X0,0)‘

) ng (g, v, X0,0)

) Wsasﬁ (97 v, X0,0)

SaSgSa (9, v, X0,0)

WSBSasg (ga v, X0,0)

For my # 0, ma = 0 we have

EO,Xml,o (g¢ V)
_ T2 (m1)
(2 =212 +1
CRra—w) oo, (mi)

T v =+ 1) C@ 4 1) o597 Xm0)
¢(11) C(2v1 —212) o_ 2U2(m1)
Cv1+1) C(2v1 — 215+ 1) (219 + 1)

oo (M) (Qu—w) () ((2w)
(201 =20 +1) (20 =11 +1) (1 +1) (22 + 1)

X Wwo (ga v, Xm1,0)‘

) Wsa (g7 v, Xm1,0)

sasBsa (97 Vs Xma, 0)

+

For my =0, mg # 0 we have

Oy —2u9 (mQ)
C2vy —v1 +1
C(2v1 —2w9)  o_y, (Mm2)
C(Ql/l — 29 + 1) C(l/l + 1)
((219) C(2vg —v1) 0y (m2)
C2r2+1) (2v2 —rv1+1) (1 +1)

EO?XO,TTL2 (97 V) = ) WSg (ga v, XO,mz)

W8a83 (ga v, XO,mg)

WSBSQS,B (9, v, X0,ms)
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Ovi—2m(m2)  ((2v1 — 2u) ¢(v1) ¢(212)
C(2v2 =11 +1) ((2r1 — 212+ 1) ((11 +1) ((2v2 + 1)

X W’wo(g7 v, XO,mg)'

For my,ms # 0 we have

E (g ]j) = U_V27V2_V1 (m17m2)
0,Xmq,mg \Y> C(2V1 - 21/2 + 1)((21/2 — v+ 1)((”1 + 1)((2V2 + 1)

X Wwo(gu v, Xm1,m2)-
Here Wy, (g,v, x) are Jacquet’s Whittaker functions, defined in (6.2), o,(m)

= Zd|m d” is the divisor sum function, and oy, ,,(m1, ma) is a multiplicative

function defined in (5.2)).

This article is organised as follows, and we point out a number of auxiliary
results of independent interest that are derived in the rest of the paper.
In Section 2| we give for G = Sp(4) the explicit characterisations of the
parabolic subgroups and other associated groups, which are used later on. In
Section [3| we describe the coset representatives of (P;NI\I', j € {0, c, 8},
using Plicker coordinates as defined in [7]. We compute the explicit Bruhat
decomposition in Section Alternative expressions for Eisenstein series
are given in Theorem [3.3]

In Section [} we consider the constant terms of the minimal Eisenstein
series along different parabolic subgroups. The strategy is to utilise the func-
tional equations of intertwining operators. Explicit formulae for constant
terms are given in Propositions and They work out in detail the
group-theoretic expression given in [19, 11.1.7]. A particular advantage of
this approach is that we obtain a nicer expression for the Fourier coefficient
Eo.x0, in terms of pure zeta quotients.

In Section , we consider a generalisation of Ramanujan sums to Sp(4,7Z),
which appears in the Fourier coefficients of Eisenstein series. The construc-
tion of such exponential sums for the GL(3) case is due to Bump [5]. As in
the GL(3) case, the degenerate sums reduce to classical Ramanujan sums,
justifying the use of the term “generalisation”. The Dirichlet series associated
to such a Ramanujan sum is computed in Proposition [5.2

In Section [6] we introduce the Whittaker functions on Sp(4) in terms of
Jacquet integrals [15]. We are then able to compute the Fourier coefficients
of the minimal Eisenstein series in terms of these generalised Ramanujan
sums and Whittaker functions, proving Theorem [T.1]

In Section 7], we give results for the residual Eisenstein series Eq(g,v, 1)
and Eg(g,v,1), by considering them as residues of the minimal Eisenstein
series. Formulae for constant terms are given in Corollaries to and
formulae for Fourier coefficients are given in Corollaries and
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2. Group decompositions. Let G = Sp(4,R) be the real symplectic
group of degree 2, namely

0 I 0 I 10
A O el WA S )
~I 0 ~I, 0 0 1

where ¢! denotes the matrix transpose of ¢ as usual. Let T and U be a
maximal split torus and a maximal unipotent subgroup of G respectively,
defined as follows:

T = {diag(y1,y2,y; L, y5 1) € GY,

1 ni no ns

G = {g € GL(4,R)

1 Ny ns
€ G| ng=mnins+ny

—n1 1

Then B := TU is a Borel subgroup of G. We shall denote by 7" the subgroup
of T' with positive entries.

Let X(T') and X*(T') be the character group and the cocharacter group
of T respectively, with the natural pairing (—, —) : X(T') x X*(T') — Z. Let
a, € X(T) be such that

a(diag(yr,y2,y1 Ly ) = vy ', B(diag(yr, vz, yr v b)) = v

Then A = {«, 3} is a set of simple roots, and ¥+ = {a, 8, a + 3,2a + [}
is the set of positive roots with respect to (B,T’). We denote by s, and sg
the simple reflections in the hyperplane orthogonal to o and § respectively.
Then the Weyl group is given by

W = {1, 54,58, 5a58, S85a; SaS85as S85aS8, SaSaSaSs =: Wo}.

The elements of the Weyl group can be embedded in Sp(4,Z) by setting

1 1
Sa = 1 Sg = 1
o 1 9 ,3 - 1
1 -1
The standard parabolic subgroups of GG are given by
koo ok ok
Py = NG (minimal parabolic subgroup),
*
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P, = NG  (Siegel parabolic subgroup),

Pg = NG  (Jacobi parabolic subgroup),
*

ok %k
\ J

corresponding to subsystems of roots generated by (), {«} and {8} respec-
tively. We have the Levi decompositions P; = N;M;, j € {0, «, 3}, given
by

1 n1 no ng

1 Ny ns
Ny = ) ng =mnins +nq4 p,

—ni 1

My = {diag(y1,v2,91 95 ") € G | y1,y2 € R*},

oA )5t
M, = {(A (Al)T> 'A € GLQ(R)},

(

1 ni n9 ns
1 n3
Ng = )
g 1
—ni 1
Y
b b
MB = a _1 Y1 € RX, (a ) S SLQ(R)
Y c d
c d
\

Let K be the standard maximal compact subgroup of GG, given by

k= {(, 7 |armicon)

By the standard Iwasawa decomposition, elements in G/K can be repre-
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sented by matrices of the form

1 n1 no mn3 Y1
1 n4 ns Y2
(21) g = -1
1 Y1
-np 1 y2—1

with ng = nins + ny. We may also assume that y, yo are positive. Through-
out, we shall fix a Haar measure on G. The Haar measure on K will be
normalised so that the volume of K is 1. If P = NM is a parabolic sub-
group, then the Haar measure on P is normalised so that it is compatible
with the decomposition G = PK.

3. Coset representatives. In this section, we compute the coset rep-
resentatives of (P; N I")\I", j € {0,c, 8}, and compute an explicit Bruhat
decomposition, which will be used later on.

3.1. Pliicker coordinates. Let G = Sp(4,R) and I' = Sp(4,Z). Let Py
be the standard minimal parabolic subgroup of G. We denote by Uy = U C
Py the unipotent matrices, and Iy = U N I". We also define

X Y
UaZ:{< (X >€G XGSL(2,R)}, I'hn:=U,NI,

—I)T
\
1 * % %
ko ok Xk
Ug:: 1 eqyp, Fg::UgﬂF.
ko ok Xk

Let
g1 g12 913 gi4
921 922 923 g24
g31 932 933 934
941 942 943 G44

We define the following quantities, known as the Pliicker coordinates, asso-
ciated to g € G:

U; = 934, 1§Z§47
Vij = 93i94j — 93j94i, 1 <1<y <4

It is easy to verify that these quantities are invariant under left action by 7.
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The following relations come immediately from the definition:

(3.1) V123 — V2v13 + v3v12 = 0, w124 — v2v14 + V4v12 = 0,
v1V34 — U3V14 + V4013 = 0, v2U34 — V3V24 + V423 = 0.

Moreover, GG being symplectic implies

(3.2) v13 + vog = 0.

Define
(3.3)  Vo={v=(v1,...,v34) € R | v satisfies (3.1) and (3-2)},

(34) Vo= {v = (v v34) € RO U12U34 — V24013 + V14023 = 0, }
. = = Dy vy .
“ v13 + v94 = 0,

(3.5) Vg ={v=(vi,v2,v3,04) € R},
From [7], we immediately have the following results.
PROPOSITION 3.1.

(1) The Pliicker coordinates give bijections
UG = Vo \ {0}, Ua\G = Va \ {0},  Us\G = V3 \ {0}

(2) An orbit of Up\G contains an element of I' if and only if its correspond-
ing Pliicker coordinates are such that (vi,...,v4) are coprime integers,
and (vi2,...,v34) are coprime integers.

(3) An orbit of U,\G contains an element of I' if and only if its correspond-
ing Plicker coordinates (via,...,vs34) are coprime integers.

(4) An orbit of Ug\G contains an element of I' if and only if its correspond-
ing Pliicker coordinates (vi,...,v4) are coprime integers.

3.2. Bruhat decomposition. Bruhat decomposition of G is
G=[] Guv:=[] UwrU.
weW weWw

Hence a coset v € U\G can be represented by a matrix in wT'U = wPy for
some w € W; such a Weyl element is unique, and depends on the corre-
sponding Pliicker coordinates of the coset.

We define an equivalence of Pliicker coordinates

(v1, v2, V3, V4; V12, V13, V14, V23, V24, U34)
by
. . X
(’Ul, ey V45012 - 7’1)34) ~ (]{711)1, ey k11)4, kgvlg, ey k‘Q’U34) for kl, kQ eR”.

Now we give representatives of v € U\G with the corresponding Pliicker
coordinates v, classified by the Weyl element w € W:
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w = id: This says v ~ (0,0,1,0;0,0,0,0,0,1). In this case, the matrix

1/1}3 1 1/”3
( v3/v34 ) — < 1 1 ) < v3/v34 )
v3 v3
v34/v3 1 v34/v3

has the given invariants.
w = Sq: This says v ~ (0,0, %,1;0,0,0,0,0,1). Then the matrix

1/v4 1 —v4/v34 v3/v34

—v4/v34 v3/v34 S | 1/v4
L) U g,
4

v3
has the given invariants.
w = sg: This says v ~ (0,0,1,0;0,0,0,1,0,*). Then the matrix

1/’1)3 1 1/'03
v3/ves | — ( 1 > va3/vz  —v34/v3
v3 1 v3
—v23/v3  v34/v3 -1 v3/v23

has the given invariants.
w = sq8g: This says v ~ (0,1,%,%;0,0,0,1,0,*). Then the matrix

—1/v2 1 v2 /v23 v3/v23
v2 /va3 va/vas | — [ 1 —vy —v3  —vg
V2 v3 V4 -1 7}23/112
v23/v2 1 —1/vg

has the given invariants.
w = 58Sq: This says v ~ (0,0,%,1;0, %, 1,%,%,%). Then the matrix

1/v4 1 v14/V4 V24/v4 V34/V4
v4/V14 — < 1 1 > 1/v4
v3 o v4 v4/v14
—v14/v4 —V24/v4 —V34/V4 -1 V3 V4

has the given invariants.
W = 545854: This says v ~ (1,%,%,%;0,%,1,%,%,%). Then the matrix

—1/v1 1 —v1 —v2  —U3  —U4
1)1/1)14 1)4/'014 — 1 Ul/U14 v4/v14
vl V2 V3 V4 —1 —1/’111
v13/v1 v14/v1 1

v13/v1 via/v1
has the given invariants.
w = sgsqsp: This says v ~ (0,1, ,%; 1,%, %, %,%,%). Then the matrix

—1/vg 1 v12/v2 —v23/v2 —v24/v2
v2 /v12 — 1 —v2  —U3 —v4
vy 3 v4 -1 v2/v12
—v12/v2 v23 /2 V24 /V2 -1 —1/v2

has the given invariants.
w = wp: This says v ~ (1, %, %, %; 1, %, %, %, %,%). Then the matrix

—1/v1 1 —v1 U2 —v3 —v4
va/v12 —v1/via | 1 —v12/v1 —v13/v1 —v14/01
v vg v3 V4 -1 —1/v1
v12/v1 v13/vl v14/v1 -1

va/vi2 —v1/v1i2

has the given invariants.
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Forw € W, let Iy = IyNw ™ I w. We also let U, = UNw™ U "w, and
Uy =UNw 'Uw. Then clearly we have U = U, U, = UUy.

LEMMA 3.2. I, acts freely on (Po N I)\(I' N Gy,) on the right.

Proof. See [9, Lemma 1.2]. m

Unfolding the coprimality conditions (vi,...,v4) = 1 and (v12,...,v34)
= 1 of the Pliicker coordinates, we obtain for w € W a complete set of coset
representatives R, for the quotient (PyNI")\(I'NGy)/ I, which are useful
for later computations. Since the Pliicker coordinates determine the cosets
uniquely, it suffices to express R, in terms of Pliicker coordinates:

(1) w=id: We have
Riq = {(0,0,1,0;0,0,0,0,0,1)}.

(2) w = s4: We have
(3.6) Rs, = {(0,0,v3,v4;0,0,0,0,0,1)},

where vy > 1 and v3 (mod v4) are such that (vs,vq) = 1.
(3) w = sg: We have
(3.7) Rs, ={(0,0,1,0;0,0,0,v23,0,v34) },

where v93 > 1 and w34 (mod wvy3) are such that (veg, v34) = 1.
(4) w = sq53: We have

() V4
(38) Rsas/g = {<07/U27/U37v4;07070)d)07_d>}7

where vg > 1, v3 and vy (mod vg) are such that (vq,vs,v4) = 1, and
d= (1}2, U4)
(5) w = sgsq: We have

v v 'U2
(39) RSBSa - {<O O ;4 #70 —V24, V14, _15;1,1]24”034) }a

where vy > 1, d = (v14, v24) and vy, v34 (mod v14) are such that vy4 | d?
and (d2/014,’l)34) =1.
(6) w=s4535q4: We have

(3.10)
B ) V1V Ul v2 V1V V13 —|— Vo4
Rsaspsa = {(“”““"“3’”4’0’ o ds’ T ds’ ds )}
where v > 1 and vy, v3,v4 (mod v;) are such that (1)1,1)2,7)3,’04 =
and d = (v1,v2), § = (d, vjvs + vhvy).
(7) w = sgsqasg: We have
(3.11)

2
B V12 V13 V14 Vi3 + V1423
Rspsass =90, — Ao’ do dg V12U VI Vas TUIg, T )

V12
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where v12 > 1 and v13, v14 (mod v12) are such that d; | v%3, dy = (v12,v14).
Let V12 = dlviQ, V14 = dlv/14, 0%3 = dlk, do = (1)12,1)13,1114), d1 = d[)dq,
do = dgt. Let a be a solution to avi, = —k (mod v{y) such that a and
(avi, + k)/v]5 are both divisible by ¢. Then va3 (mod wv12) is chosen so
that veg = a + v}y with (r,¢) = 1.

(8) w = wp: The representatives have the form

(3.12) Ry, = {(UlaU27'U3;'U4;’012,U137U14a

V213 — U3V12 V3V14 — V4013
, —U13, )
U1 U1

where v1,v12 > 1, and vy, v3,v4 (mod v1), v13,v14 (mod v12) are such
that vivig + Vav14 — vavi2 = 0, V1 | V2V13 — V312, V1 | V3V14 — V4v13, and

V2U13 — U3V12 U3V14 — V4V13
(v1, v, v3,v4) = 1, <v12,v13,v14, ) > =1
U1 U1

3.3. Eisenstein series. We end the section with alternative expressions
for Eisenstein series, using Pliicker coordinates. The following theorem says
that E.(g,v,1) and Eg(g,v,1) can be considered as Epstein zeta functions,
and Ey(g,v) can be considered as a height zeta function associated with a
bi-projective quadratic variety.

THEOREM 3.3. We have

1 oo
Eo(g.v)=7 D, (v599 vs) />

vEVH(Z) primitive - T 9 1/2
X (vg (9.7 9)(g A g) Twa) /27212,
1 —/o—
Balgv)=5 3 (ilgng)ghg w2
Vo €EVo (Z) primitive
1 —u/o—
Es(g,v,1) = 5 S (vgggue) A,
v3€V3(Z) primitive

T T
where vg = (v1,v2,03,V4) ', Vo = (V12, V13, V14, V23, V24,034)  , and Vg, Vo, Vs

are defined by (3.3), (3.4), (3.5) respectively, and g A g is the exterior square

of a matriz g, given by

9N g = (gijr)i<i<j<a, where  gijr = Gikgji — JiJjk-
1<k<I<4

Proof. We first prove the statement for Ey(g,v). We start from the ex-
pression

Eo(g:v)= Y Io(vg,V):% > T(vgw),

ye(PonI)\I vEVp(Z) primitive
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where Iy(g,v) = yfﬁzyg”?_”ﬁl. Suppose 7 € I' has Pliicker coordinates
v = (v1,...,04;012,...,034). Then it suffices to prove that

Io(vg,v) = (0 (g A 9)(g A g) Tva)" /27272 (w5 gg Tug) 112,

Let vg = nak be the Iwasawa decomposition of vg with n € U, a € T, and
k € K. If we write

a = diag(ay, az, a7t a5') € T,
then Io(yg,v) = a¥*"2a327"1*1 So it suffices to find expressions for a; and
as in terms of the Pliicker coordinates of «. Suppose g has the form

Y9 = = nak.
b31 b3z b3z b3

bsr baz baz baa

Then vg(vg)" = nak(nak)” =na?n’. Since n € U has the form

1 x =
n = e,
1
—u 1
we compute
* ok * *
* ok * *
na’n' = 9 5
* ok ay —Uuay

* ok —ua1_2 u2a1_2—|—a2_2

Evaluating vg(vg) " = vgg '~ yields
ay? = b3) + b3y + b3z + b3y,
—uay? = b31ba1 + baobaz + bazbas + bsabus,

U2a1_2 + (12_2 = b?ll + biz + b4213 + bz214,
from which we get

(b31b41 + b32bao + b33baz + b3gbyq)?

—2 32 2 2 2
ag” = by + by + big + biy —
b3 + b3y + b33 + b3,
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In particular, we have
ayay” = (b3) + b3y + b33 + b34) (b; + bl + b3 + bi4)
— (b31ba1 + baobaz + b3zbaz + bsabas)?
= Z (b3ibaj — b3jba;)?.

1<i<j<4
Meanwhile, expanding g, we see that
(bs1 D32 b3z bsa) =vjg.
Let g A g be the exterior square of g. Then
(b3ibaj — bsjbai)1<icj<a = va (9N g),

where we consider (bg;bs; — bsjbai)1<i<j<a as a row vector. So we can write

(3.13) a;? = vgggTv,g,
(3.14) ar?ay”® = va (9N g)(g A g) va.
Hence

142 2ue—vi+1
Io(vg,v) = ai* a3

= (va (9" 9)(gAg) va)
proving the statement for Fy(g, ).
For E.(g,v,1) and Eg(g,v, 1), we have

V1/2_V2_1/2( VQ—V1—1/2
)

v 99 vg)

1
Ea(g,lj,l):§ Z Ia(’yg’lj)’
Vo €V (Z) primitive
1
Epg,1,1) = 5 > Is(vg,v),

vg €V (Z) primitive

where Io(g,v) = (y1y2)"T%/? and Is(g,v) = y¢*2 Then the statements
follow from expressions (3.13]) and (3.14)), using the same argument. m

4. Constant terms. Let Ep(g,v, f) be an Eisenstein series for a stan-
dard parabolic P. Let P’ = N'M’ be another standard parabolic subgroup.
The constant term of Ep(g,v, f) along the parabolic P’ is defined as

CP/(g,V,f) = S EP(ngaVaf)dn>
N(Z)\N'(R)
where N'(Z) = I'N'\N’(R). When P’ = P, the superscript P’ is omitted from
the notation.
To compute the constant terms, we also make use of intertwining opera-
tors, defined in adelic settings. We follow the setup in [19]. Let A be the ring
of adeles of Q. Let 7 be an irreducible automorphic representation of M, and
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¢= be an element in A(N(A)M(Q)\G(A))r, the m-isotypic part of the space
of automorphic forms on N(A)M(Q)\G(A) (see |19 1.2.17]). The Eisenstein
series associated to ¢, is then defined to be

E(¢r,m)(9) = Y.  ox(79)
+eP(@Q\G(Q)

as a function on G(Q) \ G(A), whenever the series converges.
Now let w € G(Q) be such that wMw™ = M’. For g € G(A), we set

M(w,7)pr(g) == | br(w™ ' ng) dn
(N (@nuwN(@Q)w=1)\N'(A)
whenever the integral is convergent. This defines an intertwining operator
M(w,7) : AN(A)M(Q) \ G(A)r — AN'(A)M'(Q) \ G(A))wr-
Now we are able to state the functional equation of Langlands.
THEOREM 4.1 (Langlands [18]). In the setting above,
M, wr) o M(w, ) = M(w'w, ).

We give a correspondence between adelic and classical definitions of
Eisenstein series, in the case G = Sp(4) and £ = Q. We have the strong
approximation g = dgaoko for all g € G(A), with 6 € G(Q), goo € G(R), and
ko € K, the maximal compact subgroup of G(A).

Let Py be the minimal parabolic subgroup of Sp(4) with Levi compo-
nent My. For v € C2, let 7, be a character on My(A) defined by

m (diag(yr, y2, 07 ' yy 1)) = lyn [ e

Based on the Iwasawa decomposition (2.1]), we define

$u(g) = lya|" 2|y 2L
Then ¢, is right K-invariant, and lies in A(No(A)Mo(Q) \ G(A)),,. It is
then easy to check the following.

PROPOSITION 4.2. In the setup above,
E(¢V7 71'1/)(9) = EO(QOO; V)‘

4.1. Constant term along F,. We consider the minimal parabolic
Eisenstein series

Eo(g,v)= Y Tolyg,v),

~E(PoNI\T
with Iy(g,v) = y11’1+2y§'/2_”1+1. By definition, the constant term of Ey(g,v)
along Py is

Colg,v):= | > Io(yng, A dn.
No(Z)\No(R) v&(PonI\I"
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It is clear from the definition of the integral that the constant term is in-
variant under left action by Ny(R). So we may assume that ¢ is a diagonal
matrix diag(y1, y2,y; 5, Y5 *). Write
1 niy no ns
1 ng ns
n= 1 € Ny (R),
—n1 1

with the relation nz = ng4 + nins. Then the integration becomes

1111
S S S S Z 10(77797 )\) dny dns dng dns.
0000~e(PoNI\I

We break down the summation over (Py N I")\I" via the Bruhat decom-
position:

Eo(g’ V) = Z E07w(g,u),

weWw
where
Eouw(g,v) = > Io(vg,v),
ye(PonI)\(I'NPowPo)
and compute the constant term integrals
Cow(g,v) = | Eowlg,v)
No(Z)\No(R)

Again, let ¢, (g) = |y1|"* T2|y2|*2 711, 1t is straightforward to verify

PROPOSITION 4.3. For = (90, 1,1,...) € G(A), we have M(w,v)p,(g)
= Cop-1(goo, V).

This functional equation reduces the calculation of the constant terms to

the cases of w = id, 54, 53.
For v € (PO N F)\(F N P()’LUP()), let

L njy nj Y
Mg = 1 (mod K).
1 Y1
—ny 1 vy

Using the explicit Bruhat decomposition in Section we may express
Ey (g, v) using Pliicker coordinates:

(1) For w = id, we have

yv1+2 7 2u9—v1+1
Eoialg,v) =y1  “y5 )

where y] = y1 and v} = ya.
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(2) For w = s,, we have
/V1+2 /21/2 v1+1
EO ,Sa ga E E )
v42>1 (v3,v4)=1

where

o Y1y2 o 2,2 2
V1= —F—= and Yy =vs\/57Y5 + Ui,
v4/5TY5 + U7

with s1 = ny — v3/vy.
(3) For w = sg, we have

E : § : yv1+2 1 2v0—v1+1
EO S8 97 yl Y2 )
v232>1 (v23,v34)=

where

)
231/ Yy + S5
with s5 = n5 — 1)34/1)23.

It is clear that Cosq(g,v) = y{* T2y5"> """ 1. Now we compute

Co.s0(9,v SZ Z yl/1+2 v14-2 21/2 2v1— l(s%y%_i_y%)uszflh dny.
071421(’03 v4) 1

Summing over v gives an integral over R:
+2 v1+2 2 2v1-1 (.2, 2 2\vo—v1—1/2
Cosa(9:7) = 97" 295 ™2 D plva)uf ™27 {(s1y3 +y)> 2 dn,
va>1 R

where ¢ denotes Euler’s totient function. Via [12] Formula 3.251.2|, the in-
tegral evaluates to

_ oy 1
0078(1 (g’ V) _ y%yz V1+2y51+1 Z SO(UZL)Uin 2u1 1B <2, vy — V2>7

vg4>1

where
1

a1y et g L@ (Y)
(4.1) B(z,y) ._(S)t Y1 =ty 1dt_F(x+y)

denotes the beta function. Hence we compute

2v) — 2u9) 1
C 21/2 vi+2, v1+1 C( Bl = §
0,50 (g,v) = Yo C2v1 — 20 + 1) 5’ v — o

- y21/2 V1+2yl/1+1 A(2V1 - 27/2)
! 2 AQu — 20 + 1)

where A(s) = W_s/zf(g)C(s) is the completed zeta function.
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Analogously,

_ /1(21/2 — Vl)
C , — v1i+2 v1—2v2+1 .
0,83 (g V) U1 Yo A(2I/2 — U+ 1)

In terms of interwtining operators, we have
A(2V1 — 21/2)

/1(21/1 — 29 +
A(2V2 — 1/1)

/1(21/2 — v+ 1)

M(sa,v)1o(g,v) = 1)10(9, (2vg —v1,12)),

M(sg,v)Io(g,v) = Io(g, (V1,1 — 12)).

Through the functional equation, we obtain the constant term for other Weyl
elements. This completes the computation of the constant terms.

PROPOSITION 4.4. The constant term for the minimal parabolic Eisen-
stein series along the minimal parabolic subgroup Py is given by

CO(.Q? V) = Z CU,w(gvy)a
weWw

where

142, 2ve—vi+1
Cosalg,v) =y "y 2,

A(2V1 - 2]/2) 2 _ 2
C — vo—v1+ V1+1’
0,5q (9,v) A1 — 20 1 1) U1 Yo

A(2V2 - Vl) v1+2, 11 —212+1

C =
0,55 (97 V) A(2U2 1 + 1)y1 y2 5
A(Vl) A(2V1 — 21/2) Qo 9 _
C = vo—vi+ v1+1
0,583 (97 V) A(l/l + 1) A(2V1 — 21/2 + 1)y1 y2 s
A2 A(2uy — v _
Co,s550(9,V) = S (212) (g —11) rt2 1

Qs+ 1) ACvs —1n + )N
AQ2vy)  A(v1) ARy —2v2) o 4
Qs+ 1) At +1) ACv1 —20m + 1)1 2 ’
Alv)  AQue)  AQRv2—11) o2 il
(i +1) A2 +1) A2ws — 1y + 1) o
A(2I/2 — Vl) A(Ql/g) A(lll) A(2l/1 — 2V2)
A(2V2 — 1+ 1) /1(21/2 + 1) /1(1/1 + 1) /1(21/1 — 2u9 + 1)

—v1+2 v1—2v2+1
X yl y2 .

CO,saslasa (9,v) = A

CO,SgSaSB (97 V) = A

CO,wo (97 V) =

REMARK 4.5. Note that the constant term Cy(g, v) is precisely the con-
stant Fourier coefficient Ey y, ,(g, 7). This gives an expression for Ep v, ,(g,v)
nicer than the one given in Theorem Nevertheless, we keep the former
expression to maintain the structural consistency of the expressions there.
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4.2. Constant term along P,. We have to express the constant terms
by using intertwining operators. A detailed description is given in [I9] IT.1.7].
Let W = W(T, G) be the Weyl group, and Wy, = W (T, M) the Weyl group
corresponding to M. We define

W (M, M) { cw ‘ (A) > 0 for any positive root A }
, =<w .

of M’ over Ay, and wMw™' C M’

In general, if F(¢x, ) is an Eisenstein series along a parabolic P = M N,
its constant term along the parabolic P’ = M’N’ is given by

| E(r,m)(9)= | E(érm)(ng)dn

P N'(k)\N'(A)
= > ¢xlyng)dn.
N'(k)\N'(A) v P(k)\G(k)
By [19] II.1.7], it can also be expressed via intertwining operators:
| E(pr.m)(9)= > > M(w, m)g(m'g).
P weW (M,M") m’e(M'(k)nwP(k)w—1)\M’ (k)
We compute W (Mo, M) = {id, sg, sgsa, sgSass}. By [19, IL.1.7| again, we

have

| Boor)g)= % ) M(w,v)6,(mg).

Na(Z)\Na(R) wEW (Mo, Ma) me(Ma(Q)NwP(Q)w=1)\Ma(Q)
Meanwhile
M(w, v)éy(mg) = S o (™ umg) du
(Ua(QNuU (Quw=1)\Ua(A)
= S Z by (wluu'mg) du.

Ua(Q)\Ua (A) v/ €(Ua(Q)nuwlU (Quw~1)\Ua(Q)
This is just the constant term integral with respect to v = w™'mu for a given
w € W(My, M) and m € (Mn(Q) NwP(Q)w 1)\M,(Q). To compute the
constant terms, it suffices to find ¢, (g). Now, a set of coset representatives
of (Ma(Q) NwP(Q)w ™)\ M, (Q) (which turns out to be independent of w)
is given by

L Ky !
- K2 —K1
1 U m"ﬂl,HZ T K1 K2
1 K;l

These representatives have equivalence with integral matrices (with unit de-
terminant) under the action of P(Q), so we only have to consider the Archi-
medean place.

Ko € N, (/il,/ig) = 1} .
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REMARK 4.6. The parameters k1, ko are just the Pliicker coordinates
v3, V4 in the Bruhat decomposition with w = s,.

When m = id, the constant term integral is identical to those over the
minimal parabolic, as the integral is independent of ny. So we have

¢y( ) — yl/l—‘rQyQI/Q vi+1

A(2I/2 — Vl) yl/1+2 v1—2v9+1
A(2V2 — 1+ 1) 1 2 ’
A(Vl) A(2V1 B 21/2) lelg l/1+2y71/1+1
A(vy +1) A2vy — 209 + 1) 71 2
A(Vl) /1(2V2)
A(l/1 + 1) A(2V2 + 1)

/1(27/2 - Vl) v —2ua+2, —v1+1

M(sp,v)du(9) =

M(Sﬁsaa V)¢1/(g) =

M(Sb’sasﬁa V)¢1/(g) =

/1(21/2 — v+ 1)y1 Y2
Now we compute M (w, v)(mg) for m € (M, (Q) NwP(Q)w~ 1)\ M,(Q).
Let g = (oo, 1, 1,...). Analogously to the constant term computations over

the minimal parabolic with w = s,, we see that if f(g) = yi*y5?, then

f(mm,@g) = y?y?@(m, ﬁ2)62/2*cl/2’
where Q(k1, k) is the quadratic form defined by
Q(K/laﬁ‘Q) —K:]_ —2’)’Ll,‘£1,‘ﬁ)2+ ( + yl)ﬁ%

y2
Hence

Do (Mg p9) = Y1 29327 Q 1, hg) 27 M2,

A2 — 1y
M(‘Sﬁ: V)¢V(mnl,ﬁ29) = A(Q(VQ s +)1)yl’1+2y51 2u9+1

x Q(k1, k) 272,
A(l/l) /1(21/1 — 21/2)
A(l/l + 1) A(2V1 — 2u9 + 1)

% y%l/g 1/1+2y27V1+1Q(K/1’ K/Q)_VQ_I/Q,
A(I/l) A(ZVQ) A(21/2 — I/1)
A(Vl + 1) /1(21/2 + 1) /1(21/2 -+ 1)
% yrl 2V2+2y2 V1+1Q(f€1, Hg)uzfzzlfl/Q‘

M(sﬁsaa V)¢V(mnl,nzg) =

M(SﬂsaS,Bv V)Qbu(mm,mg) =

The terms then assemble into a GL(2) Eisenstein series, whose definition

we now recall: 1
E(Z,S) = 5 Z I(’)/Z,S),
YEL o0 2\ 12

where I = SL(2,Z), I'x2 = {('?) € SL(2,Z)}, and I(z,s) = Im(2)*+1/2,
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PROPOSITION 4.7. The constant term for the minimal parabolic Fisen-
stein series over the Siegel parabolic subgroup P, is given by

C(?(gvy): Z C&w(gvlj)v

weW (Mo,My)

where

3/2 3/2
Coialy,v) = E( ni + yzZ U1 — uz)g?* / Yot 2

/1(21/2 — Vl) Y1 v1—vo+3/2 v1—va+3/2
Ca _ E 1 2 1 2
0,55 (9,v) A(2vs —1n +1) —n1+ y22 V2 Yy Y2 )

o _ /1(1/1) /1(21/1 — 21/2)
CO’SHSC“ (g’ V) - A(l/l =+ 1) A(2V1 — 2u9 + 1) E\—m+ 271 1V2

Vo — I/1+3/2 Vo — l/1+3/2
Xy 2 )

” (0.5) = Al)  AQ2w)  AQuy— 1)
055505595 A1 + 1) A(2y2 +1) AQ2vy —v1 +1)

X E( ny +Y i — 1/2>y1_V2+3/2y2_V2+3/2.
Y2

4.3. Constant term along Pg. Similarly, we compute W (M, Mg) =
{id, sa, 8058, Sa58Sa }, and obtain the following proposition.

PROPOSITION 4.8. The constant term for the minimal parabolic Fisen-
stein series over the Jacobi parabolic subgroup Pg is given by

Chlgv)= > Chulg.v),

’LUEW(M(),M@)

where
. 1% v
COﬂ,id(g, v) = E(—n5 + ygz, vy — 2)y11+2,
A(2v1 — 2v
( ! 2) )E( n5—|—y22 >y%1/2 1/1+2,

2
v1—2v9+2
)yll 2 9

8 _
Co.sal9:7) = A2vy — 2v5 4+ 1

AQ2ue) A2y — 1)
s B 2
Co,s0s5 (9, V) = A(2ve +1) AQ2v2 —v1 + 1)E
Gy A ) At )
0,5a8p5a V) = AQ2ue +1) A(vy +1) A(2vy — 2v9 + 1)

1%
X E(—ns + y3i, v — 1)yf”1+2.

—Ns +y22 "y

2
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5. Sp(4) Ramanujan sums. In the computation of the Fourier coeffi-
cients of Eisenstein series, we will come across a sum of the following form:

(5.1)

_ _ j : niv2 Nnav14
RVIJ’Z (n17 nQ) = § : Uy VlUlZV2 e< v + >
1

V12
v1,v12>1 v2,v3,v4 (mod v1)
013,014 (mod v12)
v1V13+v2014—v4012=0
(v1,v2,v3,v4)=1
(v12,V13,V14,023,034)=1

This can be considered as a generalisation of Ramanujan sums, since in the
degenerate cases n; = 0 or no = 0, the sum reduces to a classical Ramanujan
sum, with some extra factors. To state the main result of this section, we
introduce the symplectic Schur functions for Sp(4, C):

xi\1+2 . xl—(AH—?) x;\1+2 _ x;(>\1+2)
(A2+1)

—(Aa+1
xixz-l-l — (A2+1) x§\2+1 —

1 2

Sp)\l,)\g (1'171'2) = 9 _9 9 _9 ()\1 2 )\2 Z 0)
r1 — 24 Ty — Ty

xl—xl_l 33‘2—172_1

REMARK 5.1. The terms in Sp,, ., .,(z1,72) correspond to the dimen-
sions of weight spaces of the irreducible representation V(ejw; + eaws) of
sp4(C), which is a special instance of the Weyl character formula (see [10,
Ch. 24)).

We also define a multiplicative function oy, ,,(n1,n2) by setting for p
prime

(5.2) Tu i (P°1, p%2) 1= plertealtena gy o (07 07).
PROPOSITION 5.2. The sum Ry, ,,(n1,n2) evaluates as follows.
For ny,ns # 0 we have

03/2—V1/2—V2,1/2—V1/2(n17 n2)

C(r1)C(r)C(vr +v2 — 1)¢(v1 + 212 — 2)

For ny # 0, ng = 0 we have

011, (n1) C(v2 — 1) C(v1 + 12 —2) ((v1 + 210 — 3)

¢(r1) C(rr) Cri+wva—1) (1420 —2)

For n1 =0, ne # 0 we have

Ryt s(n1,n2) =

Rul,uz (nla 0) =

Ron s (0,19) = 01-1y(n2) ((v1 — 1) ((v1 +v2 —2) ((v1 + 210 —3)
TR ((v2) (1) ¢ +re—1) ((n +2v2—2)
For ny = ny = 0 we have
Ror (0 O):C(Vl—l) C(va —1) C(v1 +v2 —2) ((v1+ 219 —3)
M C(v1) C(ra) ¢l +ra—1) ¢ +20p—2)
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Proof. For fixed vy, v2, v12, v14, define

Ly, 15 (v2,014) := {(Ug (mod v1),v4 (mod v1),v13 (mod vlg)) ‘
V1013 + V2U14 — V412 = 0 (mod v1v12),
(v1,v2,v3,v4) = 1,
(v12,v13, V14, V23, v34) = 1},
and
vy w15 (2, 014) 7= [Loy 15 (02, v14) -
Further, define

niv nav
(53) RU171)12 (nl,ng) = Z Avl,vm (02,1}14) €< 21}12 —+ 21214).

v (mod v1)
v14 (mod v12)

Then we can rewrite (5.1)) as

Ruyvo(n1,n2) = Z vy 01y 2 Ry w1o (N1, M2).

v1,v12>1
Now define
Tv1,012 (nl’ nQ) = E Rul,uu (nlv n2)'
u1|vr
ur2lvi2
We expand
T'v1 012 (n1¢n2) = E Rul,ulz (n17n2)
w1 |v1
ui2|vi2
nijuz naui4
-y ¥ > oy ),
U1 U12
uilvr w2 (modwuj) ug,uq (moduy)
u12|v12 w14 (mod uy2) u13 (mod u12)

w1 w13+ ugu14—usu12=0 (mod uiui2)
(u1,u2,u3,us)=1
(v12,v13,014,v23,v34)=1

Find dl, d12 such that v = uldl, V12 = ulgdlz, and let Vo = Ule, V3 = U3d1,
vg4 = ugdy, v13 = u13d12, V14 = u14d12. Then the sum becomes

Tv1,012 (nl,ng) = Z Z Z e<n1’02 I 7121)14)

V1 V12
dilvi  vg (modwy) v3,v4 (mod vy)
d12|v12 V14 (mod v12) V13 (mOd v12)
01013402014 —v4v12=0 (mod v1v12)
(v1,v2,v3,04)=d1
(v12,v13,014,v23,v34)=d12
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2 : 2 : niv2 N2v14
U1 V12

v2 (mod v1) v3,v4 (mod v1)
v14 (mod v12) v13 (mod v12)
1013402014 —04012=0 (mod vivi2)
v23,V34€7Z

so we get rid of the coprimality condition. Note that vog, v34 € Z is equivalent
to
v1 | vov13 — v3v12, U1 | V314 — V413

Fixing vy, va, v12, v14, we want to find the size of the set

S(v1,v12,v2,v14) := {('1)3 (mod v1),v4 (mod vy),v13 (mod 1)12)) ‘
v1U13 + V2v14 — v4v12 = 0 (mod vivi2),
v1 | vau13 — V3V12,
v1 | v3v14 — V4VI3 .

This is actually a local problem. Let vy = p“!, vy = p»“2, vy = p"12

and vy4 = p*4. We may assume wo < wi, w14 < wie. Note that we need to
have wy + wy4 > min {wy, wia} for S(p¥t, p¥i2, p*2, p¥i4) to be non-empty.
Let d = min{w;,wi4}. Assuming wg + wig > min {wq, w2}, solving the
congruence conditions gives:
(1) For w1 < w12,

(i) if 2w — 2wy > w14, then

0 if wia > wa + w14,

IS w17 wlz7 w2, Wid)| —
’ (p P p P )‘ {pw2+w14 if wig < wo + wiy;

(ii) if 2wy — 2wy < wiy, then:
(a) if 2wy — we — wy2 > 0,
(i) if d + wy + w12 — 2wy — 2wi4 > 1, then
S, 2, )| = 2
(ii) if d + w1 + wya — 2we — 2wy4 = 0 or —1, then
|S(pw1 ,pw12,pw2,pwl4)| — pw1+w12—w2—w14+d;
(iii) if d + w1 + wia — 2we — 2wyy < —2, then
(S, pre, p, pte) | = plle ot D72,

(b) if 2w — wg — wig < 0, then
(1) if d 4+ w1 + w12 — 2we — 2wy4 > 1, then

2pWatins if wo + wig > w12,

S wl’ w12’ w2 W14\ —
5™, 5 275 2 {(Pw2+w14apw1+d) if wo +wig < wiz;
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(ii) if d + w1 + wig — 2wy — 2wy14 = 0 or —1, then

pw1+w12—w2—w14+d if wo + wyg > wia,

S W1 W12 W2 WIi4)| —
|S(p**, p*12, p*2, p*t)| witd i ws - w1y < Win:

p
(iii) if d 4+ w1 + w1z — 2wy — 2w14 < —2, then
(pllortwiztd)/2] puntd) if 4y 4wy > wio,
|S(p™r,p12, pt2, p )| = { prr T wemwiatd if wy + w14 = wia,
pwrtd if wo 4+ wia < wi2.
(2) For wy > wio,
(i) if wig > we and wiy < 2wiy — 2wa, then
|S(p™t, p2, p2, pit)| = prTey
(ii) if wia < wo and wig > 2wig — 2we, then
|S(p™r, p12, p2, pie)| = prratluna/2l,
Now consider the expression

n102 navi4
Fopwn(n1,m2) = Y \S(m,vm,vz,vm)e( + )

U1 V12

v (mod vy)
v14 (mod v12)

Since |S(v1,v12,v2,v14)| is multiplicative, we deduce that ry, v, (n1,n2) is
multiplicative with respect to v1, v12, in the sense that if (ujui9,viv12) = 1,
then

Tuivi,u12v12 (nla n2) = Tuy,ui2 (nlv nQ)rUhvm (nh 77,2).

Indeed, we see that ry,v, w1001, (11,12) equals

nit noti4
12+ 21>

Uu1v1 U12v12

> |5 (urvr, ur2vi2, t2, t14)| e(

to (InOd Uy Ul)
t14 (mod u12v12)

= Z Z S (u1v1, u12v12, U1V2 + V1U2, U12V14 + V12U14)
uz (modui) w2 (modwy)
v (modusz) v (mod viz) niuy | Miva | Molls | Navig
X ( + + + )
U1 U1 u12 V12

niu nou
- Z Z ’S(u17U127’U1U2,'012U14)|e< 172 _|_214>

Uy u12
uz (modu1) w2 (modwvy)
u14 (mod ui2) vi4 (modviz)

n1v2 + n2v14 >

X ‘S(U17v127u11}27u12v14)|e(
vy V12

= Tui,ui2 (nlv n2)rU17U12 (nla nQ)
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as desired. Also, it is clear from the definition that if (mime,vivi2) = 1,
then

Ty w15 (MANT, M2N2) = Ty vy, (N1, N2).
Thus we have a decomposition

ordy(n1) ,ordp(n2) )

Porors (n1,12) = [ [ rjemapon) jorapona) (9 )P

p

)

and it suffices to consider the case where v; = p“!, vio = p*'2, ny = p*,
ng = p®2. Rewrite the expression:

w1 w12

rpun s (P, p2) = ) > [S(pM, pUi, p2, )|

wo=0w14=0

x Do elbpt T vpt ),

v2 (mod p*1) v14 (mod p*12)
ordp (v2)=wz ordy (vi4)=wi4

Without loss of generality, we may assume e; < wq, es < wis. Noting that
1 if w' = w,
wew'=l 1) ifw>w >w—e
Z e(vp™) ]i “’*w’*(? ) if w =w _ e—1 |
v (mod p¥) p B ’
ordy (v)=w’ 0 ifw <w-—e— 2,

we see that rpw; pwiz (p°, p®) can be computed explicitly in terms of powers
of p. Comparing the coefficients then yields

Z Fpun purz (p©1, pe2)pWIVI T W22
wi,w122>0
= 03211 /22,1 /211 /2D, ) (1 — plT ) (1 - pP ),
Combining the p-parts gives
—v — U3/2—u1/2—u2,1/2—u1/2(n1, n2)
r ni,no)vy oy ? =
Z e (1, 12)01 0 C(r1 +v2 —1)¢(1 + 212 — 2)

v1,v122>1

for ny,ne # 0. As

—Vvi,,—V2
E Tvl,vu(nl:n?)vl V12

v1,v12>1

= ((1)¢(v2) Z Rv17v12(n17n2)vl_ylvl_2y2v

v1,v12>1

we finally arrive at

—Vi,,—V2 __
E vaﬂuz(nlanQ)’Ul Vo™ =

v1,v12>1

03/2—u1/2—u2,1/2—u1/2(n1, na)
C(1)¢(v2)C(n1 +vo — 1)C(n + 202 — 2)
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Passing to the degenerate cases, we observe that the generalised divisor sum
03/2—11 /2—vm,1/2—1, /2(111, 12) Teduces to classical divisor sums, and we obtain
the following formulae. For ny # 0, no = 0 we have

E —v1, —V2
va,vlz(nlvo)vl V12

T e ) -1 S 4 —2)
) () C(ri+re—1)
For n1 = 0, ny # 0 we have
Z thulg(oun?)vl_ylvl}m
e _ T1on(ne) (i —1) (M + 12 —2) ¢
C(r2) (1) ((ri+wre—1)¢
For n1 = no = 0 we have

Z RU17U12 (07 O)Ul_yl 1}1_21/2

v1,v122>21
_ S —1) C(ro—1) (1 + 1o —2)
Cn) ) Cn+re—1)
This completes the proof of Proposition [5.2]

(1/1 + 219 — 3)
(Vl + 219 — 2) .

¢
¢

(v1 + 212 —3)
(Vl + 219 — 2) .

(Vl + 219 — 3)
(1/1 + 219 — 2) .

¢
¢

6. Fourier coefficients of Eisenstein series

6.1. Invariant differential operators. Consider the Siegel upper half-
space of degree 2:

Hy={Z=X+1Y € M3(C) | Y > 0}.
If we write
Z1 Zy ) .
7z = s Zj:Xj+ZYj, 7 =123,
Zy I3

then the generators Ay, Ay of Sp(4, R)-invariant differential operators on Hy
are given in [20] by

3
Al = Z Y;Y]&g] — D<8183 +5183 — ;(92(92>,

ij=1

. 3
1 == 122 1 = = 1-2
_ 2 2 .
Ay =D (8183 482> (8163 — 482> + ZD< ;_1 YZBZ> <8183 — 482)

. 3
) = 1 1 - — 1
+ ZD< ZE 1 }/Zal) (8183 — 4822> + 16D(8183 + 0103 — 26282),



Fourier coefficients of Sp(4) FEisenstein series 27

where D = Y1Y3 — Y2, and for j = 1,2, 3,

g 0 _1(0 0N 5 9 _1(d 0
Toozy 2\0X; oy;) 7 oz, 2\0X;  0Y;)

Through the isomorphism

1
gK — g< Z) (symplectic transformation)

from G/K to Ha, we can consider Ay, Ag as differential operators on G/ K. It

is straightforward to verify that Io(g,v) = y¥* 2y3"2""1*1 is an eigenfunction
for A; and Ao, with eigenvalues given by
1
g, = E(M — dvvy + 43 — 5),
1
AA, (v = 2119 — 2) (11 — 2v9 — 2)(v1 + 2).

~ 256

6.2. Jacquet’s Whittaker functions. It is easily verified that a char-
acter x on U(Z) \ U(R) has the form

1 ni ng ns
1 ng Ns

(6.1) X . = e(miny + mans)

—Mn1 1

for some m1, mg € Z. We shall denote such a character by Xm; m,-
Now we consider functions F' on G/ K satisfying the following properties:

(i) F is an eigenfunction for A; and Ag, with the same eigenvalues as
IO (97 V);

(ii) F(ng) = x(n)F(g) for all n € U(R).

The space of functions satisfying (i) and (ii) is denoted by W(v, x). Since
Ay, Ay are Sp(4, R)-invariant differential operators, it follows that for every
w € W, Ip(wg,v) is also an eigenfunction for A; and A with the same
eigenvalues as Io(g,v). For w € W, if the character x is trivial on U, (R),
we define

(6.2) Waulg,vix) = | To(wng,v)x(n) dn € W(v,x).

Uuw(R)
The functions Wy, (g, v, x) are known as Jacquet’s Whittaker functions; their
properties are studied extensively in [I3] [15] [17]. If x is not trivial on U, (R),
then we define W, (g, v, x) := 0. Using the standard Iwasawa decomposition
for Sp(4), we obtain explicit formulae for W, (g, v, x) for g of the form
and X = Xmi,ma-
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(1) w=1id: It is easy to see that

Wia(g, v, x) = yi* Pygre—t!

if my = mo =0, and Wiq(g, v, x) = 0 otherwise.
(2) w = sq: We compute
(6.3)  Wa(g.vox) = 25 2 {(ndu3 + y1)> 2 e(—many) dny

R

if mg =0, and Wy (g, v, x) = 0 otherwise.
(3) w = sg: We compute
(6.4)  Wiy(g,vx) = 7" 23" [y +03)"1 /272712 e(—mans) dns

R

if m; =0, and W, (g,v, x) = 0 otherwise.
(4) w = sqs3: We compute

(65)  Wiaass (g, x) = 129542 | [ (03 + m3)/22 12
RR
x (4 +n3)yi +y3n3)"> "~ e(~mans) dny dns
if my =0, and W, s,(g,v,x) = 0 otherwise.
(5) w = s8sq: We compute

(6.6)  Wigsa (g, x) = 9 295 ™2 | {(nfyd +of) 271712
RR

x (n3 + (nfy3 +y1)?) /2772712 e(—myny) dny dno

if mg =0, and W5, (g9,v, x) = 0 otherwise.
(6) w = sq585q4: We compute

(6.7) Wsasﬁsa (9,v,X)
=y Py P U + n893)% + (g + nang)?) /272712
RRR
X (yiys +n3ys + niyiys +niyd)"> "2 e(—mimi) dny dns dna
if ma =0, and W, s,s, (9,7, X) = 0 otherwise.
(7) w = sgsqasg: We compute

(6:8)  Wigsass(9:%) = o7 2y 2 | § V(uiys + niy? + niya)> 112
RRR

x (ytys + ndyt + 2n3ytys + (ning — no)?ys

)2)V1/2—V2—1/2 e(

+ (ngns — nz — ningns —mans) dng dny dns

if my =0, and Wi;s,s,(9, 7, X) = 0 otherwise.
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(8) w =wp: We compute

(6.9)  Wuy(9,7v,X)
=y P2y 2§ Y (nduts + yivs + njyt + ndy) 2
RRRR
x (ninjys + ylys — 2nansnayiys — 2ninonays + niyt

2 2 2,4 2,2 2, 2\V1/2-v2—1/2
+ 2n3n4yiys + n3ys + nang — 2ngnansng + ning)

X e(—miny — mans) dny dng dny dns.

With the exception of the long element w = wg, W,, can be expressed in
terms of the classical Whittaker function

mew=wyfwlwm,

a y2 + u2
where ¢ = ¢y(u) = e(tu) for t € R is an additive character of R.

PROPOSITION 6.1. We have

vi+2 2vo—rv1+1
Wia(g, v, x00) = y1' Ty 2,

+3/2
Wio (9,0, X 0) = 922 Py 17

141
ng (g, v, XO,mz) = y1Vl+2W<y§a Ve — 5’ ¢m2)a

Yy1,V1 — V27¢m1/y2)a

Vo —U 1 %1
Wsa85(97 v, XO,mz) = y% 2 1+QB (2)V1 - I/Q)W(?J%, 27¢m2>7

vi—v3+3/2 1 2
Wssa (9 Vs Xmy 0) = y / ysl—HB(QvV? - 2>W(y1, V27¢m1/y2)7

Wensasa (9, Xmn0) = 12 223t <; 1/21>B<; n V2>

X W (Y1, v2, Vi, fya)
Weysass (95 Vs Xoms) = Y 2> B <;7 vy — V;) B (;, V2> W(y% %, ¢m2>,
where B(x,y) is the beta function (see (4.1))).

Proof. We start with the explicit formulae above and simplify the inte-
grals.

(1) The statement for w = id is obvious.
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(2) For Wy, , we start with (6.3). A change of variables njys — n) gives

v 1% 2 e — mi
o) =5 )
R

+3/2 1+1 Y1 vemi=1/2 my

v2 v / /

=Y Ys' S <,2 2) e(—n1> dny
R\ YT Y2

V2+3/2 l/1+1w(

= Y1, 1 — V27Xm1/y2)-
For W, we start with (6.4), and rewrite
B

Wiy (9,7, X0.ms) = ¥y 203727 (w5 + nd) /2772712 e(—mans) dns,
R

2 1/271/1/2+1/2
V1+2s< Y2 >

e(—mang) dns

%1
- y11/1+2W<y§7 vy — 57 Xm2) .
4) For W,_,., we start with (6.5)). A change of variables nyys — n/; gives
( s g Y 18

Wiass (0,0 Xoms) = o P2y 0 | § (i + /212
RR

x ((y3 +n2)yi + nf

B 1 )2
=Pty tlp (2, vy — 1/2> S(yg +n3) /22 e(—mans) dns
R

) ) 1 y2 v1/2+1/2
_ yluz vi+ B( SV — y2> S (y4 —in2> e(—m2n5) dn5
R 2 5

vo—v 1 4
:y% : 1+2-B<27V1_V2>W<y§7;)Xm2>'

(5) For Wy, , we start with (6.6), and rewrite

2)”2_”1_1/2 e(—mans) dnly dns

Wigso (95 Vs Xmn,0) = 97 2y P2 | {(ndys + 1) 27712
RR

x (n3 + (nfy3 + y3)?)/27727 12 (—myny) dny dno

» 1 v Uy
=y 2y 1+QB<2’V2 B 21> V(nd3 +y7) 212 e(—mumy) dny.
R
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A change of variables njys — n) gives

1
B (o = ) Y ) (<

R

b 1 V2+1/2
_ y11 2+3/2y51+13 < Uy — ) <1> e<—7nln/1>dn,1
2’ nye+y3 Y2

R
—v2+3/2 1
:ylljl V2 /yg1+13<2,l/2 )W(ylaVQaXml/yQ)

(6) For W, ss,,, we start with (6.7)). A change of variables na+ning + ny
gives

2 Yo —
Wensssa (9575 Xmr0) = v 2y 2 VU ((0F 4+ ndys)? + nb”)y/2mve 1/
RRR
% (yiy3 + by — 2nanbnay3 + nindys + ndydys + niyd)e /2
x e(—mini) dnydnb dny.

Completing the square with respect to ng followed by a change of variables
na — ninhys/ (Y3 +yi) = nj gives

R TR+ aB)? 2 2l )
RRR
2 vo—rv1—1/2
2 yA(3d + )2 +np?)\ Y
ny + 2.3 . .90 e
(n1y2 =+ 1/1)
_ _ 1 o
= (Lo - ) (0 )R 4 %)
RR
x (nfyd +yd)" 22 e(—ming) dnidnl

1 1
_ a2 2 1/1+2B<2 1/21)3(2,1/1 B V2>

X S<”%y% +y) 2 e(—mang) dny.
R

—many) dny dnb dn)y

A change of variables nyys — n/ then gives

vo—v vo—v 1 1
gt (L0 (G - )

<+ y%rw-l/?e(—”“na) )
Y2

R
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1 1
=y s/ vs VIHB(2 V21>B<2,1/1 —1/2)

l/2+]./2
X S (2y12> e(—mlnﬁ)dngL
AN T Y2
vo—11+3/2 1 1
—912 1+3/ Sw u1+1B<2 2)B(27V1—VQ)W(y1,V2’Xm1/y2).

(7) For W, s,, we start with . A change of variables nf, = ng—ning
gives

2 2 —v1—
Wigsass (9 X0ms) = 07 25 2\ Y (wis + ndud + niyg)2 712
RRR
x (ytys + niyt + 2n3ydyd + nb ys + (hns — nd)?)/2rem1/2
X e(—mans) dnfy dny dns.

Completing the square with respect to n), followed by a change of variables
nly — n3ns/(ys + n2) — nj gives

v1+2 v1+2 o —
g Py P NV Vs + ndud + nds) 2 2 (g5 n)n /2l
RRR
2,4 2,2 2,2 v /2—v2—1/2
n n
( /2/2+ <y1y2 +45y1;i- 4y2> ) e(—mans) dnly dny dns
Y + 15
1 141 _ _
==y51+2y?*2l3<2’”2_‘52> | (w5 + ndyrmm/z-ti
RR
X (y%yél + n%y% + n?lyg)*”rl/2 e(—mans) dng dns.

A change of variables n4ys — n/y then gives

1
yu1+2yV1+QB < vy — Vl) S S(yé + ng)u27u1/271/2

12712 o(—mgns) dny dns

2
RR
1 v 1
-2 2 1 1
_yfl va+ 1+ B<2,U2—2>B<2,1/2>
x V(3 +n3)~1/2 12 e(—mans) dns
1 y 2 v1/2+1/2
L vi—2upt2 1 Y2

X (yiys + 12yt +niy3)
R
R
1 —2v9+2 1 4! 1 s
=1 B 5,1/2—? B §,V w y2727Xm2 - .

oy
7 N\
N |

N

[\V)
~_
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Let W(v, x)™°? denote the subspace of functions with moderate growth
in W(v, x). When y is non-degenerate (i.e. myma # 0), we have the following
celebrated theorem of Shalika and Wallach.

THEOREM 6.2 (Shalika [22], Wallach [25]). Let x be a non-degenerate
character on U(Z) \ U(R). Then dim W (v, x)™°4 < 1.

REMARK 6.3. For a non-degenerate character x, we observe that
Wao (9,7, X) € W(w, x)™%

By Theorem [6.2] we see that Wy, (g,v,x) is the unique function (up to a
constant multiple) in W(v, x)™°4. This function is studied extensively by
Ishii [14].

6.3. Fourier coefficients. Suppose that x = X, m, is a character of
U(Z) \ U(R). Then the Fourier coefficient for the minimal Eisenstein series
Ey(g,v) corresponding to x is given by (see [21])

Eox(g,v):= | Eo(ng,v)x(n)dn.
U@\U®)

REMARK 6.4. In principle, one may consider the Fourier coefficients along
other subgroups. For example, for Siegel modular forms, one usually con-
siders the Fourier coefficients along the upper right block, which forms an
abelian group. Here, we consider the Fourier coefficients along the unipotent
part U of GG. These Fourier coefficients find applications for instance in the
constructions of L-functions via the Langlands—Shahidi method [21].

To compute the Fourier coefficients Fy,(g,v), we break down the ex-
pression via Bruhat decomposition, and express them in terms of Whittaker
functions. We have

Box(g,v)=>_ | Eowng,v)x(n)dn
weW U(Z)\U(R)

=>. > > | I(ng.v)x(n)dy

weW ye€Ry 6€l'y, U(Z)\U (R)
=>. 2. | V' Zo(ynn' g, v)x(nn) dndyy’
weW yeRy T, (Z)\Uw (R) Uw(R)

Let v = byjwtby be a Bruhat decomposition, with by,b2 € U, t € T'. We may
assume that by € U,,. Then

Eox(g)=> > | V' To(bawtbony'g, v)X (') dn dnf .

weW ~ERy, Uw(Z)\Uw(R)Uw(R)
y=b1wtba
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The Change of variables bgn =1 gives

Boxlg:v)=Y_ | \ To(wtnn'g, v)x (') dn iy’
wEW  YERw Uw(Z)\Uw(R) Uw(R)
y=bi1wtba

Now observe that
Ip(wtg, v) = Io((wtw™ Ywg,v) = Ip(wtw™ ", v)Io(wg, v).

So the Fourier coefficient becomes

EO,X(Q? )
=Y Y x)hlwtwly) | \  Zo(wnif g, v)X (') din i
weW ~YERy Uw(Z)\Uw(R) Uuw(R)
~y=biwtba
=3 > x)lwtwv) | Wulgv.)xX()dn'.
wWEW ~YERw Uw(Z)\Uw(R)
~y=biwtba

Recall that Wy (g,v,x) = 0 unless x is trivial on Uy(R). If x is trivial
on Uy(R), then it follows from the definition of a Whittaker function that
Ww(n'g,v,x) = Ww(g,v,x) for ' € Uy(R). So the Fourier coefficient be-
comes

> xb)o(wtw ™, v) | Wa (g, v, X)-

weW ~ERy Uw(Z)\Uw(R)
y=b1wtba

Hence, to obtain the Fourier coefficients of Ey(g, ), it suffices to evaluate
for w € W the sum

E07X7w(g7 V) = E X(bg)fo(’wtwil,l/)Ww(g,y, X)'
YERw
y=b1wtba

(1) For w = id, we have Rijg = {I4}. So we immediately obtain

EO,X,id(g, V) = VVid(ga v, X)

(2) For w = s4, we use (3.6) and compute for v = bywtbs € R, with
Pliicker coordinates v that

1 2up—2v1—1
V) =

Ip(wtw™ = vy ;

and Xmi1,mo (bQ) = 6(—m1v3/v4). Hence

_ _ mivs
Fovalo) = 3 3 (< ()

v42>1 v3 (mod vyg)
(v3,v4)=1

— v ey, (ma) W, (9, v, X),

v4>1
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where

em(n) = i e<::>

t=1
(t,m)=1

is the classical Ramanujan sum. Using the well-known identity [11, Proposi-
tion 3.1.7]

O',k(m) it
—= ifm#0,
R C(k+1)
(6.10) 7;1 n(m) RO
- C(k+1) ’

we conclude that
205 —20, (M1)
C(2v1 — 21+ 1)
C(2v) — 2u)
C(2v1 — 212+ 1)
For w = A ] n m for ~ — with
Plﬁgizzr cooo?(}:linafgs’ . fhl;ie (3.7) and compute for v = bywtby € R, wit

WSa(Q?”?X) if my 7é 0,
EO,X,SQ (97 V) =

Wi, (g,v,x) ifmg=0.

Io(wtw_l,u) = 53~ va=l

and Xm1,m2 (bg) = e(—m2034/023). Hence

v —2v9— Mav34
Banlor) = 3 Y g e(<TE W (g, 0)

>1 v23
v232>1 v34 (mod va3)
(v23,v34)=1

= > w2 ey, (m) Wi, (g, v, %)

v23>1

By (6.10), we obtain

Oy —2u9 (m2)
C(Ql/g - +1
C(2vy — 11)
C(2vy — 11 +1)

(4) For w = 5453, we use and compute for v = bywtby € Rs, s, With
Pliicker coordinates v that

)Ws;;(gﬂ/yX) 1fm27é(),
EO,x,sg(gvy) =

Wis(g,v,x)  if mg =0.

Ig(wtwfl,y) _vguz 2v1—1 12% 2uv9—1 ,02 —vi— 2d21/2 1/1+1

where d = (v, v4), and X, m, (b2) = e(mavs/v2). Hence

e _ movyg
Boynns0) =3 3 e w+le()ww<g,u,x>.

V:
v2>1 v3,04 (mod v2) 2

(v2,v3,v4)=1
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Write vy = dvf, v4 = dv). Then the sum can be rewritten as

EO,X,S(XSB (97 V)

_ Zd21/2—21/1—1 Z Ué—lq—? Z 6(77’2)2/:2) Z WSQS,B (97 v, X)

d>1 vy >1 v}y (mod v}) v3 (mod dvj)
(vh,v))=1 (dv3)=1
2v9—2v1—1 —v1—1
= Z@(d)d e Z ) Col, (m2)W8a85(gvya X)a
a>1 vh>1

where ¢ stands for the Euler totient function. By (6.10)), we obtain

C(20 — 20) 0y, (ma)
) C@n =2 +1) (1 +1)

EO,X75a55 (97 V) - C(2V1 — 2V2) é‘(ljl)
(@ — 20+ 1) (1 +1)

Wsasg<gaya X) if ma 7é 07

WSasg (ga v,x) ifmg=0.

(5) For w = sgsq, we use (3.9) and compute for v = biwtby € Rs,s, with
Pliicker coordinates v that

—1 2u9—2v1—1 v1—2r2—1 —v1—2 j2v1—2v9+1
Ip(wtw™ ", v) = v vi4 =vy, ' d ,

where d = (1)14, 1)24), and thmQ (bg) = e(ml7)24/1)14). Hence

v1—2 j2v1 —2v9+1
EO,x,S[gsa g,v E E E : 7)14 a=ne

v142>1 vay (modwig) v34 (modwig)
U14|d2 (d2/v14,v34):1

mi1v24
e W, SV X)-
< ot ) 550 (95 V5 X)

Write v14 = dv}y, vos = dvh,, and d’ = d?/v14. Recall that d = v],d’. Then
we have vy = d'v'3,, and the sum can be rewritten as

/
1 —2r02—1 1—219—3 m17)24
Eox,s550(9,V E d E Uiy E e(v’
d'>1 vi,>1 vhy (m([)d’uh) 14
(v14,094)=1

X Z WS[SSa(g7 v, X)

v34 (mod d'v'Yy)
(d’ v34)=1

Z (d/ d 2up—1 Z U/ 2vy— U1 (ml)Wsﬁsa(g, Z/,X).

d'>1 v, >1
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By , we obtain
C2v2 —1v1)  0_gp,(m1)
C(2V2 -+ 1) ((21/2 + 1)
(e —v1)  ((21)
C(2V2 -+ 1) <(21/2 + 1)

(6) For w = s45554, we use (3.10)) and compute for v = bjwtby € Ry, 545,
with Pliicker coordinates v that

WSﬁSa (97V7 X) lf my 7é 07
E07X75,85a (97 V) =

Wigsa(g,v,x)  if mp = 0.

—1 _ 2uv9—211—1 v1—212—1
In(wtw™ ", v) = 0] vi}

— U1—2V2—3621/271/1+1’
where
2
d= (Ul,vg), 0= (d ,V1V3 + U21)4),

and Xom, ms (b2) = e(myve/v1). Hence

—2v9—3 2v9—11+1 mivz
EO,x,saSﬁsa 9,V E E vy TR < 01

v121 vg,v3,v4 (mod v1)
(v1,v2,v3,04)=1

X Wsaspsa (9 Vs X)-

Write v; = dv}, va = dvs. Since d|J, we may also write 6 = dd’. Note that
8" = (d,vjvz + vhvy) divides d. Then the sum can be rewritten as

/
Z v1—2 Z 1—2v2—3 Z mivy
EOxsas[gsa g,V " e< ol
d>1 vi>1 v} (mod v}) 1
(v},05)=1

X Z 5/2V2_V1+1Wsa555a (9,7, x)-

v3,v4 (mod dv})
(d,v3,v4)=1

For fixed 1| d, we find the number of pairs (vs,v4) modulo d satisfying
(dv U3, /U4) =1 and (d, ’U/1U3 + ’Ué’U4) =1.

We first observe that for every residue class (v3,v4) modulo d, we can find
representatives such that 0 < vjvs + vhvs < d. As (v}, v5) = 1, we can find
us, uq € 7Z such that v’lug + U§u4 = 1. Then for 0 < n < d, the equation

(6.11) vivs + vhvy = n (mod d)

has d distinct solutions, given by (v3,v4) = (nug + kv, nus — kvy) for 0 <
k < d. A residue class (v3,v4) modulo d satisfies (d,vjvs + vhvs) = 1 if and
only if | = (n,d). Let 0 < n < d be such that (n,d) = [. Then the number of
solutions to satisfying (d,vs,v4) = 1 is given by dg(l)/l. Meanwhile,
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the number of integers 0 < n < d with (n,d) = [ is given by ¢(d/l). Hence,
there are in total do(d/l)¢(l)/l solutions for (vs,vs) modulo d such that
(d, vjvs + vhvg) = I. Therefore

§ : 1 § : ; —2v2— 3
E07X78a5ﬁ5a g7 d n ml)

d>1 vl >1
XD ¢ < > (D2 W50 (95 15 X)-

I|d

Writing d = d'l gives

N p—v1—1 2 2 1
Boxsasgsa(9:7) = Y o(d)d > (1)
d>1 >1

—2v 3
X Z 1 ey (M) Wasgsa (9,1, X)-

vi>1

By (6.10)), we obtain

EO,x,sasL;sa (g, V)
C)  C(2v1 —2vp) o2y, (ma)
Clr1 +1) C(2v1 =219+ 1) C(2va + 1)
Cn)  C(2ri—2vp)  ((21n)
C(Vl + 1) €(2l/1 — 29 + 1) C(QVQ + 1)

Wiasssa (g,v:x) ifmy #0,

Wisssa (9575 x)  if mp = 0.

(7) For w = sgs485, we use (3.11)) and compute for v = biwtby € Rsys,s5
with Pliicker coordinates v that

—1 2u—211—1_ v1—2v9—1
In(wtw™ ", v) = vy v{5

—v1—2 j2v1—212+1
=y dj ,

where dy = (1)12, 13, 7}14)7 and

Xmq,ma (b2) = e(m2v14/v12).

Hence

_ Z Z —v1—2 201 —2w9+1 mav14
E07X78,88045ﬁ (g7 V) - U12 b d b ’ (

V12
v12>21 13,014,023 (mod v12)

conditions as for (3.11)

X Wgsass (9,75 X)-

Writing dl = (U12,’U14), V12 = d1U’12, V14 = d1U’14, V13 = dlk', and d = dl/do,
t = do/d’, we expand the conditions above and rewrite the sum in terms of
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d', t and v},

§ : 1 —2v3— 3§ : v1—2uo—1 § : ’ —V1 -2
EOXSﬁSaSB g,V d (S
V>

d'>1 t>1
m2'l)14
X g e<v, ) E E Wssass (957, X)
viy (modvyy) 12 vig (fnoldd v15) va3 (mod d'*tv),)
(vg:014)=1 (d'v]3)=1 Vo3 = a+rv12
(rt)=1
dl d/ 2vp—1 tul 2v9—1 /I —V1i— )
o SO Y12 oty (m2
d'>1 t>1 !

12

XWSBSQSB (ga v, X)
By (6.10]), we obtain

EO,x,s;;saaﬁ (ga V)
C(2v2)  ((2va—11) 0-y(m2)
C(2ra+1) (2va —11+1) (11 +1)

((2re) (v —1v1)  ((n)
(v +1) ((2vre —v1 +1) (11 +1

I/Vsﬁsasﬁ(g7 v,x) ifma #0,

)W858a8[3(g7 v,x) if mg=0.

(8) For w = wyp, we use (3.12)) and compute for v = bjwtby € Rs, s,
with Pliicker coordinates v that

Io(’wtw_l, 1/) %l‘2 2v1— 11}11/5 2up— 17
and
Xma,ms (b2) = e(mivz /v + mav1a/vi2).
Hence
miv2 mMovU14
EO,X,wo (97 1/) = Z %1/2 2v1— 11)1”% 2vp—1 e(Ul + 1)12> Wwo (g7 v, X)-

YERw

Note that this is actually a Dirichlet series of Sp(4) Ramanujan sums. Indeed,

EO,wao(gv Z vayvm(ml)m?) e lvlyé 2as 1Ww0(g’ v, X)

v1,v12>1

where Ry, y,,(m1,mg) is the Sp(4) Ramanujan sum defined in (5.3). By
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Proposition we obtain

E07X7w0 (g7 V)

( O —vy,va—11 (m17 m2)

C(2v1 — 219+ 1)C(2ve — 1 + 1)C(11 + 1)C(212 + 1

)Wwo(gvva)

if my,m2 7& 07

Owg-2n(m1)  (2ra—wn) ()  ((2n)
C(21/1 — 219 + 1) C(QVQ — v+ 1) C(lll + 1) C(QVQ +1
ifm1 75 0,m2 = 0,

Ovi—am(ma) (v —21p) (1) (2w
Crvy—1v14+1) C2r1 — 2124+ 1) (11 +1) (212 + 1
ifm1 = O,mz 75 0,

C@ri—2vy)  (2ra—n) ()  ((2r)
C(2v1 =22 +1) ((2v2 =11 + 1) ((11 +1) (22 +1
if mip = myo = 0.
Proof of Theorem [I.1 The theorem follows by combining the terms

Ey yw for w € W, using the computations above. m

)Wwo(g7V7X)

)Ww0(97V7X)

)Wwo(g)VaX)

7. Residual Eisenstein series. In this section we consider the resid-
ual Eisenstein series E,(g,v,1) and Eg(g,v,1). We start with the following
proposition, which is easy to verify.

PROPOSITION 7.1. We have
Ea(Q? V7E(*a S)) = Eﬂ(ga (V + s, U)),

Es(g,v, E(*,5)) = Eq <g, (1/, g . s>>

By taking the residues, we obtain the residual Eisenstein series Eo(g,v, 1)
and Ej3(g,v,1). Precisely, we have the following.

PRrROPOSITION 7.2. We have

3
Ress—1/2 Eo(g: (v +8,v)) = —Ea(g, v, 1),

3
Ress:1/2 EO (gv (V7 % + 5)) = ;E,B(g,V, 1)

Proof. 1t is well-known (see [11, Theorem 3.1.10]) that E(z, s) has a pole
at s = 1/2 with residue 3/m. Putting this back into Proposition yields
the result. »

7.1. Constant terms. By taking residues of the constant terms for
Ey(g,v), we get the constant terms for E,(g,v,1) and Eg(g,v,1).
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COROLLARY 7.3. The constant term for Eo(g,v,1) along the minimal
parabolic is given by
Cg(gv v, 1) = Cg,id(Q? v, 1) + 02,85 (gv v, 1)

+ OO s (91, 1) + C s (9:111),

where
Chialg, v, 1) = yly+3/2y§+3/2,
A(V+ l) 3/2 —v+1/2
0 (g 1) = L 2] p3/2 vl/2
a,sB(g v ) A(V—}—%)yl Yo
AQ2v) AW +3) _uisse vy
0 1) = 3) —v+3/2 v+1/
Ca,Sﬁsa(gal/a ) A(2U+1) A(V+%) Yq Yo s
0 (g.0,1) = Alv=1) A@v) A+ %)y_y+3/2y_y+3/2'
72 PR T2 TR

COROLLARY 7.4. The constant term for E,(g,v,1) along the Siegel para-
bolic is given by

Coc(gv v, 1) = Ca,id(gy v, 1) + Ca,Sgsa (97 v, 1) + CO[,SBSaSﬁ (g, v, 1)7

where

v+3/2 v+3/2
1 Y

Ca,id(.g>7/7 1):y 2 5

A(V+l) Y1
a,s38 ) 71 - 2 E| - *'7 y
C,ﬁa(gl/ ) A(u+%) < n1+y2’t V>y1y2
/1(1/—1) A(2v) /1(1/+1) _,43/2 —
a,83SaS 1) = 2 2 v+3/2 V+3/2.
C, 585 ﬁ(977/7 ) A(V+ %) A(2V+1) A(V—}—%)yl Yo

COROLLARY 7.5. The constant term for E(g,v, 1) along the Jacobi para-
bolic is given by

C2(g,v,1) = 05786 (g,v,1) + C’Qsﬁsa% (9,v,1),

where

v 1
Cﬁ (97 v, ]-) - E(—n5 + y%Z’ — 4+ )y5+3/2’

58 2 "1
OB (g,v,1) = A(2v) A(V+ %)E s+ 42 v 1\ 43/
asgsass 9 ) AQ2v+1) A(v + 3) sTby Ty )h '
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COROLLARY 7.6. The constant term for Eg(g,v,1) along the minimal
parabolic is given by

C'g(g, v,1) = C'g,id(g7 v,1) + C’g,sa (g,v,1)
+ Cg,saS@ (g’ v, 1) + Cg,sa85$a (97 v, 1)7

where
Cg,id(gaya 1) y11/+2’
Alv+1)
0 v+1

]_ =

C,B,Sa (g,l/, ) A(V + 2) ylyQ )

Alv) Alv+1)

0 v+1

1 =
OB 503 (g,2,1) Alv +1) A(v +2) oy ’

Alv—=1) Alv) Aw+1) _
0 v+2

]_ =

b saspsa (91 1) AW) Aw+1) Av+ 2"

COROLLARY 7.7. The constant term for Eg(g,v, 1) along the Siegel para-

bolic is given by

Cg(ga v, 1) = Cg7s/3 (ga v, 1) + Cg,s/gsasﬂ (97 v, 1)a

where

y1. v+1 241 v/241
Cg,sﬂ(ga v, 1) = E< ny + EZ 5 > 5/ yl2// 7
Cgﬁgsasﬁ (97 v, 1)

A A 1 -1\ -, —v
_ Ay Aw+1) v, v g/ /2,
Alv+1) A(v+2) 2
COROLLARY 7.8. The constant term for Eg(g,v, 1) along the Jacobi para-
bolic is given by

Cﬁ(gu v, 1) = C,B,id(g) v, 1) + CB,SaSﬁ (ga v, 1) + Cﬁ,SaSﬁSa (ga v, 1)7

where
Csalg, v, 1) = y/t2,

Alv+1)
CB,SaSB(g’V’]‘) A(V—|—2)E( n5+y27/ 2>y17
(

Alv—-1) Av) Aw+1) _,
C8saspsa(9:¥:1) = AW) Aw+1) Av+ 2" +2

7.2. Fourier coefficients. Likewise, taking the residues of the Fourier
coefficients for Ey(g,v) allows us to find the Fourier coefficients for E, (g, v, 1)
and Eg(g,v,1).
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COROLLARY 7.9. The Fourier coefficients for E,(g,v,1) are given as

N |

W <g, v+

follows. For m; = mg = 0 we have
1
EQ:XO,O = Wsa <97 <V + 5) V)aXO,O)
¢(v+3) ( ( 1 )
+ 7W5a5 g,\V + -, v , X0,0
(g 2
C2v) ¢(v+13) ( ( 1 )
Ws 538 ’ + a )
v+ 1) (g g) e\ )
cv-1) cen) v+ o)
C(v+3) C2v+1)¢(v+3) )
For m1 # 0, me = 0 we have
_ o_2,(m1) C(V+ %) 1
Foxeno = Cou 1) (v g) e \ P T e )
For my =0, mg # 0 we have
o _y1y2(m2) 1
o_yi12(ma)  ¢(2v) ((v+3) ( ( 1 ) >
Ww ’ + o ) m .
C(V+%) C(2V+l) C(V"‘% ol 9, |V 5 V], X0mso
For my,mg # 0 we have Eq y,,. ., = 0.

COROLLARY 7.10. The Fourier coefficients for Eg(g,v,1) are given as
follows. For my = mg = 0 we have

v+1
EB7X0,0 = WSﬁ (ga (V7 2) ) X0,0)
C(v+1) v+1
Tty e P\ 00

((v) C¢(w+1) v+1
+ T1 C(V+2)W5gsasg<gv <V52>’X0,0>

Cv—1) ((v) <C(v+1) v+1
P v cvry (g ( 2)”“’“)'
For my # 0, mg = 0 we have
—v— +1
E/By)(ml,o = JC(Z/:E?;)I)WSBSQ <g7 <Va - 92 >7Xm1,0)

o_yr1(m1) ()

() Cw+1) EE 8 3 o <9’ < ;1) ’ X”“’O)‘

+
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For my =0, my # 0 we have

_oy(ma) C(v+1) v+1
E187X0,m2 - C(V+1) C(V+2)W85Sa55 <g7 <V7 2>7X0,m2>-

For my,mg # 0 we have Eg . .., =0.

REMARK 7.11. Expressions in Corollaries to can obviously be
further simplified, but the current form has better structural consistency
with expressions in Sections [f] and [6]
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