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Abstract. We establish a general principle that any lower bound on the non-vanishing
of central L-values obtained through studying the one-level density of low-lying zeros can
be refined to show that most such L-values have the typical size conjectured by Keating
and Snaith. We illustrate this technique in the case of quadratic twists of a given elliptic
curve, and similar results should hold for the many examples studied by Iwaniec, Luo,
and Sarnak in their pioneering work (2000) on 1-level densities.

1. Introduction. Selberg [111 12] (see [§] for a recent treatment) estab-
lished that if ¢ is chosen uniformly from [0, 7] then the values log \( (3+ zt){
are distributed approximately like a Gaussian random variable with mean
0 and variance %log log T'. More recently, Keating and Snaith [6] have con-
jectured that central values in families of L-functions have an analogous
log-normal distribution with a prescribed mean and variance depending on
the “symmetry type” of the family. This is a powerful conjecture which gives
more precise versions of conjectures on the non-vanishing of L-values; for ex-
ample, it refines Goldfeld’s conjecture (towards which remarkable progress
has been made with the work of Smith [13]) that the rank in families of
quadratic twists of an elliptic curve is 0 for almost all twists with even sign
of the functional equation. In [7] we enunciated a general principle which
shows the upper bound (in a sense to be made precise below) part of the
Keating—Snaith conjecture in any family where somewhat more than the
first moment can be computed. In this paper, we consider the complemen-
tary problem of obtaining lower bounds in the Keating—Snaith conjecture,
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which is intimately tied up with questions on the non-vanishing of L-values.
One analytic approach, conditional on the Generalized Riemann Hypothesis,
towards such non-vanishing results is based on computing the 1-level density
for low-lying zeros in families of L-functions, and our goal in this paper is to
show how this approach (in the situations where it succeeds in producing a
positive proportion of non-vanishing) may be refined to give corresponding
lower bounds towards the Keating—Snaith conjectures. In a later paper, we
shall consider similar refinements of the mollifier method, which is another
analytic approach that in many cases establishes non-vanishing results un-
conditionally. Algebraic approaches such as Smith’s work [I3] on Goldfeld’s
conjecture are capable of establishing definitive non-vanishing results (for
other examples, see Rohrlich [9, [10] and Chinta [2]), but we are unable to
refine these methods to show that the non-zero values that are produced in
fact have the typical size predicted by the Keating—Snaith conjectures.

To illustrate our method, we treat the family of quadratic twists of an
elliptic curve E defined over Q with conductor N, where the 1-level density of
low-lying zeros has been studied by many authors, notably Heath-Brown [3].

Let the associated L-function be
o

L(s,E) = Za(n)n*‘g,
n=1
where the coefficients a(n) are normalized so that |a(n)| < d(n). Since elliptic
curves are known to be modular, L(s, E') has an analytic continuation to the
entire complex plane and satisfies the functional equation
A(s, E) =egA(l — s, E),

where €g, the root number, is £1, and

VN’ 1

A(s,E)=—) I'| s+ = | L(s, E).

2w 2
Throughout the paper, let d denote a fundamental discriminant coprime
to 2N, and let xg = (d) denote the associated primitive quadratic character.

Let E; denote the quadratic twist of E by d, and let its associated L-function
be

o0

L(s, Eq) = ) _ a(n)xa(n)n™".

n=1
If (d,N) = 1 then E4 has conductor Nd?, and the completed L-function
NId|\* 1
A(S,Ed) = <\/;| ‘) F(S + Q)L(S;Ed)
™

is entire and satisfies the functional equation
A(Sv Ed) = EE(d)A(l -5, Ed)
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with
ex(d) = epxa(—N).

Note that, by Waldspurger’s theorem, L(%, Ed) > 0. Of course L(%, Ed) =0
when e (d) = —1, and in this paper we shall restrict attention to those twists
with root number 1. Put therefore
€ ={d: dis a fundamental discriminant with (d,2N) =1 and eg(d) = 1}.

The Keating—Snaith conjectures predict that for d € &£, the quantity
log L(%, Ed) has an approximately normal distribution with mean

—3loglog|d| and variance loglog|d|. To state this precisely, let a < 3 be
real numbers, and for any X > 20, define

(1.1)  N(X;a,8)

log L(%, E) + 1 loglog|d
:Hdeé’:X<\d§2X-og (3, Fa) QOgOgHE(a,ﬁ)H-

\/loglog |d|

Then the Keating-Snaith conjecture states that, for fixed intervals (o, /3)
and as X — oo,

B

(1.2) N(X;o,8)=|{de&: X <|d| < 2X}]<1Se_x2/2dx+o(1)>.

Vo)
Here we interpret logL(%, Ed) to be negative infinity if L(%, Ed) =0, and
the conjecture implies in particular that L(%, Ed) # 0 for almost all d € €.
Towards this conjecture, we established in [7] that N (X; «, 00) is bounded
above by the right hand side of the conjectured relation . Complement-
ing this, we now establish a conditional lower bound for N'(X; «, ).

THEOREM 1. Assume the Generalized Riemann Hypothesis for the family
of twisted L-functions L(s,E x x) for all Dirichlet characters x. Then for
fized intervals (o, B) and as X — oo we have

11 e

N(X;a,8) >{de&: X < |d] < 2X}]<4m§e z /2da;—|—o(1)>.

Above we have assumed GRH for all character twists of L(s, E); this
is largely for convenience, and would allow us to restrict d in progressions.
With more effort one could relax the assumption to GRH for the family of
quadratic twists L(s, Ey). Note that the factor i in our theorem matches
the proportion of quadratic twists with non-zero L-value obtained in Heath-
Brown’s work [3].

While we have described results for the family of quadratic twists of an
elliptic curve, the method is very general and applies to many situations
where 1-level densities of low-lying zeros in families have been analyzed and
yield a positive proportion of non-vanishing for the central values. The work
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of Iwaniec, Luo, and Sarnak [5] gives many such examples, and the tech-
nique described here refines their non-vanishing corollaries, showing that
the non-zero L-values that are produced have the typical size conjectured by
Keating and Snaith. For instance, consider the family of symmetric square
L-functions L(s,sym?f), where f ranges over Hecke eigenforms of weight k
for the full modular group (denote the set of such eigenforms by Hy), with
k < K (thus there are about K?/48 such L-values). Assuming GRH in this
family, Iwaniec, Luo, and Sarnak (see |5, Corollary 1.8]) showed that at least
a proportion % of these L-values are non-zero. We may refine this to say that
for any fixed interval («, 8) and as K — oo,

logL(l sym2f) — Lloglogk
€ Hy : 2 2 € (a,
kg{{f F loglog k (a ﬁ)H

B 2
8 1 7332/2 K
> <9m§e d:c—i—o(l)) TR

We end the introduction by mentioning the recent work of Bui, Evans,
Lester, and Pratt [I] who establish “weighted” (where the weight is a mollified
central value) analogues of the Keating—Snaith conjecture. This amounts to
a form of conditioning on non-zero value since central values that are zero
are assigned a weight equal to zero. The use of such a weighted measure
allows [1] to establish a full asymptotic, however as a side effect they have
little control over the nature of the weight.

2. Notation and statements of the key propositions. We begin by
introducing some notation, as in our paper [7], and then describing three key
propositions which underlie the proof of the main theorem. Let Ny denote
the lem of 8 and N. Let x be 1, and let @ mod Ny denote a residue class
with @ = 1 or 5 mod 8. We assume that x and a are such that for any
fundamental discriminant d with sign x and with d = a mod Ny, the root
number eg(d) = egxqa(—N) equals 1. Define

E(k,a) ={de€ & :kd>0,d=amod Ny},

so that & is the union of all such sets £(k, a).
We write below

U, S Ap()
_Z(S7E) _Z is )

n=1

where |Ag(n)| < 24(n) so that Ag(n) = 0 unless n = p* is a prime power. If
p 1 No, we may write a(p) = ap+a, for a complex number a;, of magnitude 1
(unique up to complex conjugation), and then

Ap(ph) = (o + ") log p.
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Note that

_5(57Ed) =Y As(n) Xd(n).

n=1

For fundamental discriminants d € £ with |d| < 3X, and a parameter 3 < x,
define

2.1) P(diz) =3 Ci%)x(i(p)-

PiNo
Let h denote a smooth function with compactly supported Fourier trans-

form
oo

h©)= | he < ar

—o0
and such that |h(z)| < (14 2?)7! for all € R. For concreteness, one could
simply consider h to be the Fejér kernel given by

. 2
(2.2) h(z) = (Sm(”’)) . D(t) = max(1 — |t],0).
T

Lastly, let @ denote a smooth, non-negative function compactly sup-
ported in [1,3] with &(z) =1 for € [1,2], and put &(s) = §o @(x)a® de.
Below, all implied constants will be allowed to depend on N, h, and ¢, which
are considered fixed.

Our first proposition connects logL( E’d) with the sum P(d;x) (for
suitable z) with an error term given in terms of the zeros of L(s, E4). Such
formulae have a long history, going back to Selberg, and the work here com-

plements an upper bound version that played a key role in [14].

PROPOSITION 1. Let d be a fundamental discriminant in &, and let 3 <
x < |d|. Assume GRH for L(s,Ey), and suppose that L(%,Ed) s not zero.
Let ~q run over the ordinates of the non-trivial zeros of L(s, Eq). Then

1
logL| =, FE
og <27 d>
1 log |d| 1
= P(d;z) — = logl =6 log(14+— ).
P(d; x) 5 og ogac—i—O(logx +§d: og( + (fydlogx)2>>

To analyze sums over the zeros we shall use the following proposition,
whose proof is based on the explicit formula. The ideas behind this proposi-
tion are also familiar, and in this setting (and in the case £ = 1 below) may
be traced back to the work of Heath-Brown [3].

PROPOSITION 2. Let h be a smooth function with h(x)
1

< (1+2H)7!
and whose Fourier transform is compactly supported in [—1,1].

Let L > 1

)
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be a real number and £ be a positive integer coprime to Ny, and assume that
elt? < X2 If ¢ is neither a square, nor a prime times a square, then

M ’Ld 1/2+4€p1/2 L/4
(2.3) > <Zh<2w>>Xd(€)q§<X><<X (et
de€(k,a) Yd
If 0 is a square then
Yal Kd 1/24€1/2 L/4
(2.4) > <Zh< o= ))Xd(e)gzs(X) = O(XY2Heg/2eL/4y
de&(k,a) Yd
X 1\ ! 1\~ (2log X~ h(0) 1
+F0H <1+p> 11 (1—p2>¢(0)< T h0) + = +O<L>>.
p|¢ ptNo
Finally, if £ is q times a square, for a prime number q, then

e 5 (EH(2)on(s)

de&(k,a) ~ 7d
X logq ! 1/2
1 x1/24€pl/2,L/4
LNO \f < + > + l=e

Finally, to understand the dlstrlbutlon of P(d; x) both when d is chosen
uniformly over discriminants d € £, and when d € £ is weighted by contri-
butions from low-lying zeros, we shall use the method of moments, drawing
upon the following proposition.

PROPOSITION 3. Let k be any fixed non-negative integer. Let X be large,
and put z = X/lgloglog X pep

" () (o5 oo

deé(k,a) de€(k,a)

where My, denotes the kth Gaussian moment:

°° k! .
My = 1 S Fe /2 gy — ) 2 (k/2)] if k is even,
Var 0 if k is odd.

Further, for any parameter L > 1 with e < X2 we have

27) > P(dax) (Zh<7dL>> (';?>:O(X1/2+66L/4)

de& +§OH <1_Z)12)$(0)(210§Xﬁ(0)+h(20)+O<i)>

ptNo
x (M, + o(1))(loglog X)*/2.

—0o0
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3. Deducing the theorem from the main propositions. We keep

the notation introduced in Section 2. Let X be large, and put z =
Xl/logloglogX.

LEMMA 1. Let o < (8 be real numbers. Let Gx(«a, ) denote the set of
discriminants d € € with X <|d| < 2X such that

P(d; z)
Vioglog x < (@7

and such that there are no zeros pg = 3 + iva of L(s, Eq) with |vq| <
(log X loglog X)~1. Then, for any 6 > 0,

B
1 2
g _<—5)< e_t/zdt-i-ol) de & X <|d <2X}.
|Gx (e, B)] Wi | K |d| i

Proof. Take @ to be a smooth approximation to the indicator function
of the interval [1,2], and let x and @ mod Ny be as in Section 2. The first
part of Proposition (3| (namely (2.6)) together with the method of moments
shows that

(3.1)
B
kd 1 2 Kkd
> @() = <§e—t /th+o(1)>< > @()).
de&(k,a) X 2m e} de&(k,a) X
P(d;z)/+/loglog X €(a,3)

Next, take h to be the Fejér kernel given in (2.2)), and L = (2—6/2) log X .
Then the second part of Proposition [3| together with the method of moments
shows that

SRS

de€(k,a)

=<\/127r§[e_t2/2dt+o ) 3 Z <7dL> <”d>
j

de&(k,a)

ae—ﬂ/? dt + 0(1)) (1 _15/4 + % + o(1)> > @('}?).

deé(k,a)

Note that the weights > h(vaL/(27)) are always non-negative, and if
L(s, E;) has a zero with |v4] < (log X loglog X)~! then the weight is >
2 4+ o(1) (since there would be a complex conjugate pair of such zeros, or
a double zero at %) Combining this with , and summing over all the
possibilities for k£ and a, we obtain the lemma. m
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LEMMA 2. The number of discriminants d € € with X < |d| < 2X such
that

1
Z log<1 + (1)2> > (logloglog X)?
(log X loglog X)~1<]|v,] Tt
is < X/logloglog X

Proof. Applying Proposition 2| with £ = 1, h given as in (2.2), and 1 <
L < (2—90)log X, we obtain (after summing over the possibilities for x and a)

sin(yqL/2) logX
X—
S () e

de& Yd
X<l|d|<2X

Integrate both sides of this estimate over L in the range logax < L < 2logx.
Since, for any y > 0 and ¢ # 0,

2y . 2
1 t 1
y )\t (t)
we obtain

1 log X
Z me <<XOg = X logloglog X.
(valogz)? log

de&
x<jd<ox

Now if |y4| > (log X loglog X)~! then

1 1
lo 1—|—> < (logloglog X min<1,>7
g< (7alog x)? (g ) (valog z)*

and therefore we may conclude that

E E 1

log<1 T 2) < X (logloglog X)2_
de& (log X loglog X)~1<]|v4| ("Yd 10g JU)
X<|d|<2X =

The lemma follows at once. =

With these results in place, it is now a simple matter to deduce the main
theorem. By Proposition [1] we know that for d € £ with X < |d| < 2X,

1
logL| =, F,
s (15

1 1
= P(d;x) — §1oglogX+O(logloglogX) —i—O(ZlOg(l + ('ydlog:c)2>>'
Ya

The assertion of Lemma [1] tells us that for d € Gx(«, ) we may arrange
for P(d;xz)//loglog X to lie in the interval (o, 3) and for there to be no
zeros with |v4] < (log X loglog X)~!. Lemma [2| now allows us to discard
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< X/logloglog X elements of Gx («, ) so as to ensure that the contribution
of zeros with |y4| > (log X loglog X)~! is O((logloglog X)3). Thus there are

> <i - 5> <\/127r§e—t2/2 dt + 0(1)> Hde&: X < |d| <2X},
fundamental discriminants d € £ with X < |d| < 2X for which
log L(3, Eq) + 3 loglog X +O((logloglogX)3> & (o, B)
Vioglog X Vioglog X o

which completes the proof.

«

4. Proof of Proposition l A straight-forward adaptation of [14 Lem-
ma 1| (itself based on an identity of Selberg) shows that for any o > % with
L(o, E4) # 0, and any = > 3, one has

L AE(n)Xd( )

e T

1 xPd— 1
O .
+logm%(ﬂd—0)2 * <xalogm>
Here pg runs over the non-trivial zeros of L(s, E4), and this identity in fact
holds unconditionally.

Now assume GRH for L(s, Eq) and write pg = 5 +ivq. If L(%, Eq) # 0,
then integrating both sides of . from 1/2 to oo yields

log(z/n) 1 L
4.2 1 L — E
(42) ©8 Z\flogn a(m) log x logz L d
1 T apae 1
— ——d —|.
+ logazzRe S (pa — 0)? U+O<\/:E(logaz)2)

Yd 1/2

We may restrict attention to the real part of the integral above since all the
other terms involved are real, or noting that the zeros p; appear in conjugate
pairs.

Consider first the sum over n in . The contribution from prime pow-
ers n = p* with k > 3 is plainly O(1). The contribution of the terms n = p
is P(d;x) + O(1), where the error term O(1) arises from the primes divid-
ing Ny. Finally, by Rankin—Selberg theory (see for instance [4]) it follows
that

(a2 + @p%) logp a(p)?2 —2) 1o
(43) T B8P e el = losp 0y o),
Py p Py p
MNQ pJ(NO

so that, by partial summation, the contribution of the terms n = p? equals
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2 —2 2 2 2
+ 1 —-21
Z (% ! a,”) ogi“(()x/f ) L o) = Z a(p)2 ogl(():cf ) L o)

p<yx b & p</T b &

pINo ptNo

1
=-3 loglogz + O(1).

Thus the contribution of the sum over n in (4.2) is
(4.4) P(d;z) — $loglogz 4+ O(1).

Next we turn to the sum over zeros in (4.2)). If |y4logx| > 1, then note
that

oo pPd—0 0
g “’Qda:o(g g xm—oda) :o< ! )
1j (P2 =) d 1) Vqlogx

1
= 1 log| 1+ 57— ) |-
s+ )

If |yglog x| < 1, then we split into the ranges % <o < % +
values of 0. The first range contributes

1
log z

and larger

1/2+1/logx

xpd_o'
| Re—xdo
12 (pa — o)
1/2+1/logx 1 lo 2
= S Re( 5+ 8T 4 O((log:c)2)> do
172 (pa—0)*  (pa—o0)
=Re SRS + logzlo " + O(log x)
N iva 1/logx —ivg & gl/logw—i'yd &

1
=0 logmlog<1+>),
( 73 (log )2

while the second range contributes

o0 x1/2—0' 1
< S ﬁda<<logx:0 log x log 1—1—@ .
1/241/log x (5 o U) Ya\l08 .%')

Thus in all cases the sum over zeros in (4.2)) is

(4.5) O<log:z:log<1 + M)).

Finally, taking logarithmic derivatives in the functional equation we find
that
7 (3 Ba) = —log(VN [d]) + O(1).

The proposition follows upon combining this with (4.2)), (4.4), and (4.5).
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5. Proof of Proposition [2 The proof of Proposition [2]is based on the
explicit formula, which we first recall in our context.

LEMMA 3. Let h be a function with h(z) < (1 + 2%~ and with com-

pactly supported Fourier transform h(f) = Siooo h(t)e=?™%t dt. Then, for any
fundamental discriminant d € &,

Zh@i) - % Oih(%) <log gd; +2Re F/(l—l—it)) dt

Yd

_ Z AE h(log n) + h( logn)),

where the sum is over all ordinates of non-trivial zeros 1/2+1ivq of L(s, Eg).

Applying the explicit formula to the dilated function hr(x) = h(zL),
whose Fourier transform is +h(z/L), we obtain

(5.1) Zh<72d:):210;< )( Nd2 2Re1;(1+it)>dt

AL e (z(bi”) ().

We multiply this expression by x4(¢) and sum over d with suitable weights.
Thus we find

(5.2) > Zh(é‘f)m(ﬁ)@(ﬁ) Sy — Sy,

de&(k,a) Vd

where
(5.3)

! Lo Nd? I’ . kd
S1= Gy S h<2ﬂ> Z Xa(£) <log e + 2Re ?(1 +Zt)>q§<X> dt

> de&(k,a)
and
AE IOgn -~ lOgTL rkd
Sy = LZ < ( 17 >+h<— i >> Z Xd(fn)d <X>

de&(k,a)

The term Sy is relatively easy to handle. If £ is a square, this amounts to
counting square-free integers d lying in a suitable progression mod Ny and
coprime to ¢, while if ¢ is not a square, the resulting sum is a non-trivial
character sum, which exhibits substantial cancellation. A more general term
of this type is handled in [7, Proposition 1], which we refer to for a detailed
proof. Thus, when £ is not a square, we find

(5.5) Sy = O(X'/?+<\/1),
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while if ¢ is a square then

O ~
(5.6) S1= % 11 (1 + 1) 11 (1 - ;)@(O)QIOgX + 0(1))}1(5)

0 e P ptNo
+O(XHeVi).

We now turn to the more difficult term Ss. First we dispose of terms n
(which we may suppose is a prime power) that have a common factor with Nj.
Note that since d is fixed in a residue class mod Ny, if n is the power of
a prime dividing Ny then x4(n) is determined by the congruence condition
on d. Thus the contribution of these terms is

(5.7) <<f Z f > Xd(e)q&(“d)‘<<5(£:D))L(+X1/2+6\/Z,

X
de&(k,a)
where ¢ (E = ) denotes 1 when ¢ is a square, and 0 otherwise.

Henceforth we restrict attention to the terms in Sy where (n, Ny) = 1.
Note that if d = a mod Ny then d is automatically 1 mod 4, and the condition
that d is a fundamental discriminant amounts to d being square-free. We
express the square-free condition by Mé&bius inversion » a2(d u(a), and then
split the sum into the cases where o > A is large, and when o < A is small,
for a suitable parameter A < X. We first handle the case when o > A is
large. These terms give

59 Y ¥ o)

a>A d=a mod Ny
Q‘d

3T ) ()
<<Z > d5</;?)(logX)<<NXAlogX

a>A d=amod Ny
a?ld

upon using GRH to estimate the sum over n and then estimating the sum
over d trivially.

We are left with the terms with a@ < A, and writing d = ka? we may
express these as

o0 1 2w (0)A0CT) Zowe

(a,néNg)=1

< 2 (@)F)

k=aa2 mod No
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We now apply the Poisson summation formula to the sum over k above, as
in |7, Lemma 7]. This transforms the sum over k above to

X Ny vaaZnl ~( Xv
5.1 _ 2 (2o (03 22,
(5.10) nlNoa? (nf) Zv:e< Ny )T (nf) <n€a2N0>

where 7,(nf) is a Gauss sum given by

- 5 (4()

bmod nfl

The Gauss sum 7,(nf) can be described explicitly; see [7, Lemma 6|, which
gives an evaluation of

Go(nt) = <1;Z 4 (;;) 12+i>rv(n€),

from which 7,(nf) may be obtained via

(5.11) ro(nd) = <1 ‘2” + <;;) 1;) Gy (n).

The term v = 0 in leads to a main term; we postpone its treatment,
and first consider the contribution of terms v # 0. Since B is supported in
[—1,1], we may suppose that n < el. The rapid decay of the Fourier trans-
form ®(¢) allows us to restrict attention to the range |v| < fe= A2X~1+¢, with
the total contribution to Sa of terms with larger |v| being estimated by O(1).
For the smaller values of v, we interchange the sums over v, performing first

the sum over n using GRH. Thus these terms contribute

X p(a) AE@o<A%> (vmﬁ%ﬁ)

> > B2 Y Noy,

LN 0<\u\§éeLA2x—1+e( ag,a; a (n,aNo)=1 ny/n \ nl Ny
Q,ZNO =1

~(logn ~( logn\\=/ Xv
xw@(h( : >+h<— 8 )>¢<n€a2No>'

We now claim that (on GRH) the sum over n above is

3/2
(5.12) < O xe

VX]vl
so that the contribution of the terms with v # 0 is
(5.13) < X2reql/? > lu| 712 1og A < LeP/2AXCE.

1<|v|<bel A2 X —1+e

To minimize the combined contributions of the error terms in (5.13) and
(5.8)), we shall choose A = (X/¢)'/2e=L/% so that the effect of both these
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error terms is

(514) <<X1/2+€€1/26L/4.

To justify the claim (5.12)) we first use (5.11)) to replace 7,(nf) by G,(nf)
so that we must bound (for both choices of +)

A

(n,aNo)=
~(logn ~( logn\\=/ Xv
<0 (i) + 1 () )2 (o)

First consider the generic case when n is a prime power with (n,v) = 1.
Here (using [7, Lemma 6]) we have G,(nf) = 0 unless n is a prime p not
dividing ¢ in which case G,(pf) = (%)\/ﬁGv (¢). Thus such terms contribute
to the above

(FF2)eun 3o A=)

plavlNog

vaa2pl\ [~ (logp ~( logp\\ =/ Xv
xe( - )<h< 20 R () e ().

The rapid decay of 5(5 ) implies that we may restrict attention above to the
range p > X17¢|v|/(fa?Ny). Then splitting p into progressions mod Ny and
using GRH (it is here that we need GRH for twists of L(s, F) by quadratic
characters, as well as all Dirichlet characters modulo Ny) we obtain the
bound

Xe0H2aN, < 0lRaxe
VXl VXl

which is in keeping with . Now consider the non-generic case when
n is the power of some prime dividing v. We may assume that n |v? (else
Gy,(nf) = 0 by [7, Lemma 6|) and also that n > X'~¢|v|/(fa®Ny) (else
the Fourier transform @ is negligible). As |Gy(nf)| < (v,nl)/2(n)'/2 <
(Jvu|n)'/? (which again follows from |7, Lemma 6]) we may bound the con-
tribution of these terms by

< |Gy (0)]

A |U‘€)1/2 (1 63/2 2 g3/2aXe
< < (lo v ,
2. ) X e0/(0aZNg)) BX T < R

since logv < log X < X€ and a < A < v/X. Thus these terms also satisfy
the claimed bound .

Now we handle the main term contribution from v = 0, noting that
To(nf) = 0 unless nf is a square, in which case it equals ¢(nf). Thus the

nlv2
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main term contribution from v =0 is

R 2 R s () ()

nt=0 (a, EnNo)

Thus this main term only exists if £ is a square (so that n is a square), or if ¢
is ¢ times a square for a unique prime ¢ (so that n is an odd power of ¢). In
the case when / is a square, writing n = m? and performing the sum over a,
we deduce that the main term is

0 & (T () (- 52) vo(3))
()R

Using (4.3) and partial summation we conclude that the main term when ¢
is a square is

(5.15) —LXM)@O) <H (1 + ;>_1 11 <1 B ]912> +O<il>>

p|¢ PtNo

(5) (-2 00

X -, h(0) ( 1) -1 < 1 ) (X X>
= - P(0)—~ 1+-) JI(1-5)+0 .
N, 2 A L
0 p oo p?
Suppose now that ¢ is ¢ times a square, for a (unique) prime ¢. Here the

main term may be bounded by

X loggq 1\ ! 1
(5.16) < <1 + > IT(1-=):
LN, 2
0 Ve p|¢ P PINo b
naturally we can be more precise here, but this bound suffices.

6. Proof of Proposition 3| The kth moment in (2.6) is treated in [7],
Proposition 6]. Briefly, expanding out P(d; z)* we must handle

> ) e

propp<e VPUTPE e o)
pifNo
When p; -« - pi is not a perfect square, the sum over d exhibits substantial
cancellation (as mentioned earlier in (5.6)). The main term arises from terms
where p1 - - - p is a perfect square, which cannot happen when & is odd. When
k is even, the contribution to the main term comes essentially from the case
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when there are k/2 distinct primes among p1, ..., px with each distinct prime
appearing twice. The number of such pairings leads to the coefficient My, and
Rankin-Selberg theory is used to obtain >, a(p)?/p =loglogz + O(1) ~
loglog X .

To establish (2.7)), once again we expand P(d; z)* and are faced with
evaluating

Z M Z Xd(Pl"'Pk)(Zh<72d7TL)>.

ph-u);pkﬁx P1- Pk de&(k,a) Yd
pitNo

We now appeal to Proposition[2] The terms where py - - - py; is neither a square
nor a prime times a square contribute, using ([2.3)),

<< X1/2+66L/4 Z 1 << X1/2+E€L/4.
D1y PEST
It remains to consider the cases when this product is a square (which can

only happen when & is even) and when it is a prime times a square (which can
only happen for odd k). In the first case, we obtain (by (2.4))) a main term

X <1 - pﬂ)q?m) (QIOLgXﬁ(O) e OG))

pfNo »
« 3 el T (1)

Pl PE<T F plp1-pk
pitNo
p1--pr=0
As before, this main term is dominated by the contribution of terms where
there are k/2 distinct primes among p1,...,pr each appearing twice, and

thus we obtain

X <_pg)ao)(21°§Xﬁ<o>+fﬁm+o(i))(MHo(l))(loglogX)W-

This establishes the result (2.7) for the case k even. When k is odd, the
contribution of the terms where pq - - - pr is a prime times a square may be

bounded by (using ([2.5) of Proposition

X log q a(p)? (k=1)/2 X logx _
< > <Z ( <7 (loglog X)k~1/2
0 <z q <z p 0

PINo

X
< ——(loglog X )(k=1/2,
No
which establishes (2.7) since My = 0 here.
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