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Abstract. We show how to effectively solve 5-term S-unit equations when the set of
primes S has cardinality at most 3, and use this to provide an explicit answer to an old
question of D. J. Newman on representations of integers as sums of S-units.

1. Introduction. Let K be a number field and S a finite set of places
of K, containing the infinite places Soo. We call u an S-unit if ||ul|, = 1 for
all places v of K lying outside S. A quite remarkable collection of number-
theoretic problems, ranging from classical Diophantine equations, to the de-
termination of representatives of binary forms of bounded discriminant, to
monogenicity of number fields, to questions in transcendental number theory,
may be reduced to that of solving S-unit equations of the form

(1) aiur +agua + -+ apuy, =0,  ged(ajur,agus, ..., apuy,) =1,

where the a; are fixed nonzero elements of a number field K and the wu;
are S-units of K. For excellent surveys of such applications, the reader is
directed to the classic paper of Evertse, Gy&ry, Stewart and Tijdeman [12]
and to the more recent monograph of Evertse and Gyéry [11]. While many
finiteness results have been established for these equations, they are in gen-
eral ineffective. In other words, for an arbitrary S-unit equation, it is often
not possible, even in principle, to provide an upper bound on the height of
potential solutions.

Essentially all effective results for S-unit equations are derived from
Baker’s bounds for linear forms in logarithms. Indeed, this method allows
for an effective resolution of equation in case n = 3 (see e.g. [3] for an
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example where the u; are units, rather than S-units). In general, extending
such results to the cases n > 4 remains, in almost every situation, beyond
current technology. Vojta, in his PhD thesis [23] from 1983, however, was
able to effectively solve equation if n =4 and |S| < 3, via a pigeonhole
argument (see also Skinner [20] for an independent but less general result).
While this is quite a strong restriction on the size of S (in particular it only
allows us to solve such equations in number fields of degree < 6 and of par-
ticular signatures), this result nevertheless provided the first effective upper
bounds for a number of Diophantine problems (see e.g. |20, [16], 22 24]).

In this paper, we extend this chain of reasoning to equation (1)) with n = 5,
effectively solving it in this case, again under the restriction |S| < 3. The
proof is once again based on a pigeonhole argument, albeit a somewhat subtle
one that fully utilizes the strength of bounds for linear forms in logarithms.
Let w = (uq, ug, us, ug, us) be a solution to with n = 5. By applications of
bounds for linear forms in complex and p-adic logarithms, we know that at
least 3 of the u; must be large at any given place in S — meaning that they are
of comparable size to the largest term at that place. Via the product formula
(see Section , this implies that at least two terms in any solution of large
height are in fact of comparable size at every place. In particular, if u; and
uo are two such terms, we claim it is then possible to write aju; + asus = au
with v an S-unit, such that the new coefficient a has small height compared
to w. We call this procedure matching. Equation then reduces to an S-unit
equation with only four terms, which can be solved by arguing as in [23].
Our main result is the following.

THEOREM 1. Let K be a number field and S a finite set of places of K
containing all infinite places, and let aq,...,as be fived non-zero elements
of K. If S has at most three elements, then there is an effectively computable
upper bound on the heights of nondegenerate solutions of the equation

(2) aruy + asug + azuz + asug + asus = 0

when the u; are taken to be S-units. Here, we call a solution to degenerate
if ajui+aju; =0 for some 1 < i < j <5 (i.e. if equation has a vanishing
subsum).

While this result may appear to be extremely restrictive, it and the argu-
ment behind it can actually be applied to effectively solve a variety of Dio-
phantine problems. While analogues for simultaneous equations have been
applied by the first author [I] and by the first author and Bugeaud [2], we
will concentrate here on applications of Theorem [I]and the machinery behind
it. Specifically, we will apply our matching procedure to address a problem
raised by Erdés and Graham [9]. Let NV be a positive integer and, follow-
ing Erdés and Graham, write w(N) for the number of distinct nonnegative
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integer tuples (a, b, ¢, d) such that
(3) N =2%3b 4 2¢ 4 34,
Here, we call two such representations (aq, b1, c1,dy) and (ag, b, ca,d2) dis-
tinct if

{20137, 201 3N} £ {20237 2% 3%},
An old question of D. J. Newman (see |9} p. 80]) is whether w(N) is absolutely
bounded. This was settled in the affirmative by Evertse, Gyéry, Stewart and

Tijdeman in [I2], with their argument subsequently refined by Tijdeman and
Wang [22], who proved

THEOREM 2 (Tijdeman and Wang, 1988). There exists a constant Ny
such that w(N) < 4 for all N > Ny (and hence a second constant wy such
that w(N) < wq for all N > 1).

The proof of this result is, however, ineffective, in that there is no way
to extract an explicit value for Ny or a sharp bound for wy in Theorem [2]
from their arguments. We will derive versions of these results with explicit
constants. Specifically, we will prove

THEOREM 3. Let N be a positive integer. Then

4if N > 131082,
5if N > 19700,
6 if N > 2316,
7if N > 786,

8 if N > 300,
9if N>1.

We have w(N) =9 precisely when
N € {41,83,89,113, 137, 161, 227, 299}.

The largest N with w(N) = 5,6,7,8 are given by N = 131081, 19699, 2315,
785, respectively. There are infinitely many N with w(N) = 4, corresponding
to the identities

(4) 2(1 + 3b — 2(1—130 + 20,—1 + 3b — 2(1—2 . 3 + 2a—2 + 3b

The outline of this paper is the following. In Section [2] we present our
primary technical tools from the theory of linear forms in logarithms, and
use them to prove a slight generalization of Theorem [I] In Section [3] we

briefly discuss analogous results for simultaneous equations. Sections [4] [5] [f]
and [7] are devoted to the proof of Theorem [3] containing bounds for linear
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forms in two logarithms, complex and p-adic, specialized to Newman’s prob-
lem, results on 5-term S-unit equations, a treatment of cases with vanishing
subsums, and the final proof, respectively.

2. Five-term S-unit equations

2.1. Technical preliminaries. Let K be anumber field with [K : Q=D
and v a place (equivalence class of absolute values) of K. If v is archimedean,
corresponding to an embedding o of K in C, we define

lo(x)| if K, =R,
]l = 2 g _
lo(z)|* if K, =C,

while if v is non-archimedean with associated rational prime p, we normalize
|| - ||, so that

Jolly = <l

With these choices, we have the product formula
I =l =1,
14

valid for all non-zero x in K, where v ranges over places corresponding to
each prime ideal in Ok and to each real embedding and each pair of complex
conjugate embeddings (for details, see for example [4]). We let S, denote
the set of archimedean places of K.

Ifz = (xo,21,...,2,) € P*(K), we define the Weil height

H(@) = [ Jmax{llzollu. lz1]lv, - llzallv}
12

with associated logarithmic height h(Z) = log(H (Z)). For a € K, we define
the absolute logarithmic height of « via

D
%Oog la| + ZZ;logmax{l, |a(i)|}>,

where a is the leading coefficient of the minimal polynomial of o over Z, and
the a® are the conjugates of a.

We will have need of bounds for linear forms in complex and p-adic
logarithms; results of Matveev [15] and Yu [25] are applicable in the broadest
generality.

THEOREM 4 (Matveev, 2000). Let o, ...,y be non-zero elements of K
and by, ..., b, be integers such that

A=lbjlogas + -+ bylogay| #0.
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If K C R put » = 1, else put » = 2. Let B = max{|bi|,...,|bn|} and
suppose that

A; > max {Dh(c; ), |loga;],0.16)}, 1<j<n.
Then
1
log |A| > ——(en)30™*n*>D?log(eD)log(eB) A1 - - - Ap.
P

THEOREM 5 (Yu, 1998). Let aq,...,ay be non-zero elements of K. De-
note by P a prime ideal of the ring Ok of integers in K, lying above the
rational prime p. Let by, ..., b, be rational integers such that

A:all’l-naz”—l#o
and set B > max {|b1],...,|bn|,3} and A; = max{h(a;),logp}. Then

6(n + 1)D>2<"+1) D 5
—_— (p” —1)log(e’nD)A; --- Ay log B.
Viogp

We will say that a solution @ = (uy,...,u,) to equation has a van-
ishing subsum if

ordp(A4) < 12 <

Zaiui =0 for some non-empty I C {1,...,n},
el
and term such solutions degenerate (in that they correspond to solutions of
S-unit equations in fewer-than-(n — 1) terms).
A final observation, important for our argument, is that Lemma 2.6 of [23]
can be slightly generalized to allow the a; to vary, provided they remain small
in height relative to w. More precisely, we have the following lemma.

LEMMA 2.1. Let v € S and K1, ko be absolute positive constants. Suppose
that

u = (Ul, U2, U3, Ug, U5)
is a nontrivial solution in S-units to the equation
aiuy + agug + aguz + agug + asus = 0,
satisfying logh(u) > 1 and such that the (possibly wvariable) coefficients
a; (1 <i<5) satisfy
H(az) < lﬂh(ﬂ)m,
while the S-units uj (1 < j <5) are ordered so that

lually > fuzlly = Nuslly = llually = llus]ly-

Then there exist positive constants c1 and ca, depending only on S, K, ki
and Ko, such that

— 2 u
sl = el €108 0,
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Proof. The proof is identical to that of [23] Lemma 2.6] as the arguments
using linear forms in (complex and p-adic) logarithms go through virtually
unchanged. We reproduce it here in the interest of keeping our exposition
self-contained.

CASE 1. Suppose v is archimedean and let | - | be the complex absolute
value with respect to the embedding associated to v. Set

A =max {|ai,...,|as|, |7}, ..., as| 7'}

and note that our assumption on the heights of the a; implies that A < h(w)®
for a suitable constant ¢. We have
auy

3A|U3| > \alul + CLQ'LLQ’ = |a2uQ| -1

azu2
If |aju1| < 0.9]agusl, then we trivially have the inequalities
lug| > A7 uy| > |uy|ecloe (@

and hence conclude as desired — after changing constants, the same relation
holds if we replace |- | by || - ||,. If instead |ajui| > 0.9]agusg|, then

(5) Alus| > A™2|uy| - 10g<—a1 : “1>

az U2
for a fixed determination of the complex logarithm. Let w be the number
of roots of unity in K, and let €1,...,e, generate the S-units of K modulo
roots of unity. Write u; /ug as Calfl e ozfﬁ for rational integers b1, ..., b, and
a root of unity . It remains to consider the linear form

A=biloger + -+ byloge, + b1 (2mi/w) + log(—aq /az),

where we can eliminate the discrepancies between log(e?i) and b;loge; for
each 1 < ¢ < n by suitably adjusting b,+1. We now apply Theorem 4] to

conclude that
|/1‘ > 6fClog(eB)An+2

where
B =max{b1,...,bp+1}, Apt2=max{Dh(—ai/az),|log(—a1i/a2)|,0.16}

and C' depends on n, the degree of K and the heights of the generators of the
group of S-units (one may consult, for example, [I3] to see how these heights
can be bounded). We have B < h(uj/u2) < h(u), and, by our assumption
on the heights of the a;, A, 42 < log h(w). The various implied constants can
be absorbed into the single constant C' above, and so, inserting this bound
for |A] into the relation (|5)) derived above,

—C'log? h(@)—D log h(T —C" log? h(T)

uz| > |u| - e > |uyl - e ,
)

which implies the same relation (although with new constants) if | - | is
replaced by || - |-
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CASE 2. Suppose v is non-archimedean, so || -||, satisfies the triangle
inequality. We have

Juall > (e ) ol -+-ae (-2 ~ 1]
as v
similar to the previous case. Note that ||ui|l, = |Juz|l,. By Theorem [5| we
again have
a?l c. a?n <_Ca1) —1 > e*ClOgB-An+2
as ,
with B = max {|b1,...,|bn|,3} and A, 12 = max{h(—Ca1/a2),logp}. Here

C depends on n, the degree of K, and on the rational prime p associated
to the place v. If B < 3, there are only finitely many solutions to consider.
Otherwise, we note that B < h(u) and A, 42 < log(h(w)) and thus once
again obtain the desired result. m

2.2. Proof of Theorem We may assume, without loss of generality,
that |S| = 3. Let S = {v1, 19,3} and suppose that @ = (uy, ug, us, ug, us) is
a non-trivial solution to . For each 1 <7 < 3, let (u&z),ug),ugl), ui),ug))

be permutations of (u1,ug, us, u4, us) satisfying
e los 2 T s 2 W s = s > e lls 1< <3,

i.e. such that the ith permutation lists the terms w1, ..., us in nonincreasing
order of size at v;.

By |23, Lemma 2.6] (i.e. by repeating the proof of Lemma with con-
stant bounds on the a;), we have

S Nls > eillul? ||, h(@)~%,

for positive constants c¢;, d;, for each 1 < ¢ < 3. Thus, for a given place,
there exist at least three terms that are large at that place. Moreover, being
large at all three places contradicts the product formula unless solutions are
absolutely bounded (as in [23]).

Thus, in the remaining cases where no term is large at all three places,
at least four terms must be large at two places each, whence at least two
terms are large at the same two places. Without loss of generality, we may
assume that u; and uy are large at 11 and vo for some 1 < j < k < 5. We
thus have

1 —\—d 2 —\—d
Nl > erllul [ h@) %, Jujlly > eallel® ||, k(@) %,

1 N — 2 N —
lullon > erllul o h (@)%, gl > eollul® || h(@) =%,
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which in turn implies the inequalities
(6) ¢ h(@) ™" < Jluj/ugllv, < ¢t n(@)?,
¢+ h(@)~ < |luj/ugllv, < ¢t h(@)?,
for appropriately chosen positive constants ¢ and d that depend only on S.
Since the product formula yields
g furellvs = (g /o g /ugllve)
we also have

(7) ¢ h(@) 7 < lug/ulv, < €7 - h(@)*

and thus u; and uy are of comparable size at each place in S.
It follows from

h(e) = g5 gy 2 sl

for a € K that, appealing to ([7]),
H(u;/ug) < (@)
for effectively computable positive constants ¢’ and d’, whence
ajuj + apug = (aja + ag)u,, = a’uy,
where H(a) < ¢h(w)? .

Thus, by writing a;u; + aguy = a’uy, we have reduced (2) to a 4-term
S-unit equation with heights of the coefficients small in terms of h(w). We
may therefore move to considering equations

a1ul + asug + azuz + aguy =0
which satisfy H(a;) < kih(w)® (1 < j < 4) for suitably chosen absolute
constants k1, Ka.

Again, for each 1 <1 < 3, let (u&z), ug), uz(,f), uy)) be permutations of the
u; that list them in decreasing order of size at v;. Applying Lemma [2.1] gives

||U:(),Z)||yl > clﬂugi)nyi o~ c2log® h(@)

for each 1 < i < 3, where ¢; and co are effectively computable positive
constants. Now, since there are only three primes in S, at least one term u;
does not occur as uff) for any 1 <1 < 3. This term is consequently large at
all three places. However, the product formula implies

3 3
1= [Tl > b (T, o108 = o pr ) to8 0@,
=1 =1

and hence H(w) is absolutely bounded. This completes the proof of Theo-
rem [I]
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We remark that we have actually proven the following somewhat stronger
result (which will be of value to us later).

THEOREM 6. Let K be a number field, S a finite set of places of K
containing all infinite places, and u = (uy,ug,us,uqs,us) be a tuple of S-
units with log h(w) > 1. Let k1 and k2 be positive constants and suppose that
ai,...,as are non-zero elements of K with

H(az) < Iﬂh(ﬂ)m
for 1 <i <5. If S has at most three elements and
ajuy + agus + azug + aqug + asus = 0,

where a;u; + aju; # 0 for all pairs i,j with 1 <1 < j <5, then there is an
effectively computable upper bound upon H(u), depending only on K, S, k1
and K.

3. Simultaneous equations. In Section [2| we were able to use lower
bounds for linear forms in logarithms to deduce that the three largest terms
at each place must be of comparable size. For systems of simultaneous equa-
tions, one can reduce the number of terms in each equation by Gaussian
elimination and thereby win more large terms at each place. Under suit-
able conditions, this again allows us to match units. We describe the general
argument below, which is based on similar ideas to the proof of Theorem

Suppose we have a system of m equations in n units u1, ..., u,, given by

aj ul + appu + -+ aipuy, =0, 1 <9 <m,

and let A = (aj;) be the corresponding matrix of coeflicients. Suppose also
that for every place v; € S we have

8) a1, > ellul? | h(@) 9,

i.e. k terms are large at every place. We know that if an S-unit u satisfies
the above inequality for |S| — 1 places, then, via the product formula, it is
necessarily small at the remaining place in S. In particular, if two S-units
up and ug are large at the same |S| — 1 places, then they are essentially the
same size at every place in S.

Write «; for the number of places in S for which u; fails to be large (in
the sense of ) From the product formula (and using Vojta’s argument),
we may assume that none of the units is large at every place of S. Our
assumption thus implies that

(n—k)S|>>
i=1

where the «; are positive integers. If a; = 1 for at most |S| choices of
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subscript 4, then it follows that
(n— K)IS| = 2(n — |S]) + |S] = 2n — |S].
In other words, if
9) (n—k+1)|S| <2n
then at least |S| + 1 units are small at precisely one place each, and conse-
quently two units u; and w, (j # £) are large in the sense of at precisely
the same |S| — 1 places. Once again, by the same argument as at the end of
Section 2| we can write
a;uj + apuy = au

with v a unit and with log ||lal|, < logh(u) for all v € S. Thus we have
successfully reduced the number of units in the system from n to n — 1.

Let us see how to apply this matching argument to the system A = (a;;).
Fix a place v € S and without loss of generality assume [Ju|, > -+ > |lun]],.

If the leftmost m columns of A are linearly independent, then after row-
reducing we may assume A has the form

a1l ¥ ee %
A= SRS
Qmm ¥ -+ %
i.e. the leftmost m columns yield a diagonal matrix with each a;; non-zero.
The corresponding first equation
a11u1 + ay(my1)Um+1 + 0+ apun =0

thus implies that at least one of um41,...,u, is large at v, whereby all of
Uy, ..., Unt+1 are large at v.
As long as we have

QUi + (1) Um+1 #0 for some 1 <1i < m,

then (by an application of bounds for linear forms in logarithms) at least
m + 2 units are large at v in the sense of . If any choice of m columns
of A have rank m, then the above argument works for all places v € S.
Criterion @D with kK = m + 2 then yields the matching inequality

(10) (n—m—1)|S] < 2n.

Thus if all the above conditions, including the matching inequality, are satis-
fied then we can guarantee that at least two units can be matched with each
other. Our next result describes a situation where matching once is sufficient
to guarantee that the resulting system can be solved effectively.

THEOREM 7. Let A = (ai;) be an (n —4) x n matriz of elements of a
number field K such that any n — 4 columns of A are linearly independent.
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Let S be a set of places of K containing all infinite places and satisfying
|S| < 2n/3.
Then the solutions in S-units to the system of equations
aiiul + apus + -+ ajpu, =0 1 <i<n—4.

can be ‘effectively determined’.

Proof. Fix a place v and assume that |lui||, > -+ > |luy|, and that A
has the form
all X ooeee X
A=
mm % <0+ %

If ajiu; + aj(my1)Um+1 # 0 for some 1 < i < m, then as above at least n — 2
units are large at v.

For any other place v/ € S, we rearrange the u; to be in decreasing
order of size; correspondingly we must permute the columns of A to match.
The leftmost n — 4 columns of this new matrix are again of rank n — 4 (by
assumption), thus can again be diagonalized. This means we can repeat the
argument above at any v/ as well, and thus at least n — 2 units are large at
each place of |S|. The inequality |S| < (2/3)n is then precisely our matching
inequality , implying two units u; and ug can be matched.

We combine columns j and £ of A accordingly, to obtain a new column of
coefficients which now depend on %, but whose heights are ‘logarithmically
bounded’ in terms of h(%). Note that any n—3 columns of A’ contain among
them at least n—4 columns of A, and thus have rank at least n—4 (in partic-
ular A’ still has rank n — 4). Furthermore, matching could not have created
a column of zeroes, since any two columns of A are linearly independent.

Finally, we note that

(n—1)—(n—4)—-2)|S|=1|5]<2n/3<n—-1

since n > 3. In summary, the new matrix A’ satisfies all constraints of Theo-
rem 2.13 of [23], with the small modification that the entries are now allowed
to vary up to small height. Vojta’s proof via linear forms in logarithms pro-
ceeds exactly the same for A’, thus showing that the set of all solutions can
be effectively determined.

All that is left is to consider the case where a;;u; + @i(m41)Um+1 = 0
for all ¢ — in this case the columns n — 3,n — 2,n — 1,n yield a system of
n — 4 equations in four variables. If n = 5, this is a single equation in four
S-units, and the condition |S| < (2/3)n implies that |S| < 3, whence this
subsystem can also be solved effectively (following [23]). If n > 2, then one
can row-reduce again to leave at most three non-zero terms in each row and
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thus we are only left with 3-term S-unit equations, which can all be solved
effectively. m

One can try to apply matching to other systems of equations, under
weaker constraints than |S| < 2n/3. Indeed, as long as (n —m — 1)|S| < 2n,
and there are no vanishing subsums, matching can help reduce the num-
ber of units in the resulting system. However, we do not in general have a
guarantee that m independent equations remain after matching — this was a
crucial ingredient in the proof of Theorem [7] If, in a particular application,
m independent equations can somehow be guaranteed after matching, we
note that the inequality gets further biased in our favour allowing us to
match again. This process can be repeated iteratively.

To see an application, let £ be an algebraic number of degree > 6 such
that K = Q(¢) is Galois and totally complex, and consider the norm-form
equation

Norm g q(zo + 1€ + 1262 4 2363) = m,

to be solved in rational integers zg,x1,x2,x3. This norm-form equation
can be reduced to a system of unit equations satisfying the conditions of
Theorem [7}, thus in particular Theorem [7] implies that the heights of solu-
tions can be effectively bounded. Such equations were considered, and ef-
fectively resolved following this argument, in [I]. Moreover, setting X =
max {|zol,...,|z3|}, a lower bound of the form

Normy g (w0 + 21§ + 226 + 236%) > X°

for positive effective ¢ is demonstrated in [2]. Note that not all systems con-
sidered in these two papers satisfy the criteria of Theorem [7} Nevertheless,
various special properties of the specific equations in question could be gain-
fully exploited to allow matching to work.

We end this section by noting that there do exist systems of S-unit
equations satisfying the matching inequality that nevertheless remain
resistant to our methods. For example, one can consider the norm-form equa-
tion

Norm(z + yv2 + 2V3 + wyv/—=7) = 1.

Any solution to this equation arises from a unit v = z +yv2+ 2v3 +wv/—7
lying in the ring of integers of the field K = Q(v/2,v/3,v/~7). Such a unit
necessarily satisfies a system of four linear equations with coefficients in K.
Further, our matching inequality is also satisfied, since in this case .S consists
of only the infinite places of K so |S| =4 = n/2. Thus we are guaranteed to
be able to match units, and in fact all the units can be matched in pairs to
reduce from eight terms to four in one step. However, if we assume w = 0
then this matching results in several vanishing subsums and the rank of the
system of unit equations drops from 4 to 1 after matching. The remaining
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unit equation (in four units and with |S| = 4) corresponds to the norm-form
equation
Norm(z + yv2 + 2v3) = 1.

This equation appears widely in the literature (see [7, [I8] [19]); its effective
resolution appears out of reach of current technology.

4. Newman’s Conjecture: preliminaries. The remainder of this pa-
per will be devoted to proving Theorem [3] To do this, we will have need for
somewhat more specialized bounds for linear forms in logarithms than those
afforded by Theorems [ and [5] Specifically, we will refer to the following
results. The first is a state-of-the-art lower bound for linear forms in two
complex logarithms due to Laurent (a special case of [14], Corollary 2|):

PROPOSITION 4.1. Let a1, > 1 be multiplicatively independent inte-
gers, and by and by be positive integers. Define
A = |balog g — by log vy |.
Further, let
b b
V=—1_ 4+ 2
log A2 log Ay

Then
log |A| > —17.9 (max {log b’ + 0.38,30})%log A; log As.

The second result is a slightly simplified version of 6, Theorem 2|.

PROPOSITION 4.2. Let p be a prime, x1/y1 and x2/y2 be nonzero rational
numbers. Define g to be the smallest positive integer with the property that
both vy ((z1/y1)? —1) and v, ((x2/y2)? — 1) are positive and assume that there
exists a real number E such that

vp((21/y1)! =1) 2 E>1/(p—1).

by ba
T T
=) -G
n Y2
where by and by are positive integers. Then

36.1g 2
vp(A) < W (max {log b’ + log(Elogp) + 0.4, 6 E log p, 5})

-log A1 log Ao
if pis odd or if p =2 and vo(x2/y2 —1) > 2. If p =2 and va(x2/y2 — 1) < 1,
va(A) < 208(max {logd’ 4 0.04,10})? log A; log As.

Define

Here
by by

V=
log AQ + log A1
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and Ay, Ay > 1 are real numbers such that
log A; > max {log |z;|,log |y;|, Elogp}, i=1,2.

For our purposes, we will use these two results to derive a number of
bounds specifically tailored to Newman’s Conjecture.

PROPOSITION 4.3. If o and 3 are two positive integers with 8 > 2, then
(11) 129 — 37| > max {2%, 3%} - exp(—201og? B).

Proof. Suppose that fails to be satisfied for integers «, 8 with 8 > 2.
A short calculation ensures that S > 100. We thus have, applying Lemma
B.2 of Smart [21],

11 2% — 37

12 A<11-12937 8 =212 1 11. —201og?
(12) <11 | max (30,37} © exp(—20log” ),

where
A= lalog2 — flog3|.

We thus have
logd « 1.6

log2 Al B exp(201log? )
From this, o/ is necessarily a convergent in the infinite simple continued
fraction expansion for log 3/log 2, say «/f3 = p;/q;. Since

1
(@it +2)g;’
where a;4; is the (i 4+ 1)st partial quotient in the infinite simple continued
fraction expansion for log 3/log 2, it follows that

aiy1 > 0.6exp(20log? B)3~1 — 2 > 108,

since 8 > 100. A routine computation then implies that ¢ > 10000 (the
largest a;+1 with ¢ < 10000 is given by a4313 = 8228), so that

(13) a > > qioooo > 107144,
We will apply Proposition [I.1] with
bo=a, ao =2, b=, a1 =3, D=1,
so that log A; = log 3, log As = 1, and

V=p+— <28
B+log3< p

log3 p;

log2 g

From , we thus have
log A > —17.9 - (1.1 4 log 5)*log 3 > —19.8log? 3,

contradicting and . "
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PROPOSITION 4.4. If v and 2 are odd integers, u > 10° is an integer,
and we set

v = max {|nl, 2], 3},
then either 3%y, = ~ya, or
va(3%y; — 72) < 17log? ulog .
Proof. Suppose that u > 10°, that
(14) (371 — y2) > 17log” ulogy
and that 3%vy1 # 72. In case v = 3, we have
3%y — 79| € {3¥ £1,3“1 £1,3% + 3,3vT! £ 3},

As is well-known, if

3* =1 mod 2Y
for y > 2, then z = 0 mod 2Y~2 and hence, in particular, if > 0,
log
15 3 —-1)<2 .
(15) (@ = 1) <24 155

Further, the congruence 3* = —1 mod 2¥ has no solutions for y > 3. If vy = 3,
it follows that
1 1
17log* ulog 3 < v5(3%y — 72) < 2+ Ogl(u;)
0g

contradicting u > 2.
We may thus suppose that v > 5. We make the observation that either
we have v2(3%y; —y2) =1, or

(16) va(8%y1 — ) = 12(3* — (32/m)%) — L.
We may thus apply Proposition .2 with
p=2,1=9 y1=1, za==E%, y2=m, 9g=1, E=3, by =u, bp =2,
where the sign of x4 is chosen so that zo = y2 mod 4. We thus have
log A} =2log3 and log Ay = max {log~,3log2},

whence
' U 1

~ max {log~, 3log 2} + log3’
If v € {5, 7}, we thus have v5(3"vy; — v2) bounded above by

72.2log 3 u 1 9
91032 1 log(3log2) + 0.4,1810g2 b | .
91og® 2 <max{ Og<310g2 +10g3> +log(3log 2) + 0.4, 18log })

Combining this with and using that « > 10°, we find that

72.210g 3 u 1 2
17log? ulogy < ——2>={1 log(3log2) +0.4 ] .
og” ulog~y 9102 2 (Og<3log2+log3> + log(3log 2) + )
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A short calculation reveals, in this latter case, that u < 2.3 x 1010 if v = 5,
while u < 42 if v = 7, the latter being a contradiction.
If we suppose that v = 5 then, from « > 10° and , necessarily

V2(3“’yl — ’)/2) Z 3200.
This provides an immediate contradiction modulo 8 if
(’717 72) S {:l:(lv 5)7 :I:(37 5)7 :l:(5a _5)1 :l:(5a 1)7 :I:(57 3)}

and contradicts and the assumption that u < 2.3 x 100 if (y1,72) =
+(5,5). It follows, then, that

(715 ’YQ) € {:l:(]-a _5)5 :l:(?)a _5)7 :l:(57 _1)7 :l:(57 _3)}
To handle these remaining cases, note that
* = —5mod 2 = z = 205450132747 mod 2%

and
5.3 = —1mod 20 — 2 = 69427774197 mod 238,

again contradicting u < 2.3 x 1010,
It follows, then, that v > 9 and so

v2(3%y1 — 72) < %Eg;(max {log b’ +log(3log2) + 0.4, 18 log 2})2 log v,
where now
r__u n 1 .
logy  log3
If
max {log b’ + log(3log2) + 0.4, 18 log 2} = 18log 2,
then

72.2 x 121og 3
(log2)?
since u > 10°. If, on the other hand,
max {log b’ + log(3log2) + 0.4, 18log 2} = log ¥’ + log(3log2) + 0.4,

we have

vo(3%y —y2) < logy < 17log® ulog,

17log? ulog~ < 13 (log(u) + 0.3)*log 7,
again contradicting u > 10°. =

PROPOSITION 4.5. Ify, and vy are integers with ged(y1y2,3) = 1, u>10°
s an integer, and we set

v = max {|nl, [72[, 2},
then either 2%~y = 73, or
v3(2%y; — 72) < 10log? ulog .
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Proof. Suppose that u > 107,
(17) v3(2"71 — 72) > 10log® ulogy
and 2%vy1 # 9. If v < 4, then
oyl — g = 2901 £ 2% 5, € {0,1,2}.

If
2% =1 mod 3Y,
for y > 1, then = 0 mod 2 - 3¥~! and hence, if z > 0,
log(z/2)
1 2P —1) <1+ —=>"~.
(15) (2= 1) <14 R

This immediately contradicts if v < 4. We may thus suppose that v > 5.
We apply Proposition with
p=3, z1=-8 yn=1 22=—72, y2=m, 9g=1, E=2, by =u, by =3.
We thus have

log A1 =2log3 and log Ay = max {log~,2log 3},

whence
, U 3

~ max {log~,2log 3} + 2log3’

It follows that

101log? 1 —
087108 < Yog3)3

(max {log b’ + log(2log 3) + 0.4, 121og 3})2 log As.
If~ € {5,7,8),

10log2 ulogy < max {log b’ + log(2log 3) + 0.4, 12log 3})2,

36.1
2(log 3)? (
so that either v < 330433 and v = 5, or u < 104543 and v =7, or

max {log b’ + log(2log 3) + 0.4, 121og 3} = log ¥’ + log(21og 3) + 0.4.

In the last case, we have

10log? ulog~y < log(u + 3) 4 0.4)%,

36.1 (
2(log 3)?
contradicting v € {5,7,8} and u > 10°. Arguing as in the proof of Proposi-
tion we contradict 105 < u < 330433 (if v = 5) and 10° < u < 104543
(if v = 7), by checking that the smallest positive integer ¢ for which one of

2t 2047 52041, 5.20+7, 7-28 41, 7-21+5

is divisible by 3% is t = 509305.
If v > 10, we have

10log?u < max {log b’ + log(2log 3) + 0.4, 12 log 3})2,

6.1
4(log 3)3(
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whence, again from u > 10°, we have

10log? u < (log(u + 3) 4+ 0.4)2,

36.1
4(log 3)3
once more contrary to u > 10°. =

5. Newman’s Conjecture: equations with five or fewer terms.
Fundamentally, Newman’s Conjecture amounts to characterizing, for small
integers k > 3, solutions to the equation

k
(19) > ui=0,
=1

where the u; are rational numbers of the shape £2°37, for o and 3 integers.
Any such k-tuple corresponds to a unique k-tuple (uq,...,ux) of integers

satisfying with P(u;) < 3,
(20) up > >, ged(ug, ..o uk) =1 and  wg > |ugl.
We will term such a solution to primitive. As previously, if a solution
to has the property that ), ;u; # 0 for each proper nonempty subset
Iof {1,...,k}, we will say that such a solution has no vanishing subsums.

The following two results are a starting point for us.

PROPOSITION 5.1. There are precisely four primitive solutions to m
case k = 3, with P(u;) < 3, given by

(uy,ug,u3) = (2,—1,-1),(3,-1,-2),(4,-1,-3), (9, -1, —8).

PROPOSITION 5.2. There are precisely 62 primitive solutions (ui,us,
us, uyq) to in case k = 4, with P(u;) < 3 and no vanishing subsums,
given by

3,—1,—1,—1),(3,1,-2,—2), (4,—1,—1,-2), (4,1,—-2,—3), (4,2,—3,—3),

67_17_27 3)7 (67_17_17_4)7 (6717_37_4)7 (87_27_37_3)7 (87_17_37_4)7 (87_17_17_6)7
8717 3 6) (97 2773774)7(9»71’74774)7 (9771772776)7 (9’1774776)7 (9’1772778)7
972) 3 8) (973)_4’_8)7 (127_17_3»_8)7 (127_17_2)_9)7 (1271’_47_9)7 (16»_3a_4a_9)7

16,—1,—6,—9), (16,—1,—3,—12), (16,1,—8,-9), (16,2,—9,—9), (18,—1,—8,-9),
18,—1,—1,—16), (18,1,—3,—16), (24,1,—9,—16), (27,—3,—8,—16), (27,—2,—9,—16),

(

(

(

(

(

( ), ( (

(27,—1,—8,—18), (27,—1,—2,—24), (27,1,—12,—16), (27,1,—4,—24), (32,—2,—3,—27),
(32,—1,—4,—27), (32,1,—9,—24), (32,1,—6,—27), (32,3,—8,—27), (32,4,—9,—27),
(36,—1,—8,—27), (36,—1,—3,—32), (64,—1,—27,—36), (64,—1,—9,—54), (72,1,—9,—64),
(81,—8,—9,—64), (81,—1,—32,—48), (81,—1,—16,—64), (81,—1,—8,—72), (81,1,—18,—64),
(96,1,—16,—81), (128,1,—48,—81), (144,1,—64,—81), (256,—4,—9,—243), (256,—1,—12,—243),
(

256,3,—16,—243), (512,1,—27,—486), (512,1,—81,—432), (729,—1,—216,—512).
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The first of these is essentially a centuries-old result of Levi ben Gershon,
while the second collects Theorems 1-3 and Lemma 5 of Tijdeman and Wang
[22], Theorem 3 of Skinner [20], Theorems 1-5 of Wang [24], and Theorem
3.01 of Brenner and Foster [5].

The main result of this section is the following.

THEOREM 8. There are precisely 1431 primitive solutions to i case
k =5, with P(u;) <3 and no vanishing subsums. The largest value of uy is

up = 312 = 531441,
corresponding to one of the tuples
(531441, 2, —243, —6912, —524288), (531441,432,—1024, —6561, —524288),
(531441, —16, —576, —6561, —524288).

The full list of these solutions is available at
www.math.ubc.ca/~bennett /Newman-datal.
Equation for kK = 5 reduces to 18 families of equations of the shape

2030 4 2¢ 434 11 =237,
203 4 2¢3/ 4 2¢ 41 =3¢,
293% 423/ 43941 =2°,
2% 4+ 2¢ 4 3% 4 3% = 23/,
20 423/ 4 3% 4 3% = 2¢,
2% 4+ 92¢ 4 2°3F 4 3b = 39,
2030 4 9¢ 4 3% = 2¢3/ 41,
293% +2¢ 41 = 2°37 + 3%,
203% 4 3% 41 =23F 4 9°,
2¢ 4+ 3% 41 =2°3f 223t
2030 4 2¢3 439 = 9°¢ 41,
2030 423/ 4 2¢ =37 4 1,
2930 423/ 41 =2¢ 437,
2% 4+ 2¢ 4 30 =23/ 4 39,
2% 4 30 4 3¢ = 2°3f 4 9¢,
20 4 3% 423/ = 2¢ 4 3%,
3b + 39 4 2037 = 20 4 2¢,
20 4+ 2¢ 4 92°3) = 3b 439,

NN NN NN NN
0 N O Ot = W N

W W W w w W
(=2 N N N

w w
-~ (==}
M v Y T N Y N N~ N~ N N~ N~

N N N N /N /N N /N /N /N /N /N A/~ /—~ /—~ /—~ —~
N
Ne)

W
oo


www.math.ubc.ca/~bennett/Newman-data
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where, in each case, the exponents are nonnegative integers. For the final 12
families (where there are two terms on the right-hand side of the equation),
to avoid vanishing subsums, we may suppose that no term on the left-hand
side equals one on the right-hand side. Theorem |8 is an almost immediate
consequence of the following (noting that primitive solutions to (19) may

correspond to several solutions to equations 7).

THEOREM 9. Equations f have precisely the following number of
solutions (a,b,c,d, e, f) in nonnegative integers without vanishing subsums:

Equation  Solutions | Equation Solutions | Equation Solutions
21 178 7] 151 33 154
22 127 g 177 34 208
23 107 29 149 35 225
24 208 30 161 36 219
25, 163 31] 119 371 330
26 191 39 103 38 302

In all cases,
max{a,c,e} <19 and max{b,d, f} <12.

To prove this result, we treat each of these equations in turn. We will in
fact provide full details for equation , which will highlight all the main
features of our arguments; analogous work for the other equations is available
from the authors on request.

Suppose that we have a solution (a, b, ¢, d, e, ) to equation in non-
negative integers with ed # 0 (which, in this case, is readily seen to be
equivalent to the solution having no vanishing subsums). Define M, My and
M3 such that

{3%,2¢,2%3%} = { M, Mo, M3},

as multisets, with M; > My > Ms. Let M = 2°3/ and suppose that
(39) log M > 3 x 10'°.

It follows that )
Applying Proposition [£.3] to M — M; gives

My + Mz — 1> M - exp(—201log?(log M)),
whence

1
(40) My > §M - exp(—201og?(log M)).

Since
gmin {a,c,e} | 3d 1
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and
3min {b,d,f} ’ 20 _ 17

we deduce the inequalities

logd
(41) min {a,c,e} <2+ 12?2
and
. log(c/2)
42 b,d <14 ——.
(42) win {b.d, f} < 1+ 5L

Suppose first that we have one of min{b,d, f} = d, or min {a,c,e} = ¢,
or both

(43) min{a,c,e} =a and min{b,d, f} =b.

Under these assumptions, it follows from and that
6log? M

44 My < —————.

(44) 8 < log2log 3

Applying Propositions [£.4] and [£.5] to the forms
M—(Ms—1), M+ (Ms—1) and My+ (M3z—1)

contradicts , and respectively. By way of example, if we have

, then

6log? M

log2log3’

and hence, from and , M3 = 2°3%. Applying Proposition to
37+ (273° — 1)

2030 < Ged <

and Proposition [I.5] to
2¢ + (293 — 1),

we find that

. log M 6log? M
4 171og? ([ —=— | log| —=—
(45) min{c¢, e} < 17log < Tog3 > Og(log210g3>
and

) log M 6log® M
4 101log? [ —— | log| —=—
(46) min {d, f} < 10log ( Tog 2 ) 0g<10g210g3>’

contradicting M = 2¢37/, min {2¢, 3%} = My, and . We deduce simi-
lar contradictions if either min {b,d, f} = d or min {a, ¢, e} = ¢ (and, in each
case, we require a rather weaker assumption than (39)).

We may thus suppose that

(min {a, c,e}, min{b,d, f}) = (e, b) or (a, f).
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In these cases, we can rewrite one of M — 2¢, M — 3% or M, + My as M M,
where My is a positive rational number of small naive height. To be precise,
if, say, min {a,c,e} = e and M3 = 293", we may apply Proposition to
either
(2¢3/74 —1)3¢ 41 or (2¢°-31F)3 1

to conclude from that

log M
(47) min {a, ¢} < 17log? (;)gg) (log 2 4 log*(log M)).

0og
Combining min {2¢, 39} = M, with and (40) implies that min {a,c} = a
and hence, applying Proposition [4.5] to
2°+ (23" — 1),

we get

log M
(48) min {d, f} < 10log? (i)(i:?> (alog2+ blog3).

With , and , this is again a contradiction. We argue similarly if
min {a, c,e} = a or if M3 # 293P

It remains then to handle the values of M with log M < 3 x 10'%, when
we necessarily have

(49)  max{a,c,e} <4.33 x 10" and max{b,d, f} < 2.74 x 10'°.

This requires a reasonably short if somewhat unedifying case-by-case anal-
ysis. By way of example, if, say, (min{a,c,e}, min{b,d, f}) = (e,b) and
M; = 3%, it follows from and (42) that e < 36 and b < 22. Since
3¢ > 2¢3/~1 we have eitherd < f,sothatd = fande =1,0or1 < d—f < 22.
In the former case,
1+ 3/ =2° 4273,
so that, from Proposition (a,b,c,d,e, f) is one of
(17 07 17 17 1? 1)’ (17 07 37 2? 1’ 2)7 (17 17 2? 2’ 17 2)7 (17 2? 6’ 47 17 4)7
(2,1,4,3,1,3),(3,0,1,2,1,2),(3,1,2,3,1, 3).
In the latter case, 2¢ > 3%~/ and we have
(50) (2¢ — 3471)3/ = 2¢ - 2030 — 1
so that
(2¢ — 397)3f = —1 mod 2°.
For each pair (e,d — f) with 2¢ > 39f 2 <e<36and 1 <d— f < 22,
we check via Maple’s “ModularLog” function that the smallest nonnegative
solution to the congruence

(2¢ — 3913/ = —1 mod 2%
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corresponds to e = 26, d — f = 1 and f = 64541949951 > 2.74 x 10'°. From
, it follows that e < a < 47. Looping over e,d — f,a and b, we verify that
the smallest positive f for which
(2¢ — 39£)3f = 273% — 1 mod 2°°
corresponds to e =7, a =35, d— f =4 and b = 2, where f = 247148451996
> 2.74 x 10'°. We thus have e < ¢ < 54 and, since 2¢ = 1 mod 35, b < 4.
We now loop over 0 < b < 4,0 < a <47 and 1 < ¢ < 54 for which
2¢ = 1 mod 3% and factor the right-hand side of equation to find possible
values for f. We then check to see if
204298 -1 4
is, for some 1 < d — f < 22, a power of 2. In this special case, we find
precisely the further solutions with (a,b,¢,d, e, f) one of
(2,1,4,4,2,3), (3,0,3,2,3,1), (3,1,2,4,2,3), (3,2,6,4,3,3), (4,1,4,4,4,2),
(5,0,5,4,4,2), (6,1,10,6,3,5), (6,1,10,8,5,5), (7,1,14,8,5,6), (7,2,6,8,5,5).
We treat the remaining cases in a similar fashion to arrive at Theorem [9}
full details of our computations are again available upon request.

6. Newman’s Conjecture: vanishing subsums. For the remainder of
the paper, we will always suppose that a positive integer N has the property
that w(N) > 2, i.e.

N =2m3% 429 4 3% = 90237 4 92 4 gh
where the a;, b;, ¢; and d; are nonnegative integers with
{20301 201 g1} £ [2a23b2 g2 3d2y
It follows that
(51) 2a13b1 490 4 3d1 _ 2a23b2 _9C2 _ 3d2 —=0.
We will say that such an equation has a vanishing subsum if
201301 ¢ (902352 g2 gd2 gaxgbx | ge2 gazgba 4 gdx gex | gday
We will begin our proof of Newman’s Conjecture by defining a number of
families of integers N whose corresponding S-unit equations have vanishing
subsums. In these cases, we will always be able to reduce equation (51)) to
situations where we can appeal to the results of the previous section.

We will call an integer N type I special if there exist nonnegative integers

a and b with N = 2% + 3°. For these integers, the identities guarantee

that w(N) > 4, at least provided a,b > 2. We say that an integer N is type
11 special if there exist nonnegative integers a and b such that either

(52) N =2%+3%, ce{11,19},
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or

(53) N=2%+3" cec{57}

In these cases, the identities

20 430,11 = 2.30 4920 4 30+2 — 93.3b 9o | 3b+1 _ 95 . gb-1 | ga | gb-1
9 4 30.10 = 24.3b 1 90 4 gb+l — 9.30+2 | ga 4 gb_ 99 .3b-3 4 ga | 3b-3
205430 =2072.30 £ 204 30 = 99.3 4 90t 4 30 = 90132 907l 4 3P
90,7430 — o+l gl Loa 3b_ a3 gut2  gb_ 9a—233 L ga=2 4 gb

ensure that w(NN) > 3 for these IV, provided a,b > 2.

Finally, call an integer N type III special if there exist nonnegative inte-
gers a and b with either

(54) N =243%, ce{57,13,17,25,35,43,73,97,145,259},
(55) N =2%+3% ce{11,13,17,19,25,35,41,73,97,145, 259},
(56) N=2%34¢ be{l,2}, ce{3,9},

(57) N=2%34¢ ac{l,2}, ce{2,4},

or

(58) N =2%3"4¢ ce{511,17,35,259}.
The main result of this section is the following.

THEOREM 10. If N is a positive integer with w(N) > 2 and there exist
two distinct representations of N such that the corresponding equation
has a vanishing subsum, then N is special of type I, II or III.

If N is type I special, we have w(N) <9 for all N, w(N) < 4 for all N >
131082, and w(N) = 4 provided min{a,b} > 2. The largest type I special N
with w(N) =5,6,7,8,9 are 131081, 19699, 2315, 283, 137, respectively.

If N is type II special, then w(N) < 9 for all N, w(N) < 3 for all
N > 532308, and w(N) = 3 for all N > 532308 satisfying the additional
constraints

a>1ifc=5 a>2ifc=7 b>1ifc=11 or b>3ifc=19.

The largest type II special N with w(N) = 4,5,6,7,8,9 are 532307,20483,
6665, 2267, 785,299, respectively.

If N s type III special, then w(N) <9 for all N and w(N) < 2 for all
N > 76546076. The largest type III special N with w(N) = 3,4,5,6,7,8,9
are 76546075, 4784137,20995, 19699, 2267, 785, 299, respectively.
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To begin the proof of Theorem observe that if equation has a
vanishing subsum, then one of the following occurs:

59) 9a1 3b1 +9¢ 2a23b2 =0, 3d1 _9C2 _ 3d2 =0,

EGO) 2m13bL 4 9e1 _ 92 — (), 3d _ ga2gbz _ 3d2 — (),

(61)  2m3bt 420 —3d2—  3d_ gk 90—

(62)  2m3h 43t 202302 —(, 29 22 3% =

(63)  2m3bt 430 92— 99 g3tz _gdh

(64) 200 430 —2m23b2 = 2mgh g2 _3h |,

(65) 273" — 223" =, 21 430 _gez _ 3% —

(66) 2% —2% =0, 901301 4 3% _ gazgbs _ 3d2 _ ),
(67) 3" —3% =0, 2ugh 4901 _ ga23b2 _ 90 — )

We consider each of these pairs of equations in turn; this argument is
carried out by Tijdeman and Wang, essentially through reducing the problem
to Propositions [5.1] and 5.2l We will need to be somewhat more explicit and
to appeal additionally to Theorem [9]

In case , necessarily d; > do = 0 and hence, from Propositions
and

(db C2, d2) = (11 1a O) or (2? 37 0)7
and (a1,b1,c1,a2,bs) is one of
(a17 07 ai,a + 17 0)7 (CLl, 1,@1,@1 + 270)a (a17 07 ap — 17 alp — 17 1)7
(alu 07 a) — 35 ay — 3) 2)7 (a17 07 aj + ]-7 ai, 1)) (alu 07 ay + 35 ai, 2)
Thus, in each case, either N is type I special, or is satisfied and so N is

type III special.
Arguing similarly, we find that in case , N is necessarily type I special.

In cases , and , we have N < 18, while in cases , ,
and , N is either type I special, or we have equations , , either

or , and either or , respectively.
If N is type I special, or if equations or are satisfied, then we
can appeal to Theorem [J] to solve the equation
N =2%3Y + 2% 4 3%

without vanishing subsums; Theorem [10] is immediate in these cases. To
handle the remaining possibilities, we argue as in the proof of Theorem [J
By way of example, consider the equation

(68) N =294 3% =2%3Y 2% 4 3V,
ce{5,7,11,13,17,19, 25, 35,43, 73,97, 145, 259},
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where we assume that

(69) 20 ¢ {2%3Y,2%,3%,273Y 4 2%,2%3Y 4 3¥,2° + 3" }.
We have

(70) gmin{azz} | g3be 3w gpd gmin{bwywl|ge _ 92,
Write

M = max {2%,3%} and {2%3Y,2% 3%} = {M), My, M3},

as multisets, with M7 > Ms > Ms. Suppose initially that
(71) log M > 10%°.

Let us assume first that M = 2. Then we may apply Proposition [£.3] to
M — M, = My + M3 — 3¢ to conclude that
(72) max { My, 3%} > % -exp(—201og?(log M)).
If, further, M = 2%, then z = a — 1 and so

2071 4 3bc = 273V 4 3v,

whereby min {b,y,w} = 0. Writing in each case ¢ = 2% 4 3% for o and S
nonnegative integers, with

(a,8) €{(2,0),(2,1),(1,2),(2,3),(4,0),(4,1), (4,2),(3,3),
(47 3)7 (67 2)’ (47 4)7 (67 4)7 (47 5)}?
we thus obtain one of equations , or and can once again appeal
to Theorem [9] to conclude that N < 16481.

We may thus suppose that M; € {2¥3Y,3"}. If min{a,z, 2} = = and
min {b,y, w} = b, then we match 2*3¥ and 3% (if M3 = 27), or 2% and 2* (if
My = 27), writing 273Y + 3w = gmin {ywhg or 20 — 2% = 223, respectively. In
the first case, from f and Proposition

(73) 0<f< 217(loglogM)210g259(1 +3. e(loglogM)2) < B7(loglog M)
But then applying Theorem [ with n = 3, we find that
log |min {y, w} log3 + log 8 — alog2| > —2.2 x 10 log(ea) log 3,
and so, since
20 — 3™yl g > 9297 \min {y, w} log 3 + log f — alog 2|,
it follows that

; 2(1—1
” exp(2.2 x 10 log(ea)log B)
Thus
2.2 x 1011 1
(74) 2> a1 22x10 logea)logB o,

log 2
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where the last inequality is a consequence of and . Applying Propo-
sition 4] to
3min {y,w}fb/B —c,
it follows that
z < 171log?(min {y, w}) log 8,

contradicting , and . If, on the other hand, My = 27, so that
2¢ — 2% = 2% with

3 log M
75 =2l
(75) 0<p < log2’
we have
M
273 _ 2%3Y 3%
’ 15} InaX{ ;3 }’ > 6exp(2.2 x 1011 log(ez) log 6)7
whence

M
6 exp(2.2 x 101 log(ez)log B)

Matching 273Y and 3", this contradicts , and Proposition
Similarly, if min {a,z,2} = = and min{b,y,w} = y (so that M; = 3¥),
we may apply Proposition [£.3] to 2% — 3" to conclude that
(76) max {3%c, 2°} > M - exp(—201log?(log M)).
If M3 = 27, since 3 | 2¢ — v where
0 <y =2%3Y42° < 2oty
we see that together with contradicts Proposition If My = 2%
and 3%c > 27, then we match 3% and 3%, writing 3% — 3% = 3%3. Using
Theorem 4| with n = 3 to find a lower bound upon [2¢ — 3%3|, this then
implies a lower bound for z that, with , contradicts Proposition If
M, = 2% > 3%, then we match 2% and 27, apply Theorem M| with n = 3 to
|27(2%7% — 1) — 3% to derive a strong lower bound upon 3%c, match 3% and
3b¢, and arrive at a contradiction upon combining with Proposition
Our arguments in the remaining cases (including those where 3%c > 2%)

are similar. After all is said and done, we are thus left to handle the values
of M with

(77) log M < 10%°.

min {273Y,3"} >

As in the previous section, we consider cases separately. By way of example,
if

min {a,z,z} =z, min{b,y,w} = w,

M = 3%, (M, M, M) = (2%3Y,27,3Y),
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then and imply that w < 42. For each choice of ¢, we use Maple’s
“ModularLog” function to verify that the smallest positive integer b — w for
which

3¢ =1 mod 2™
either does not exist or exceeds 10%°, in each case, with the smallest value
105567241831233586666 corresponding to ¢ = 25. It follows from and

that x < 73.
Using
3b—lc < 23y < 3b+1c’
we have
_c < 3y—b < ﬁ’
3.2% 27

and hence for each pair (z,c) we get sharp bounds upon y — b, which leaves
us with precisely 1924 triples (z, ¢,y — b) to consider. Writing
3bC _9T3Y — 3min {b,y}[?’

and assuming that min {b, y} > w, we thus have 2mir{a.2} | gmin{byl-wg_ 1
For each of the 1792 choices for 3, we verify via Maple’s “ModularLog”
function that, in each case,

3min {b,y}fw/B =1 mod 28!
implies that min {b,y} —w > 10%°. We thus have min {a, z} < 80. We next
bound max {a, z} by considering
3min {b,y}ﬁ 3w 4 gmin {a,z} mod 290
For each of our

1792 x 43 x 81 x 2 = 12483072

cases, we find that necessarily max {a, z} < 91. With these upper bounds in
hand, it then follows from

97 _ 904 4 3w _ Smin {b,y}IB
that, crudely, min {b, y} < 56.

To finish our analysis of this case, we simply find all solutions of equation
(68) — with or without vanishing subsums — modulo the integer

Nigg = ged (219 — 1,380 — 1) = 439564261361225.

This is computationally fairly straightforward, especially if we first compute
solutions modulo

N3¢ = ged(2%9 —1,3% — 1) = 23350145.

Since our exponents satisfy max {a, b, z,y, z,w} < 180, it is a routine matter
to check whether local solutions correspond to actual solutions. In all cases,
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we find that solutions without vanishing subsums have
a<2l, b<10, <18, <10, =2<21, w<l13.

The largest value of N = 2% + 3%c with a representation as 2%3Y + 27 4 3V
with property is N = 2099483. This completes the proof of Theorem
for this case. The other cases proceed in a similar fashion.

7. Newman’s Conjecture: 6-term equations and beyond. In light
of Theorem [I0} to complete the proof of Theorem [3] it suffices to consider
positive integers N for which w(N) > 2, say

N =2030 4 901 4 gt = ga23b> 4 ge2 4 32
with the a;, b;, ¢; and d; nonnegative integers for which
{203, 2,30 2 (23,2, 3%},
where the corresponding S-unit equation
201301 gc1 4 gdr _gazgba _ gc2  3da _ )

has no vanishing subsums. From work of Evertse [10] (see also van der
Poorten and Schlickewei [17]), this equation has at most finitely many solu-
tions. Unfortunately, we are unable to deduce an effective analogue of this
statement. We will instead prove the following.

THEOREM 11. If N is a positive integer with w(N) > 3 and N is not
special of type I, II or III, then

(78) N € {274,473,505,1109, 1595, 1811, 2297, 2779, 4403, 20761}.
For each of these values w(N) = 3.
Let us proceed by assuming that w(N) > 3, so that
(79) N =2m30 4901 4 39 — gaz3b2 | ge2 4 3d2 _ gasgbs 4 ges 4 3ds
where again the a;, b;, ¢; and d; are nonnegative integers and
(2930 9¢ 34y £ f90i3bi ¢ 3}

for i # j, and, in each case, we will suppose that there are no vanishing
subsums among the three resulting equations given by

(80) 23k yoci 4 3% _9%gh 9% 34 =0, 1<i<j<3.
Our basic goal will be to reduce one of these three equations to a 5-term

equation to which we can apply Theorem [6] As before, note that if k is a
positive integer, we have

v(3F —1) <wo(k)+2 and w32 —1) <w3(k) + 1.
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Since we are assuming that there are no vanishing subsums, it follows from

that

log |ds — d.
(81) 1 ‘Og ‘
og le; — ¢
min {b;, b;,d;,d;} < % 1,
for 1 <1i,5 < 3,1 # j, whereby
(82) gmin {ai,aj.cici} < 4log N and  3min {bibjdid;} < M.
log 3 log 2

We will, by abuse of notation, refer to the quantities
20i 3bi 9¢i 3di 1< <3,
as monomaials and to
gaighi gci 3di 1 < j <3,

as terms. From , it follows that four of the monomials 201,22 361 362
in the set
{2ai 3bi 9¢ 3di .1 <4< 3}

are small (in that their corresponding exponents are bounded by a constant
multiple of loglog N). Since the monomials 2% and 2?2 correspond to differ-
ent representations of N (as do 361 and 3ﬁ2), we may conclude that we have
either two representations of N with two small monomials each, or one rep-
resentation with two small monomials, while the other two representations
have one small monomial each.

We will show that it is always possible to match two terms from at least
one pair of equations in , and thus obtain a 5-term S-unit equation
that we can solve effectively via Theorem [6] Note that a representation of
N =2%3b 4 2¢ 4 3% having two small monomials immediately implies the
existence of a small term with
4log N " 3log N

< 161log® N.
log 3 log 2 8

min {2913% 2¢ 3%} <

If we have two representations of N, each with two small monomials (and
hence at least one small term each), the corresponding equation can
thus be rewritten as

(83) up +us +uz +uqg +a=0,

where the u; are {2, 3}-units and « is an integer (the sum or difference of the
two small S-units) with |a| < 161log? N. Such an equation may be effectively
solved through appeal to Theorem [6]

Suppose then that we have one representation of N, say N = 213b1 4
2¢1 + 3% with two small monomials, and two other representations with one
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small monomial each. We may assume that
min {2923%2,2¢2 392 9a33bs 9¢ 3431 > 161og? N,
or else reduce again to equation with |a| < 161og? N. Without loss of
generality, we have
3log N
log2 °

az

< 4log N

d 3% <
log 3 and 3

Note that
max {2%:3% 2¢ 3%} > N/3.

Since we assume that there are no vanishing subsums, the ¢; and d; are
necessarily distinct so that, in particular, 3% > N/3 for at most one index i
and 2% > N/3 for at most two indices which must differ by 1. If either

max {2023%2 2¢2 3%21 — 9235 apd  max {2933% 2% 3%} = 393,
or
max {2923%2 22 3%} — 9¢2  and  max {2%23% 2% 3%} ¢ {29330 2031

then we can match terms in equation with (7,7) = (2,3) to obtain an
equation of the shape (83) with

328 f =202 —3bb |5 < B8N gazghy 3ds . N/3

log 3
min {22,293} if 2°2,2% > N/3,
o =
min {2¢2, 293} if 2¢2,2% > N/3,
208, f=3h 207, |g] < SN if 9033b 2% > N3, by > 1.

In each case it is effectively solvable via Theorem[6] Otherwise, we necessarily
have either

max {2023%2 2¢2 3421 ¢ [9a23b2 32}
max {2033%3 2¢3 3431 ¢ [9a33bs gesy

or
max {2923%2, 22 392} = 2¢2  max {2933b3 ¢ 3ds} — 35
If
cl§410gN and Sdlg‘slogN7
log 3 log 2

then we reach an equation of the shape with o = 2¢ 4+ 3% < 8log N.
Otherwise, since the representation N = 2213%1 4 2¢1 4 3% has two small
monomials 2¢ and 37, we can match the term max{2“13b1,261,3d1 with
either max {2%23%2 2¢2 392} or max {2%3%,2¢ 3%} in equation with
either (i,7) = (1,3) or (i,7) = (2,3) to reduce to a 5-term equation to which
we can apply Theorem [6]
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As is apparent, to carry this argument out in a completely explicit fash-
ion, one is led to a rather involved case-by-case analysis. It is also by no
means obvious that the bounds we achieve will be small enough to permit us
to explicitly solve the resulting equations. We will provide full details for the
case that is the most involved computationally, leading to the largest upper
bounds upon our exponents, and including all the features of our approach.
Specifically, we deal with the case where the three equations in have no
vanishing subsums and

min {aq, az, c1,c2} = ay, min {ag, as, c2, c3} = ag,
(84) min {by, b3, d1,d3} = dy, min {by, b3, da, d3} = ba,
max {2013%1 961 391} — 9u1gh - max {29330 903 3ds) — gasgbs,
To treat , we begin by supposing that
(85) log N > 1.4 x 10%,

We consider equation (80) with (i,7) = (1,3) and match the terms 2913
and 2%33%  noting that we cannot have a; = as. If a; > a3, since

min {2%13%, 293353} > N/3,
necessarily b3 > b; and hence we can write
9a13b1 _ 9azgbs _ 9gazgb (293 3b3—b1) — 2a33b15’
where 8 € Z. If 8 > 0, then

4log N
< QM—a3 ‘
0 log 3
If, on the other hand, 8 < 0, then since 29333 < 201301+1 e have
(86) || < 3.207as _ gm—as — gar—astl o 8log V.
log 3

Similarly, if a3 > a1, then by > bs and we can write 221 3% —2933b3 = 2a13b3 3.
where again | 8] < 3N Bquation with (7,7) = (1,3) thus becomes

log 3
(87) 201 4 3% 427303 — 205 _ 3% = q
where
(88) 2a<410gN 3d1<310gN ’m<810gN b Nlog3

log3 ’ ~ log2 ’ log3 ’ 12logN”
Suppose that 8 > 0; the case with 8 < 0 is very similar. Then if
max {2,2%3°4} =2 and max {2%,3%} = 2¢,
the fact that d3 > di contradicts ¢ # c3. If
max {2¢,293°4} =29 and max {2, 3%} = 3%,



Effective S-unit equations 33

then writing
3d3 _ 20,31)6 — 3b(3d3—b _ 2(1) — 3561’

we find, from , that 0 < 81 < 121(1)(;g3N7 and that

2¢1 4 3% — 2% — 378, =0,
whence 2% | £13*~% — 1. Appealing to Proposition it follows that either
b—d; <10° or

c3 < 171log?(b — dy) log By.
In the first case, from , we find that

<N log2log 3
361og® N
whence log N < 1.1 x 10°, contradicting (85). In the second case,
c3 < 171og? <lﬁ)gg];[> log(lzlcl)(;g?;]\[),
and hence can be rewritten as
21 + By — 361 = 0,

where By = 3% — 2% satisfies
(89) log | 2] < 101;2 log? <11(;gg];7) log<121(1)(;g?)]\7).
In the other direction, we can apply Theorem [d] with n = 3 to deduce that

> < 10°log 3,

log [blog 3 + log B1 — ¢1log 2| > —2.2 x 10 log(ec;) log 31,
whereby
(90) |Ba| = |2 = 3°B1] > 27 |blog 3 + log f1 — c1 log 2|
261—1
> .
exp(2.2 x 10 log(ecy) log 1)
From and max {21,293 3} = 2°1 | we have

log (112 )

a = log 2
and hence, combining and 0 < 51 < 12hl)<;g3N , we find that log N <
(85)-

3 x 10", contradicting
We may thus suppose that max {2¢1,223°3}=2234. If max {2, 393} =2
we again apply Theorem @] with n = 3 to deduce a lower bound upon

20373 — 29| = 2°[3°3 — 2079
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Specifically, from ,

8log N
log [293°3 — 2| > ¢31log2 — 2.2 x 10" log(e(c3 — a)) log( 10g3 ) —log 2.
0og

Since 223°3 — 2 = 393 — 2¢1 — 3% it follows from (88)) that max {2¢,3%}
is close in size to both 223°3 and 2¢. In particular, we can match either 2¢1
and 2, or 3% and 2%3°3. To be precise, if max {2°,3%} = 2°1, then

26 — 201 = 2¢1(2%37C1 _ 1) = 241 3y

where
3 * 263 11 810gN
0< ,83 < m < 6exp<22 x 10 10g(6(63 — a))log< logg .
We thus find from that
(91) log 3 < 2.21 x 10" (loglog N)2.
From

3% 4 9303 _9¢18, 3% —

since a, d3 > dy, it follows that 3% || 83 and hence, applying Proposition
to 2¢1(B3/3%) — 1, either ¢; < 10°, or

min {b,ds} — di < 10log? ¢; log(B3/3%).
From and , it follows that
(92) ds < 101log? ¢; log B3 < 2.22 x 10'%(loglog N)*
and hence the difference
805 — 201Gy /3| = 273 — 1)
is small. Appealing once again to Theorem [ with n = 3, we find from
3% > 20713°8|(b — d1) log 3 — (1 — a) log 2 + log(3™ 5/ B3|
and that

1
ds > @((a —1)log2 + blog3 + log
— 4.87 x 10* log(e(c1 — a))(loglog N)?).

Combining this with , and 2“0 < N contradicts .
If, on the other hand, max {2°,3%} = 393 we write

2a3bﬁ _ 3d3 _ 3min{b,d3}ﬁ4,

and arguing as previously again, after a little work, we contradict .
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7.1. Handling smaller values of N. To treat the remaining smaller
values of NV, we must work somewhat harder than in the preceding sections,
employing more sophisticated arguments. We may suppose that

(93) log N < 1.4 x 10%8.

To begin, note that, from , and , we have
a1 < 957 ag < 957 dl < 607 b? < 607

and

max {2%13%,21 391} = 201351 and  max {2%33%, 203, 393} = 29335,
It follows that

2(11 36171 < 2a33b3 < 2a1 3b1+1
and hence, since we have no vanishing subsums, a1 # as. We therefore have
log 2 log 2

log 3
and hence, for a given pair (a1, as), there are precisely two choices for bz —b;.

To proceed, we will appeal to a result of Baker and Davenport, as it
appears in Lemma 5 of Dujella and Pethd [8]:

(al—ag)—1<b3—b1< (al—a3)+1

log 3

PROPOSITION 7.1. Suppose that M is a positive integer, and that k and
W are irrational real numbers. Let p/q be a convergent in the infinite simple
continued fraction expansion of k, satisfying q > 6M, and let

€ = |lngll = M - [|rql],

where || - || denotes the distance to the nearest integer. If € > 0, and A, B are
positive real numbers with B > 1, then there is no solution to the inequality

O<mk—n+upu<AB™™

in integers m and n with
log(Ag/€)

<m<M.
logB —
For our purposes, if, say, a; < ag and 3%17% > 203=a1from
38 —2c1 — 3

b1—b az—a b c3—ai __
(31 3 _ 943 1)33_23 1 — Sar

it follows that
38 —2c1 — 3
263
We note for future reference that if we set
p = 599362460113865624518687902158,

g = 378155609259623725703103696043,

(94) > by log 3 + log(3"1 b3 — 293791) _ (¢3 — ap) log 2.
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then p/q is a convergent in the infinite simple continued fraction expansion
of log3/log2. If 31753 — 24341 — | since ¢ > 1.4 x 10%® > b3, it follows
from the theory of continued fractions that

|bslog(3 — 293791) — (c3 — a1)log 2| > |qlog3 — plog2| > (3.18 x 10%°) 71,

If, on the other hand, 3%17% — 2= > 1 we apply Proposition with
Kk = iggg, = 1Og(3b1—ll;3g;2a3—a1)’ M = 2.02 x 10%® > lﬁ)gg];[ and ¢ as above.
We verify that M||¢7|| < 0.0107 and that € > 0 in each case. We find further
that g/e < 2.77 x 103!, with the largest value corresponding to az — a; = 68

and by — bz = 43. It follows from Proposition [7.1] that
bslog 3 + log(301 b3 — 293791) _ (¢3 — ay)log2 > (2.77 x 1031) 71

and hence, in all cases,
2% < (2.77 x 1031)3%,
From
903 4 3ds _ 91 _ 3d _ (ghi—bs _ gas—a1)gaighs,
we therefore have
(95) (2.77 x 1031 4 1)3% > (3b17bs _ gas—ar)garghs,

This provides a strong lower bound upon d3 — b3. In the worst case (when
a; = 0 and a3 € {1, 3}), for example, we have d3 — b3z > —65. We obtain sim-
ilar bounds in case a; > a3 or 3?1783 < 2a3=a1_ Ty finish, we simultaneously
match the terms 2213%1, 22335 393 and write

gaigbi _ gasgbs _ gds _ gmin {bl,bs,ds}ﬁ_
For example, if
(96) a1 < az, dg<bg, 3P > gmTa
then
8= (3b1—b3 _ 2a3—a1)2a13b3—d3 -1,

which, with , provides precisely 64134 values for 3, assuming . Note
that

min {b1,b3,d3} di _ 9c3 _ 9cC1
(97) 3 g+3" =2 2¢1,
Appealing to Maple’s “ModularLog” function, we find that the congruences
3”8 = —1 mod 2'!2

have, for each possible choice of 3, no positive solutions = with z < 1.4 x 10%8.
We may thus conclude that min{c;,c3} < 111. Finally, we consider the
congruences

9T _ 2min {c1,c3} 4 3d1 mod 371’
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finding that we necessarily have either z < 2 or z > 2.02 x 10%®, whereby we
may conclude that max {c1,c3} < 2 or min {by, b3,ds} < 70. In either case,
we conclude, after a little work, that

(98) max {ay, by, c1,dr} < 180.
As previously, we consider the general equation

9a13b1 494 4 3d1 — gazgba | 9c2 | gda
modulo Nigp, finding all solutions (once again, with and without vanishing
subsums). We check to see which, if any, of these correspond to actual values
of N with additionally a third representation, no corresponding vanishing
subsums, and satisfying . It turns out that there are no such values of N

in this case. Carrying out this argument for the remaining cases completes
the proof of Theorem [11] (and hence of Theorem [3).

8. Concluding remarks. The results of Tijdeman and Wang (specifi-
cally [22, Theorem 4]) actually deal with the more general problem of rep-
resenting rational numbers N as in , where now the variables a,b, ¢, d,
while still integers, are allowed to be negative. The arguments of the pa-
per at hand apply also in this more general situation, though some of the
technical details are more involved.
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