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Approximation of polynomials from Walsh tail spaces
by

ALEXANDROS ESKENAZzIS (Paris and Cambridge) and
HAONAN ZHANG (Columbia, SC)

Abstract. We derive various bounds for the L,-distance of polynomials on the
hypercube from Walsh tail spaces, extending some of Oleszkiewicz’s results (2017) for
Rademacher sums.

1. Introduction. Given n € N = Z>1, every function f: {-1,1}" - R
admits a unique Fourier—Walsh expansion

(1.1) Vee{-1,1}",  fla)= Y f(Sws(a),

Sg{lvan}

where the Walsh function wg is given by wg(z) =[[;cg #i for x = (21, ..., z,)
in {—1,1}". We shall say that f is of degree at most k € {1,...,n} if
F(S) = 0 for every subset S of {1,...,n} with |S| > k. Similarly, we say
that f belongs in the kth tail space, where k € {1,...,n}, if ]?(S) =0
for every subset S with |S| < k. More generally, given a nonempty subset

I1C{0,1,...,n}, we denote
(1.2) T={f{-1L1}"->R: f(S) = 0 for every S with |S| ¢ I}.

We shall also adopt the natural notations P2, =P fP’S‘ =P

n
{k+17'“’n}’ {0’17-'~7k}7

P = iP?k} and so on.

Many modern developments in discrete analysis (see [I8]) are centered
around quantitative properties of functions with spectrum bounded above
or below, in analogy with estimates established for polynomials on the torus
T™ or on R™ in classical approximation theory. One of the first results of
this nature, going back at least to |3} 4], is the important fact that all finite
moments of low-degree Walsh polynomials are equivalent to each other up to
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2 A. Eskenazis and H. Zhang

dimension-free factors. Namely, given any 1 < p < ¢ < oo and k € N, there
exists a (sharp) constant My, ,(k) such that for any n > k, every polynomial
f:{—1,1}" — R of degree at most k satisfies

(1.3) [£llg < Mpq () flp,

where || - ||, always denotes the L,-norm on {—1,1}" with respect to the
uniform probability measure. Note that the reverse of holds trivially
with constant 1 by Holder’s inequality. We refer to [8, (13| [16] for the best
known bounds on the implicit constant My, (k). In the special case k = 1,
is the celebrated Khinchin inequality [15] for Rademacher sums.

Our starting point is the simple observation that the moment comparison
estimates have the following (equivalent) dual formulation in terms of
distances from tail spaces.

PROPOSITION 1.1. For every 1 < p < q < o0 and k € N, the constant

M,, (k) in inequality (1.3)) is also the least constant for which every function
f:{=1,1}" = R, where n > k, satisfies

1.4 f <M, (k) inf [If — gl

(1.4) éfglm 1f = gllp~ pal )gé%;k 1f = allq

where the conjugate exponent r* of r € [1,00] satisfies T% + % =1.

Again, the reverse of holds with constant 1. In the special case
k = 0, inequality becomes trivial with M), ,(0) = 1 as both sides are
equal to |Ef|. When k = 1, which corresponds to the dual of the classical
Khinchin inequality, we derive the following more precise formula for the
distance from the tail space PZ;

THEOREM 1.2. For every 1 <r < oo andn € N, every f : {—1,1}" - R

satisﬁesm
1N 1/2
(15) g 1S =gl = [B71+ max [T+ = (;f({z})g)

This is the dual to a well-known result of Hitczenko [10] (see also |17,
11]), providing p-independent upper and lower bounds for the L,-norms of
Rademacher sums, where p € [1, 00).

At this point, we should point out that in both Proposition [I.1] and
Theorem the exponents of the norms are always strictly greater than 1.

For instance, choosing fi(z) = Y i @i, (1.4) gives
(16)  Vre(Lod,  inf lfi— gl =ex inf i —glb = Vi
gePL, gePL,

>k >

(*) Throughout the paper we shall use standard asymptotic notation. For instance,
& <n (or n 2 &) means that there exists a universal constant ¢ > 0 such that £ < ¢n and
& < n stands for (£ S ) A (n < €). We shall use subscripts of the form <¢, 2, <; when
the implicit constant ¢ depends on some prespecified parameter t¢.
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On the other hand, it follows from a result of Oleszkiewicz [19], which is the
main precursor to this work, that the Li-distance of f; from the kth tail
space satisfies

(L.7) inf | f1 — glh < min {k, vn},

9EPL

and thus exhibits a starkly different behavior as n — oo from the L,-norms
with r > 1.

More generally, it is shown in [I9] that for every a3 > -+ > a, > 0, we
have
(1.8) f | = a2) k
. in — < min a; + ka },
gePT, Ifa = gl re{O,l,...,n}{<; ’) s
where for @ = (a1,...,a,) we denote fo(zx) = > a;z; and we make the

convention that a,y; = 0. The quantity appearing on the right-hand side
of can be rephrased in terms of the K-functional of real interpolation
(see [1, Chapter 3]). Recall that if (Ag, A1) is an interpolation pair, then the
Lions—Peetre K-functional is defined for every ¢ > 0 and a € Ay + A; as

(1.9) K(a,t; Ao, A1) := inf {||ao|| 4, + tl|a1]|4, : @ = ap + a1 }.
It is elementary to check (see [12]) that if a; > --+ > a,, > 0 and k € N, then

T 1/2
1.10 min {( a?) + ka }xKa,k:'E" "y,
( ) re{0,1,....n} ; 7 r+1 ( »*2 oo)
Note that the right-hand side is invariant under permutations of the entries
of a. The main result of this work is an appropriate extension of the upper
bound in Oleszkiewicz’s result ([1.8) to polynomials of arbitrary degree on

the discrete hypercube.

THEOREM 1.3. For every d € N, there exists Cq € (0,00) such that for
any n > k > d, every polynomial f : {—1,1}" — R of degree at most d
satisfies

(1.11) inf ||f — gl < K(f, Cak® 05,07 ),
gePT, a1

where ]? 1s the vector of Fourier coefficients of f, viewed as an element of
R™ withm = (§) + -+ (})).

As was already pointed out by Oleszkiewicz, the method of [19] does not
appear to extend beyond Rademacher sums. Instead, in our proof we shall
employ the discrete Bohnenblust—Hille inequality from approximation theory
(see |2, [7, 16, B]) along with a classical bound of Figiel on the Rademacher
projection of polynomials. A discussion concerning the size of the implicit

constant C4 appearing in ((1.11)) is postponed to Section [2| (see Remark
there).



4 A. Eskenazis and H. Zhang

Unlike the two-sided inequality , our bound is only one-sided
and as a matter of fact there are examples in which it is far from op-
timal. In particular, for functions which are permutationally symmetric,
we obtain a more accurate estimate. In what follows, we shall denote by
Ti(z) = Z]Z:O c(k, £)z* the kth Chebyshev polynomial of the first kind char-
acterized by the property T (cos@) = cos(kf), where § € R. Moreover, we
shall use the ad hoc notation
(1.12) G, 0) = {C(k:,ﬁ) ?f k—¢ %s even,

clk—1,0) if k—{is odd.
For ¢ € {1,...,n}, let f; be the ¢th elementary symmetric multilinear poly-
nomial

(1.13) Vo e {-1,1}",  fix):= > ws(x).
s

We have the following bound on the distance of symmetric polynomials from
tail spaces.

THEOREM 1.4. Let n,k,d € N with n > k > d. Then every symmetric
polynomial

d
(1.14) F=> aufe
=0

of degree at most d on {—1,1}" satisfies

d
(1.15) inf [ f =gl < lael |6k, €)].
9Tk =0

This bound can sometimes be reversed and, in particular, it gives a sharp
estimate as n — oo for the Li-distance of the elementary symmetric poly-
nomial fy from the kth tail space.

COROLLARY 1.5. For any n,k,d € N with n > k > d, there exists
en(k,d) > 0 such that

(1.16) |e(k,d)| — en(k,d) < inf | fq—glli < |é(k,d)]
9Pl

and limy,_,o €n(k,d) = 0.

The main motivation behind [19] was a question of Bogucki, Nayar and
Wojciechowski, asking to estimate the L;-distance of the symmetric Radema-
cher sum f; from the kth tail space. Corollaryextends (at least asymptot-
ically in n) the answer given by Oleszkiewicz to all symmetric homogeneous
polynomials. We point out though that for £ = 1, is sharper than
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Oleszkiewicz’s bound (1.7)) as n — oo, as ([1.7) is tight only up to a multi-
plicative constant.

2. Proofs. We start with the simple duality argument leading to Propo-
sition [I.T], variants of which will be used throughout the paper.

Proof of Proposition . Consider the identity operator acting as id(h)
= h on a function of the form h : {—1,1}" — R. Then, the optimal constant
M, (k) can be expressed as

(2.1)  Mp,(k)

= Jlid + (P, - 1) = P2 - )| = [lid™ = (P, |- )™ = (P Il - 1) "]
by duality. Moreover, observe that since (P2, | - ||;) is a subspace of L, its
dual is isometric to

(2.2) (PLis ||+ [I0)* = Ly /(PLR) T = Ly [Py,

where AL is the annihilator of A. Since it is also clear that id* = id, (2.1)
concludes the proof.

Using a theorem of Hitczenko [I0] as input and the same duality, we
deduce Theorem

Proof of Theorem|[1.3 The result of [10] asserts that if @ = (ao, a1, . . ., an)
and fa(x) =ap + Z?:l a;x;, then

n r*\ 1/r*
23) Wl = (B[S aw| )" =K@ v att g,
=0

where xg,x1,...,x, are independent Bernoulli random variables, and the
first equality holds due to symmetry. In other words, the linear operator

(2.4) T (R™LKC VG5 670) = (P, |- )

given by Ta = f, is an isomorphism, and thus the same holds for its adjoint.
Recalling that

(25) K@, Vi 6 67 = inf {[b] s + V] o 1 =b+c}

and the duality between sums and intersections of normed spaces [1, Theo-
rem 2.7.1], we see that the norm of the dual of (R™1 K(-,v/r*; €7 e5+1))
can be given by

[l g+
n+1 — 2
(26) VyGR y ||y”(Rn+17K(,’\/ﬁ;z?+lyzg+1))* = maX{”szgjl, \/F }

By Parseval’s identity, the action of the adjoint
(2.7) DL PRy — (RYTL K, Ve 0 et
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is given by
(2.8) T(f +P2) = Ef, F{1D), ..., f({n}))

and thus the conclusion is equivalent to fact that 7% is an isomorphism.

We now proceed to the proof of the general upper bound for polynomials
given in Theorem [I.3] The first ingredient for the proof is a discrete version
of the classical Bohnenblust—Hille inequality from approximation theory (see
the survey [7]) proven in 2] [6]. This asserts that for every d € N, there exists
a (sharp) constant By € (0,00) such that for any n > d, every polynomial
f:{-=1,1}" — R of degree at most d satisfies

a+1
-~ 2d \ T34
(2.9) (X 1FSIF) < Bl
Sg{L"ﬂ”}
Moreover, % is the least exponent for which the implicit constant be-

comes independent of the ambient dimension n. The best known upper

bound
By < exp(C+/dlogd)

for the constant By is due to Defant, Mastyto and Pérez [6].
The £-Rademacher projection of a function f : {—1,1}" — R is defined

(2.10) Vo e {-11}", Rad,f(z):= >  f(S)ws(z).
S|=¢

Moreover, we write Rad<q = ZK 4 Rady. Apart from the discrete version of
the Bohnenblu&t Hille inequality ([2.9) ., we will also use a standard bound
on the norm of the /~-Rademacher projections which is usually attributed to
Figiel (see also [9], Section 3| for a short proof).

PROPOSITION 2.1. Letn > k > d. Then every function f : {—1,1}" - R
of degree at most k satisfies

(2.11) Vo<e<d, |Radef| <tk O)|f]co,
and thus
d d
(2.12) [Rad<q flloo <> IRads fllse < > &k, O] £loos
=0 /=0

where &(k,£) is given by (1.12). It is moreover known that |é(k,£)| < kb/0!.

Combining the above with Parseval’s identity, we deduce the following
bound.
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LEMMA 2.2. Let n > k > d. Then every function f : {—1,1}" — R of
degree at most k satisfies

(2.13)
max {||(Rad<g f)"[|eg, o (k, d)~"[|(Rad<q f)/\Hngd p< iff =gl
d+1

B gePL ,NPL,
d 1~
where m = () + - + () and o(k,d) = Bg > 7_g [é(k, 0)].
Proof. Fix a function g € PL, N PZL,. Then
leg < [1f =Gl = IIf = gll2 <11 = glloo,

(2.14) |(Rad<g f)"
where M = ( ) ( ) Moreover, we have

|(Rad<q )" [lem,, < Ball Rad<a(f) = Bl Rad<a(f — g)

d+1

d
)
<" By S ek, 01 1S = glloc- =
/=0

Equipped with Lemma [2.2] we can complete the proof of Theorem [I.3]

Proof of Theorem |1.5. Consider the normed spaces X = (P2, | - [o0)
and Y = (R™, || - [|y) wit -
(2.15) vy €R™,  ylly = max{|[yllep, o (k. )~ |yllem, 3.

d+1

where m = (8) + -+ (2) Moreover, let Z = P2, NP2, C X, viewed
as a normed subspace of X. Lemma asserts that the linear operator
A:X/Z =Y given by

(2.16) vieX, A(f+2)=(f(9))s<a
has norm ||A|| < 1. Therefore, the same holds for its adjoint A* : Y* —
(X/Z)".

By the usual duality between sums and intersections of normed spaces
[I, Theorem 2.7.1|, we see that the space Y* is isometric to

(2.17) Vw € R™,  |wlly- = K(w, o(k, d); 7, €7 ).
d

Moreover, as X/Z is a quotient of X, its dual is the subspace of X* = L1 /P2,
which is identified with the annihilator of Z inside X*. In other words, it is
the set
(X/Z)* ={f+PL, :E[fg] =0 for every g € Z}
={f+PL: fePL}
= Span(ﬂ)gd @] (‘P>k‘)/ip>k‘
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with the L; quotient norm. Finally, for a sequence a = (as)|sj<¢ € Y* and
an equivalence class f + Z € X/Z, we have

(2.18)
@A +2) = Y asf(S)=( Y asws+PL f+72)
SC{1,...,n} SC{1,...,n}
|S|<d 1S|<d

= (4%a), f + 2),

where the first brackets (-, -) denote the duality in Y and the following brack-
ets denote the duality in X/Z. Therefore, we conclude that

(2.19) VacY*, A'a)= Y asws+PL,

SC{1,...,n}
[S1<d

and thus the condition ||A*|| < 1 means that for any f : {-1,1}" — R of
degree at most d,

(220) inf [If — gll = A" (F)lxsz)- < IF e = K(F ok, d); €5, €7, ).
gePT,

d—1

Finally, since

d d

- k¢

(2.21) o(k,d) <Bg Y [é(k,0)] < By T < eBgk?,
=0 (=0

we deduce the conclusion of the theorem with C; = eBy. =

REMARK 2.3. To the best of our knowledge, there are no nonconstant
lower bounds on the size of the discrete Bohnenblust—Hille constant By, so
it is even conceivable that the constant C; in can be chosen to be
independent of d.

REMARK 2.4. A duality argument similar to that employed for Theo-
rem shows that for every d € N, the constant B, in inequality is
also the least constant for which every function f : {—1,1}" — R, where
n > d, satisfies

~ 2d a1

(2.22) inf |1/ —glh <Bo( Y IFS)TT)
9<P2a SC{1,..n}
|Sl<d

REMARK 2.5. It was pointed out to us by Oleszkiewicz that the main
result (L1.8)) of [19] also admits a dual formulation. Namely, for every a =
(a1,...,an) € R™, we have
(223) i {lfa— gl : 9 € Py, iy} = max {alleg, laleg [k}

This can be proven using similar ideas as in the proof of Theorem [I.3]
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A slight variant of the arguments above also yields Theorem [T.4] for sym-
metric functions.

Proof of Theorem[I]. Let f be a permutationally symmetric function of
the form f = EZ o ¢ feo, where f; is the fth elementary symmetric polyno-
mial. Then the Hahn—Banach theorem gives

E[fh]
2.24 inf ||f—g sup .
(2.24) s If =gl = i Thle

Observe now that we can write

(2. 25) 4
ZO&@E feh] = Z Z /H(S) ZZagRadgh(l,...,l).
(=0  SC{l,..n} =0
1S|=¢

Thus, by Figiel’s bound ,
d d
(2.26) E[fh] <) |ag| |Radehllse < > lal &k, O)] [|h]]o
/=0 =0

and the desired inequality follows from (2.24]). m
Equipped with Theorem we present the proof of Corollary

Proof of C’omllary - The upper bound in ) follows immediately
from Theorem [1.4] For the lower bound, conblder the auxiliary symmetric

function Hy,,, : { 1,1} — R given by

(2.27)  Vze{-1,1}", Hk’n(ac)::Tk<M> Zﬁgknfg

where fy is the fth elementary symmetric polynomial, and notice that Hy, ,,
has degree at most k. As Tj(x) has the same parity as k, it follows that
Begn = 0if K — £ is odd. We distinguish two cases depending on the parity
of k —d.

e Suppose that k—d is even and consider the function pg 5 »:{—1,1}" =R
given by

(2.28) Vo e {=1,1}",  @agn(z)i= > sign(Bern)fel(),
0<(<d: 2|d—¢

that is also symmetric and of degree at most d. Then on the one hand we
know that

(L.15) 5
(229) it lparn—gh < D0 ek Ol= 3 ek 0
>k

0<<d: 2|d—¢ 0<<d: 2|d—¢
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On the other hand, we have the following lower estimate:
E h E H
(230) 1H£ ||80d,k,n _ng sup [Sod,k:,n ] > ’ [SDd,k,n k7n:|‘
9EPL, ozherr, 7l 1Hknlloo

By definition, || Hgn|loo <supei—117 [Tk(z)|<1and Hgpn(1, ..., 1)=T,(1)=1.
Therefore,

(2.31) geigﬁ Pdkn = gllt > [El@dknHrnll

>k

- ’ Z sign(Bekn) Rady Hy n(1,...,1)
0<0<d: 2|d—t

= Y |RadgHga(1,...,1)].
0<e<d: 2|d—¢

To further estimate this sum, we use [14, Lemma 27|, which implies that
there exists a positive constant e,,(k,d) > 0, with ,(k,d) = O q(1/n) as
n — oo, such that

(2.32) > RadeHpp(l,...,1)[ = > ek, 0)] = en(k,d).
0<0<d: 2|d—¢ 0<0<d: 2|d—¢
Hence, combining the above we conclude that
(2.33) inf Jearn =gl = Y ek, 0)] = ealk, d).
9Py
0<0<d: 2|d—*
Finally, to bound from below the Li-distance of f; from the tail space, we
write (putting @o g, = ¢—1kn =0)

(2.34) fa = sign(Bak,n) (Pdkn — Pd—2.kn)
and using the triangle inequality, we get
(2.35)
inf — > inf — — inf _ —
. 1fa—glly = ey [Pdkn = glly ey lea—2,kn — 9lI1

) E3
> >

|c(k, £)] —en(k, d)— > |e(k, £))|

0<4<d: 2|d—¢ 0<4<d—2: 2|d—2—¢
= le(k, d)| — en(k, d),
thus concluding the proof of the lower bound in .
o If k—d is odd, we use the identity (putting vo kn=9—1kn=9d-1,,=0)
(2.36) fa = sign(Bak—1,n)(Pd k-1, — Pd—2,k—1,n)-
The rest of the argument is identical. =

REMARK 2.6. In this paper, we studied dual versions of moment com-
parison estimates on the hypercube (|1.3)) and investigated the endpoint case
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of their duals for polynomials. By formal reasoning similar to the proof
of Proposition [I.T] one can derive dual versions of various other polynomial
inequalities, including Bernstein—-Markov inequalities and their reverses and
bounds for the action of the heat semigroup. We refer to [§] for a systematic
treatment of such estimates.
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